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PREFACE. 



The praEUnt pamphlet toniprises tliu ttxt oi" the first few oliapters of an 
elementary work on PlijsicB, Ueeigneil to supplement the lectures delivereil 
to the atudents of the Massachusetts Institute of Technology during the 
first two years of their course. It is intended to impart such a general 
knowledge of the science as will enable them with advantage to continue 
the pursuit of the subject in tlie more advanced work of the Piiysical Lab- 
It will be the aim of the author to present the etudeut with a coucise 
statement of the leading principles of the science, and to exphun the meth- 
i"l9 of investigation by which they have been ascertained. 

In the preparation of the work constant reference has been made to the 
original memoirs as well as to the standard text books upon Physics. In 
tiio chapters relating to mechanics, the Elements of MecTiamcal PhUofophg, 
by Prof. W. B. Risers, long out of print, lias been of the greatest service, 
and valuable hints have been derived from the elomentavy works of Smith, 
Peck and Mayer. The text-books of Thomson and Tail, Rankine. Tod- 
hunter and Price have fumiahed many suggestions. 

A list of standard text-books upon General Physics will be added 
hereafter, as well as a collection of physical tables. The references ap- 
pended to various chapters are not intended to be exhaustive, but may 
serve as aids to iJie student who is desirous of investigating the subject 
more thoroughly. 

The work will be put in a more permanent form, and properly ilius- 
ti'ated, as soon it reaches a suitable stage of pii^rcss. Tlie present sheets 
have been printed for die temporary use of the Btudcnts. 

Boston, January, 1873. 
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ELEMENTARY PHYSICS. 



CHAPTER I. 



General Methods op Physical Science. 

1. Physical Sciences. All those branches of human 
knowledge which have for their end the study of material objects 
and the phenomena of the external world, are included among the 
PhyMcal Sciences. They may he divided into two general classes; 
first, those which aim simply at a classification of objects, and, 
secondly, those which endeavor to ascertain the laws of the phe- 
nomena of the mateiial nnivei-se. The former class comprehends 
the various branches of Natm-al Histoiy. It includes Zoology, which 
deeoribes and classifies the various fonns of animal life ; Systematic 
Botany, desiling with the dasafication of plants; Anatomy, both 
vegetable and animal, describing the structui-e of tlie organs of 
living thinee; and Minei-alogy, which concerns itself with ^e con- 
stitution oFlJie rock masses of the globe. The second dass com- 
prises Mechanical Philosophy or Physics proper (of which Astron- 
omy is a bi-ancb) and Chemistiy, which investigate the general 
laws of natural actions; Dynamical Geology, which studies the 
laws regulating the stroetnro of the eaitb, and Physiology, whose 
province is the detei-miriatiou of the functions and mode of action 
of the organs of animals and plants. 

2. Physics. In its original and most extended sense, Physics, 
or Natural Philosophy, as it is sometimes called, comprehended 
the entii-e range of physical as distinguished fi'om mental science. 
The term is still occasionally used in a comprehensive manner to 
denote the second class of sciences of which we liitve spoken. 
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2 GENERAL METHODS. 

In its limited sense, and the one in ■which it ia used in this work, 
it is applied oniy to that branch of science which investigates the 
lawH of physical actions in which thei'e is no pennanent uBiinge in 
the general properties of the body acted npon. It is thus distin- 
guished fi'om Chemistry, which deals with actions in which the 
properties of the body affected are permanently modified or en- 
tirely changed. A few illustratioiw will suffice to make this plfdn. 
All unsupported body fells to the earth. Here we have a physic-al 
action in the motion produced, but the general properties of the 
body are not altered thereby, fw it has the same weight, color and 
other characteristics as befoi-e. The law of ite downwa,rd motion 
is then a subject lyingwitMn the province of physics. If the body 
is elastic it rebounds on reaehiag tlie earth; the^'e is still no 
change of its general properties, so that the laws of elasticity are 
physical and not chemical. The motion ensviing when a piece of 
iron is brought near to a magnet, and the vibrations of a muacal 
strihg, are additional examples. On the other hand, if a ^ark bo 
apphed to a mixture of oxygen and hydi'ogen they unite with an 
explosion, formii^ an entirely new substaMce, water^ possessing 
pi-operties totally diSerent irom those of either of the gases com- 
posing it. Tliis, then, is a chemical change. Agaio, iron'when 
exposed to moist air rusts, because of the union of oxygen with 
the metal ; a new body, oxide of iron, is thus obtainod, unlike 
either constitneut. The laws of each chaises are chemical laws. 
As would natui'ally be expected, there are many oases in which it 
is difficidt to decide whether a g^ven action is chemfojl or physical, 
or a mixtm-e of both. We also have occasion to examine the 
physcal effects of chemical changes, so that there are lines of in- 
vestigation in which it is diflScnIt to decide where one end* and 
the other begins. 

3. Deductive and Inductive Sciences. The various 
sciences may be divided into two general classes, according to the 
mode of reasoning employed in the investigation of the facts per- 
taining to them. These methods are known as ^dftctive and in- 
chictive reasoning, and the sciences characterized by their respect- 
ive use as the Deductive and the Inductive Sciences. Deductive 
reasoning starts with certain general fiindamental fiiets and defi- 
nitions, and from these evolves truths which follow necessarily 
firom the premises. Induction observes pai-ticular facts, and by 
analyzing and compaiing them rises to moi-e general truths. De- 
duction reasons fi-om ttie general to the paiticular; induction 
from the particular to the general. Pure MathematioB furnishes 
us with an example of a deductive science. Certain deflnitions 
are laid down, and from these in connection with the axioms, or 
fundamental truths relating to ma^itude, the whole science is 
evolved without tlie necessity of going outside of tlie mind itself 
for any portion of the demonstration. The most abstruse theo- 
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LOGIC OF INDUCTIVE SCIENCE. O 

rems follow directly from the fuiidamental simple ones. The 
Physical Sciences, on the coutraiy, are based on induction. Their 
end is to form a natural classification of objects, and to ascertain 
the general laws of the forces acting utjon matter, and in no way 
can this be done except by the comparison of numerous particular 
cases. Hence we must reason from these to generiil laws. 
For example, a natural classification of animals can be attained 
only by observing the diffei-enf species, noting their fundamental 
points of agreement and differeace, and thus arranging them iu 
groups conttocted with each other by oert^n atractural peouliari- 
ties, which at the fiame time separate them from all other animals. 
Having thus briefly stated the difference between these two kinds 
of reasoning, let us conader more fiilly the process of investi- 
gation by which the general laws of the phy^al world are ascer- 
tained and logically arrangeiL 

4. Physical Law, Theory, Hypothesis. We shall fre- 
quently have occasion to use the teims law, theory and hypothesis. 
By a physical law is meant simply the constant method according to 
which a cause acta. "It is the custom of philosophers whenever 
they can trace regulai'ity of any khid to call the geaeral proposi- 
tion which expresses the nature of that regularity a law, as when 
in mathematics we speak of the law of decrease of the successive 
terms of a converging aeiies." * A theory is a true, complete and 
philosophicid explanation of connected phenomena a»d tlieir laws; 
as, for example, the theory of gi'avitatbn or the theoiy of sound. 
A hypothesis is a supposition as to the nature of any law or cause 
made in the absence of absolute pi-ooi^asjfor example, the hypothe- 
sis of an electric fluid. When a hypothesis is extended to inciiide a 
number of phenomena, and is proved to be true, it becomes a 
theory. The term theory is fi-eqiiently applied more loosely than 
in the above definition to denote any plausible and clearly defined 
hypothesis, 

5. Observation and Experiment. The facta which form 
the basiH of physical science ai« ascertained in two ways, by obaero- 
ation and by e^eriment. Observation is the careful examination 
of phononiena as they occur in the order of nature; experiment is 
the production of phenomena by causes under our own control. 
It is evident that the latter method of investigation \s a great ex- 
tension of the former, and will often enable us to ascertain laws 
which could never be known without its aid. To illustrate by an 
example, suppose that we wish to know which of the components 
of the atmosphere, oxygen or niti-ogen, enables it to support ani- 
mal life. To aseeitain this two processes are open. We may (1) 
notice which constituent of the atmosphere disappears when an 

eral others iii tlie prflieut cliapE^r, is from Mill*a 
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animal is immersed in a limited quantity of air, or (2) we may 
immerse animals in oxygen and in nitvogea and compare the effects. 
Both of these methods requii'e tis to perform an experiment, and 
as nature does not fm'oish eithei" oxygen or nitrogen in a pure state, 
and also as the oxygen consumed fey nnimals from the atmosphere 
is replaced by that given out by plants, we could never have ascer- 
tained the trnth in question from pure observaticm. Indeed, with- 
out the process of experimentation we could not even know of the 
existence of two ingredients in air. In some sciences, however, as 
Astronomy, the fonner method is the only one possible. 

6. Induction. Hnving by these methods examined a lat^ 
munber of phenomena, we next approach the process by which we 
deteimine tne causes of these phenomena and theh' laws of action. 
The gi-eat lo^cal prindples upon which our procedure is based 
are (1) that " eveiy fiict which has a beginning has a cause," and 
(2) that "the course of nature is uniform," the first of these being 
an intuitive itiea, the second a truth ascertained from universal 
experience. Hence, when nnder certain influencing circumstances 
a mven event occurs, we are entitled to infer that it wUl recur 
under the same oiron instances, and it is the fii-st object of science 
to ascertain exactly what these oireumstances ai-e, for they are the 
causes of the phenomena. In physioiil science we limit ouraelvKt 
strictly to what are known asphysical c«j(«e», that is the phenomena 
which are invariably and necessarily followed by some other phe- 
nomenon. The criterion by which we know that any combination of 
phenomena is the cause of anothei- phenomenon is, that between 
thefirst.Mid last there is invariable and unconditioiial sequence. It 
is not sufficient that the sequence be invariable, for in this case both 
events might be consequents of a single canse. Thus day and 
night invariably follow each other, but do not stand in the relation 
of cause and effect. The antecedence of tlie supposed cause must 
also be unconditioned, that is, its relation to tlie effect must be 
demonstrably such that without it the effect could not be produced. 
This demonstration can be given only by experiment or by the 
process of deduction. The oonstant endeavor of science is to find 
the smallest number of causes that will account for aU natural phe- 
nomena, or as Mill expresses it, to find " the fewest and simplest aa- 
Bumptions which, being taken for gi-anted, the whole existing order 
of nature would result," These primary assumptions we call Laws 
of Nature. 

The oiuises of the phenomena studied by the process^ of observ- 
ation and experiment are to be ascertained only \>y a rigorotis 
analysis and compariaon of the drcmostances attending then- pro- 
duction. By investigating a number of isolated eases and ascer- 
taining those circumatiinces which are present in all, we obtain a 
more general result, which we may infer to be true in analogous 
instances, even though these may be beyond the i-ange of our present 
observation. 
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A single example will illustrate this. Esperimental testa show- 
that when osyp;eu and hydi-oji^a unite to form water, the propor- 
tions are invaiiably 8 pai-ts by weight of osvfreii to 1 of hydrogen. 
So also when chlorine and hydrogen unite to form elilorhydric acid, 
the inTariable proportion of the constituents is 35.5 parts of the 
former to 1 of the latter. In all other chemical compounds 
which we have examined, a like constancy of proportion is obnerved. 
Hence we lay it down as .■» general law, that the pi-oportiona in which 
substnacea unite to form a chemical componnd ai-e fixed, definite 
and invariable; and are justified in predicting that the law will 
hold for any unknown chemical compound that may be discovered 
in the futui'e. 



There are several pro 
fiJiould be carefully dist „ , , .. „ ^ 

which contains nothing in ita conclusion which ia not stated in the preaii'ea 
irom which it is drawn, i. e., in which the conclusion is not wider than the 
premises, ia not properlj^ inductioa. Thus were we simply to aay that all 
chemical compouDils Khich loe have examined combine in definite propor- 
tions, this would not he an induction. It would be merely a eiioft way of 
expressing the several fects already known, that oxygen and hydrogen, etc., 
combine thna. We perform a process of inductive reasoning only when we 
infer &om the known instances to all instances of chemical combination. 
(2.) Mathematical proofs, though leading to general propoeitions, are not 
indiictions, beeanse there is no inference from known to unknown cases. 
Suppose, for example, that we have proved that the three angles of a triangle 
are equid to two right angles. TMb is in reality only shown to be true of 
the particular triangle before us in our mind, op drawn on paper, hat since 
we Bee that the same method of proof will apply to any otber triande we 
assume the theorem to he a general truth. The i-easonin^ is not, "All the 
trianglefl that I know have the sum of their angles equal to two right an- 
gles, hence I infer that all triangles possess this property, but, "The method 
of reasoning applied to this particular triangle evidently applies to all 
possible triangles, and hence the theorem is tme of all. MiU. suggests 
that if this is to be allowed the title of induction at all, it should be called 
Induction ty parity of reaaotiivg. (3.) Another process often con- 
founded with, mduction is that wliich ia called by Whewell the Colligation 
of Facts, which is a mere description of observed facts, and not an induc- 
tmn from them. To iUastrate, when the astronomer Kepler announced as 
the result of his observations on the planet Mars tiiat it moves in an ellipse, 
he simply expressed in that one statement that the successive positions of 
the planet in the heavens lie in sueli a curve. There was no inference of 
unknown from known. Instead of saying that on successive evenings Mara 
occupied certain definite positions, and stating these in order, he said that 
these positions are such as would be occupied by a body revolving about 
the sun in an ellipse of known dimensions antl position. 



7. Deduction. The general laws of any series of pheii 
once obtEuued by the inductive process, we are frequently enabled 
to extend onr knowledge very greatly by the application of deduc- 
tive reasoning. For assuming the truth of the law iu genej-al, we 
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may calculate what effects should occur under given conditions of 
its action, nntl confirm these cnlculations by dii-ect experiment. 
Thus, to take a very sinipie instrtnce, supposing the chemical law of 
definite proportions to be proved, on finding any new substance we 
may assume that If its oonstituenta ai-e chemic:illy united, their 

Sroportions are the same in .nil specimens, and if on analyzing 
ifferent samples of it we find this is not the case, we may justly 
oonelnde that tlie anion is not purely chemical, thus obtaining a 
new fact regarding the substance. 

If the results of deduction oolnoide with those of observation 
and experiment, the strongest confirmation of the theory in ques- 
tion is produced. In case of a want of coincidence, it does not 
necessarily follow that the theoiy is Mse, inasmuch aa there may be 
eei-tain civcnmstances which wa have neglected to take into account 
in our calculations. 

Deduction often bringB fects to our tnowleJge whkh it would be very- 
difficult, if not impossible, to ascert^n by inductive reasoning alone, eince 
it directs ua to the proper course of CKperimentation in any given case. In 
the "interrogation of nature" everything depends upon the question put, aa 
the only answer dven Is, " Tes " or " No." Deduction informs us as to the quee- 
tidn which we Sonld ask. As an example in illustration, suppoee that we 
wish to know the maximum amount of woi'k which could he obttuned with 
a perfect steam-engine bnrniag a known quantity of fuel. We are incapa- 
ble of answering this question by direct espei-iment until we can construct , 
a perfect engine, and even in that case it would ba iUiposBible to prove it to 
be perfect by inductive methods. IfJ however, we accept the truth of the 
law, that a given quantity of fuel when burnt can produce only a definite 
quantity of mechanical work, we have ^n immediate answer, since a perfect 
engine would utilize aD the heat produced by the combustion, and the 
equivalent of this heat expressed in units of mechanical work would evi- 
dently be the amount required. Our experimentation should therefore be 
directed to the obtaining of this equivalent. 

From what we have said it will be seen that the process of deduction to 
be complete must embrace three distinct operations; (1) Induction, (2) 
Satiocination, (8) ^Veiifieation. As the basis there must he some law or 
laws previously ascertinned by induction a^ general facts irom which the 
unknown particulars may be deduced. Hence to pursue such a deductive 
investigation we have iirst to learn the law of each separate cause which 
contributes toward the unknown effect.' Next comes the determination of 
the effects from a knowledge of tbe causes, which is an operation of reason- 
ing often of the utmost complication, and which even in some of those cases 
apparently the most simple, is so baffling that we have as yet obtmned only 
approximate results. Finally, every result 6f deductive reasoning should 
be verified by observation or experiment, that we may know whether in our 
calculations we have neglected to coQsidcr any of the attendant circum- 



> Tho case of doddction from hj-potliosis is considered in § 9. 
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LOGIC OF INDUCTIVK SCIENCE. 7 

8. Application of Mathematics. The methods of de- 
duction assume iiu incalculable impoi'tauce in Phyaies, because we 
are thus enabled to apply the processes of mathematics to determine 
what will be the result of the action of various concuiiing forces 
■whose laws have already been ascertained. The results thus ob- 
tained will be equally certain with the piior inductions on which the 
general laws are based ; provided, of courae, that no elements are 
omitted fi'om the calculation. It should, however, be observed that 
the remark in the preceding paragi-aph concerning appi-oximate 
solutions frequently applies to this use of mixed mathematics, since 
even the most subtle procsBses of the calculus often fail to fiimish 
more than these. Tiiose subjects to which mathematics is thus 
applied, are fi-equently known as %\i& Physico-mathemaUcal Sciences, 
and there are now few portions of Physics which have not a more 
or less developed mathematieal theory. 

9. Hypothesis. In the absence of certmnty as to the causes 
or mode of production of phenomenti, we frequently make use of 
hypotheses regarding them, and then by the application of deduc- 
tive processes ascertain whether the result of these calculations 
coincides with the facta obtiuned by observation. That is, in the 
course of reasoning explained in § 7, we substitute a supposition for 
the first process there mentioned, that of a prior induction. If the 
sapposition with which we start is reasonable, tliis becomes a valuar- 
ble addition to our methods for the discovery of truth. But it 
sliould be borne in mind that the mere iftict of coincidence between 
observed phenomena and the i-esults deduced fi'oru the hypothesis 
does not necessai-ily show that the assumed hypothesis is true. To 
prove this it must also be demonstrated that no other hypothesis 
will explain the known facts, and unless the supposition is of a 
nature to allow of such .t demoiistration, it is not perfectly satis- 
factory, since it is capable neither of being proved nor disproved. 
Any hypothesis, however, if plausible, may be of great sei-vice as a 
guide to experimentation. 

10. IE!3:planation of Laws. la speaking of physical phenomena we 
constantly make ush of the teiins explanation e/ phenomena or exjtlana- 
iion of laics. It is dusivablu that a dear conception should be formed of 
the meaning of these. Any feet is said to be explained when the laws of 
cansalion on which its prodactbn depends are stated. In like manner, a 
law of nature is explairiedby showina; it to be a particular case of a more 
general law. There are three methods of explanation of laws which apply 
m dilferent cases. (1 .) The first is that in which several causes unite to 
produce a joint effect equal to the sum oi' the effects which each would 
produce were it acting alone. In this case "the law of complex effect is 
explained by bein^resolved into the separate laws of the causes which 
contribute to it." Thus in tlie consideration of curvilinear motion we shall 
expliun tJio law of the movement of a planet about the sun by showing the 
motion to be the re-ult of the joint action of two Ibrces, one of which is 
continually drawing the planet towards the eun, while the other continually 
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O GlUNimAL JIKTHODS. 

tends to eauBc it lo flv off in a tangent to its orbit. The orbital motion is 
ilius explaiiie'l, as it is shown to reaolt ft-om forces with whose laws we are 
already familiar. (9.)' "A second case is when between what seemed to be 
the cause, and what was supposed to beitaeffeetifiirtherobsafvataon detects 
an inturmediate link ; a fact eaused by the antecedent, and in its turn 
causing the consequent, so that the cause at first assigned is bnt the remote 
cause, acting through the intermediate phenomena." The hleacLing action 
ai uhlcodne is explained in this manner. Between that gas and certain 
bases, specially hydrogen, there is an afSnity so great, that chlorine will 
decompose most compounds of the metallic bases or hydrogen. These a]*u 
constitaent elements of almost all coloring matters, bo that the latter are 
decomposed by chlorine, and their color caused to disappear. Hera, the 
intermediate fact b the aifinity of chlorine for hydrogen. In like manner 
the efficacy of chlorine as a disiBfectant >e explained, since hydrogen is an . 
essential component of the infectious matter. (3.) The third method of 
explanation is what has been called the siJisumplion of one law under 
another. It is "the gatliering up of Beveral laws into one more general law 
which includes them all." As the best possible example of tliis we cite tlie 
generalization rf Newton, proving that flie force acting to keep the planets 
in their orbits by tending to draw tbem towards the snn, and that causing a 
body to fall to the earth, are bolh due to an attraction exercised by every 
pavlicle of matter in tie nniverse upon every other particle. 

If the student on reaching that point will carefiilly read the section of 
ibis work ti"eating of the history of the law of universal gravitation, in con- 
nection with the present chapter, he will find escellent examples of aimoet 
every procoBS which we have describe4 in the preceding pages, as the series 
of inductions whieli led to the estabMiment of tJiat law is the most bril- 
liant in the history of science. 

Our explanations, as we caU. them, rfve u.s no insight into the inner cauaes 
of phenomenn. "Wtat ia called explaining one law of nature by another, 
is bnt substituting one mystery for another, and does nothing to render the 
general course of nature otier than mysterious ; we can no more assign a 
tohi/ for Ite more extensive laws, than for the partial ones. The explana- 
tion may substitute a mystery which has become iamiliar, and has grown to 
seem not mysterious, for one which is stJU strange. And thisia the meaning 
of eiplanation in common parlance. But the process with which we are 
here concerned often docs tiie very contrary ; it reaolvea a phenomenon 
with which we ai'o familiar, into one of which we previously knew little or 
nothing, as when tiie common fact of the fall of heavy bodies is resolved 
into a tendency of all particles of matter towards one anotiier. It must be 
kept constantly in view, therefore, that when philosopbera speak of explain- 
ing any of the phenomena of nature, tiioy always mean (or should mean) 
pomting out not some more familiar, but merely some more general phe- 
nomenon of which it is a partial ea^emplification, or some laws of causation 
which produce it by their joint or successive action, and from which, there- 
fore, its conditions may be determined deductively. Every such operation 
brings us a step nearer towainis answering the question, wliicb was atated 
Home time ago aa comprehending the whole problem of tte investigation ot 
nature, viz. : Wliat are the fewest assumptions which being granted, the 
order of nature as it exists would be die result? What are the feweat 
general propositions from wHch all the nniformitiea exiating in nature could 
be deduced ? 

"The laws, thus explained or resolved, are Bomstioiea said to be accounted 
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for ; but the uxpressioa is inuurrmit if taktm to uieazi anything more than 
what hss been already stated. Id minds not babitnated to accurate tbink- 
ing, there is often a confused notion that the general laws are the causes of 
the partial ones; that the law of general gravitation, ibr example, causes 
the phenomenon of the fall of bodies to the earth. But to assert this would 
be a misuse of the word cause ; terrestrial gravity is not an effect of general 
cavitation, but a ciise of it ; that L"!; one of flie particular instances in which 
fliat general law obtains.* To account for a law of nature means, and can 
mean, no more than to assign otber laws more general, together with collo- 
cations, which laws and collocations beins supposed, the partial law follows 
without any additional supposition."^ The cause of these ultimate laws of 
action is to be ibund only in the design of the ruling IKKnd of the universe. 

11. Construction and Correction of Theories. In 

the niatliematiciil disousaioii of physical questions, we generally con- 
struct oui" theories by first conaidei'ing only the simpler and more 
essential elementary tbixiee at-ting to produce the phenomena in 
question. These discuased, other forces which merely modiiy the 
general result are taken into account in the foiin of eon'ecuoiiB. 
To illustrate, suppose we wish to deduce the curve followed by a 
body, as a cinmon-ball, projected into the air, a problem, of the 
gi-eatest importance in the s<aence of gunnery. The eonaderation 
of the two principal foi-ces acting upon the hall, viz., the original 
force of projection, tending to make it proceed in a straight line, 
and the attriiotioii of tlie earth, which constantly dvaws it towards 
the ground, shows that the path would be a certain mathematical 
cui-ve known as the parabola, were thei-e no disturbing forces. 

Such disturbing forces exist, however, in the resisting airthrough 
which the projectile moves, so that it is only in a vacuiini that the 
parabolic curve could be stiictly followed. The effect of atmos- 
pheric lesistimoe in altering the path must then be taken into 
account as a correction to the oiigiual theory, which can be done 
if we know the relation between the retardation and the velocity 
of the pi-ojectUe. Often, as in the case under consideration, these 
coiTcotions are very difficult to apply, owing to our ignorance of 
the exact law of the disturbing action, or to complexities in its 
application, when. known. In like raannei', when consideiing the 
theory of machines,, we fii-st suppose their component parts to pos- 
sess no weight, to be absolutely I'lgid or perfectly flexible, and to 
act upon each other without iiiction, and we detei-mine the law of 
the transmission of power under these conditions. We aftei-wards 
ascertain what loss of power there will be on account of friction, 
and also estimate tlie effect of the weight of the different paits, 
and theirwant of perfect rigidity, or flexibility. Not until all these 

iltisouatomaryihowevec.toBpsafeof the fell of bodies as being Ottusad hyp-avita- 
(ioii, maaaing by tms not the law.whiclifRmerely theslntementof the general isat, bnt 
that ftirce {orthe iiiiture of which we ara profouudly igaorHut) whichcauses the tendency 
of parlLoles of matter to approsoh each other. 

» Mai, Ssilem of Login, V9I. i., Bk, in., p. 538, 6th Ed. 
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correotiona have t/een applied to the original theory, (loes it meet 
tJie requirements of pi-aetical science. 

12. Discussion of Obserratiors: Analytical and 
Graphical Methods. After making a series of expeiiments or 
observations with the intention of deteriniDing the law of any phe- 
nomena, there ai-e two metho<3s of mathematical discussion that we 
may apply to them. These are (1) the Analytical, and (2) the 
Graphical Method. 

Analytical Method. In applying this method, we make use 
of algebraic symbols, designating each one of the quantities con- 
eidered by a letter, and disciissing their i-elations by the analytical 
processes of pure algebra or the calculus. 

G-raptaical Method. This is geometrical, the quantities con- 
sidered being represented by lines, from whose relations tlie re- 
lation of the quantities themselves is deduced. 

The first of these methods is more acinirate than the second, but 
is at the same time more difficult of application owing to acciden- 
tal erroi-s in observation, and the complexity of many laws. The 
graphical construction appeals at once to the eye, and is frequently 
of the greatest service, l^canse of the ease with which the relations 
among the lines of the figure, and hence among the quantities, are 
determined. 

As a simple iUastration of the use of the graphical method let ns take 
the ease of a daily record of thermometrioal observatJonB extending 
through a month. We draw two lines, OX and OF, Fig. 1, at right aogles 
to each other, for purposes ef reference. These are known as 5ie <ixh of 
X and the axis of Y, respectiTely. Their point of intersection O is called 
the origin of coordinates. Lines drawn from OY parallel to OX are called 
abscmas, which are positive to the ri^ht, and negative to the left of OY, 
and lines from OX parallel to O Y, ordmoles, which are positive above, and 
negative below OX. We represent times by abscissas and ts;mperatures 
by ordinates, laying off on OX spaces proportional to the time fhim the 
beninning of the observations, and paralltQ to OY spaces proportional to 
the" temperatures at those times. Passing a curve through the points thus 
determined, we have the desired the-rmogram, or temperature curve. The 
curve of Fig. 1, is constructed from the data ^ven in the annexed table, 
and represents the mean daily temperature on the summit of Mt. Washing- 
ton during the month of January, 1871. 
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As an application of the araphieal metliod to the discussion of physical 
laws, we give tlie following illustration. Let it be required to find the rela- 
tion between the volume of a quantity of gas and the pressure to which it 
is aubjeoted. Suppose that expuriinents have given She results shown in the 
following table. 





«-,. 
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36 
40 


sl 
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II 


110 
120 


27.27 



Denote pressures by abscissas and volumes by ordinates, and. construct 
the curve A C, Fig. 2. This will be found to be aji equilateral hyperbola, 
of which OX, Of are asymptotes, a curve having the property diat the 
product of tlie ordinate at any point by the corresponding abscissa, is a 
constant. Since the ordiaates have been made propoi'tional to the volumes 
of the gas, and the abscissas proportional to the pressures, it follows that 
when a gas is compressed, the product of its volume by lie pressure upon 
it ia a constant, which is the law sought. 

A consideration of Fig. 2 will also show an easy manner of finding the 
volume of gas corresponding to any pressure not ^vea in the table. Thus 
if we wish to ascertain the volume under a pressure of 46, we amply lay off 
Oa ^= 45, and draw ah perpendicular to OX till it meets the curve at li .■ 
the line ab = 66.7, represents the volume wished, since Oa X "6 is a 
constant, and Oa h^ been, made proportional to ihe given pressure. From 
this example it will be seen that the graphical method gives a simple way 
of detei-mining intermediate values of a variable, or interpaladng, as it 
is called. 



' Wo 
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For further information concerning the subjoot.i treated in 
pages, the student may consult, 

A Si/tlem o/Logii:, by John Stuart Mill; Book in., On Iruluctton. 

Preiiminai-y Dincourse on the Slttdy of Natural PMox(ip%,by Sir J. F. W. 
Herachel. 

Philoinphi of the Inductive Sciem:es, by Wm. Whewell. 

Hiatory of the Jnduclwe Sciencen, by Wm. VVhewell. 

Cour.^de PhUnsophie PosUioe, par Augusta Comte, Le^ns 1-39. (Aationo- 
mie. Phijuique, CMmie.) 

More extended notices of the Analytical and Graphical Methods, and 
the general discuasion of observations will be ibund in 

Lsclure Notes on. PhydcK. by Prof. A. M. Haver (Phila,, 1368), pp, 23-49. 

Ekmenis of Ph/sical ManipulaHon, by Prof. E. C. Pickering (Boston, 
A. A. Kinginan, 1872), pp. 1-25. 

In these two works a number of valuable rcfcirences are given to articlea 
bearing upon the subject in question. 
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CIIAPTETi II. 



Weights and Measubtcs. — Instkuments of Measurement. 

13. In phvsicnl investigations it is constantly necessary to de- 
tei'mine vavious magDitudes, so that it will now be Advisable to 
consider the two systems of weights and measures in common use, 
which are known as the English and the Fi-ench System. 

English System ; Linear Measure. The unit of Eng- 
lish linear measure is the ^ard of 86 inches, a length which has 
come down to ns from very early times. 

The statutory magnitude of the yard is aaul to have been oiipinally 
determined in 1120 by the length of the arm of Henry 1. There being a 
great diaerepancy araon^ the different yards in use in Great Britain, Giraliam, 
in 1742, otWr a compnrmon of all the yarda and ells of best authority, con- 
Btrticted a standard of which Bird made two exact copies, one in 1768, and 
a second in 1760. Ad Act of Parliament in 1824, declared that the length 
of the yard constructed in 1T60, when at a temperature of 62° Fahrenheit, 
shordd t>e considered as the legal standard of line^' measure for the king- 
dom, providing fiir its recovery in case of loss by iriaklng it to consist of 
S6 inches of sucft (enrfth that S9A33-2S of them should be equal to the inva- 
riable length of the pentjnlum beating seconds at London, in s, vacuum^ and 
at the level of the sea. This Act therefiffe made the length of the seconds 
pendutara the basis of the Endish System. The length rfsucha pendulum 
liad been carefully measured oy CapC. Kater, who determined its value in 
standard inches of the scale of 1760 as given ahore. The standard stale, 
together with that of 1768, was destroyed by fire on the homing of tlie House 
of^Parliameut in 1834, and it became necesaary to conatmct a new one. 
The seienlific committee to whom the matter was referred, did not deem it 
expedient to adopt the method of restoriition by the use of the pendulum, 
as provided in the Act of 1824, because aerioua soQrces of error had been 
shown to exist in the proceasea nsetl hy BJtter in his meMiirementa, render- 
ing it impossible to verify these within -yj^ of an inch, while a copy of any 
existing lacale could he constructed so as to vary &r less than this amount 
fiwm the orijrinaL They therefore advised that all the most authentic copies 
of the former standard should he compared, and a new one constnicteil 
from these, which ,waa accordingly done. They also advised that the new 
standard should in no way be defined by reference to any natural basis, 
sneh as the pendulum, and in the Act of 1855 leffaliziujj the new standard, 
tlie yard is defined as being the dlatapee at 62° Fahr., between two marks 
on a certain standai-d bar. The British yard, therefore, is no longer based 
on the length of the seconds pendulunj at London, but is simply a copy of 
ft material scale kept in the Exuhequer Oifioe at Westminster. 

The unit of linear moasuro adopted by the United St-ites is 
essentially identical with that of Great Britain, The standard at 
the Office of Weijihts and Measures at Washington is a braes scale 
82 inohes in length, constructed by Ti'onghton for the Coast Survey. 
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The distance from the 27th to the QZA division of this at 62° Fahi-.f 
is eqiial to one TJ. S. yard. Two copies of the new British stand- 
ard, one of bi-oLize and one of iron, presented to the United 
States by the English government, compared with the Trowijhton 
scale, show that tlie IT. S. standard exceeds the present British 
one by 0.00087 in. 

The units for the meaam'e of surfaee and solidity, as the square 
and cubic foot or yard, are obtained directly from the linear nnit. 

14. Weight. The unit of weight. at present adopted- by 
Great Bi'itain is the Avoirdupois pound g? 7000 gi-ains, the stand- 
ard being a platinum -weight kept in the Office of the Escheqiiev, 

TIiG oldest English legal standard known was the Tmoer pound, as it -was 
called, -wLich -was used even before the Nonnan Conquest, and was soiinj- 
what lighter than the present Troy pound of 5760 grains, It was employed 
at the Mint as the standard for coinage -up to the time of Heniy VIII.,'liy 
■whom it was abolished in 1527, though, the Troy pound was more or less In 
use, at loaat as early as the reij^n of Henry V. (1413-1422), There was 
also at this time another pound in general use, ctdled the libra mercatona, 
weighino; about 6730 graius. When tlie Avoirdupois pound was first intro- 
duced is not definitely known, but it appears in statutes of the time of 
Edwivrdlll. (1327-1377), and lite the Troy pound was probably introduced 
by tJie Lombard bankers of that day. It seems to have derived originally 
from a Greek weiglit, the lama, of 694S.S grains, wliich the Romans subdi- 
vided into 16 ounces, while tlie Troy pouud c^rae from the Roman weight 
of 5759.2 gralna, the lig part of tiie Talent uf AUxandria, which they 
divided into 1 2 ounces. During die rei^n of Elizabeth (in 1583 and 1 5S8) 
Avoirdupois weights were deposited in ttie Exchequer, but the Troy pound 
continued to be the legal standard. 

All the early weights were carefully examined by Graham in 1 742, and 
in 1758 a ParUamentavy. Committee recommended the construction of a new 
atandai^ Troy pound, by which all otlier weights should be regulated, llie 
bill carrying these recommendations into full effect was never passed, but 
throe one-pound weights were made, one of which was deposited in the 
Pm'liament House. . In 1813. the question was revived, and a committee, 
among whose members were Young, Wollaston and Kater, was appointed to 
investigate the subject. They advised that the Troy pound of 1 758 should 
be the standard tor the kingdom, and that the Avoirdupois pound, which had 
never been legally defined, should be declared to contain 7000 grwns Troy. 
They also defined the grain weight by adopting the results of Shuckburjjli 
and Kater, accordiug to which a cubic inch of distilled water, we^hed in 
air by brass weights at a temperature of 62° Fahr., with the barometer at 
80 ini^hes, was equal to 252.458 grains, of which 6760 constituted a Tk>y 
pound. In case of loss, the standard pound was to be restored by reference 
tj> the weight of a cubic inch of water. Their report became a law in 1824, 
but ouly ten years later the standard pound of 1758 was destroyed by fire. 
In 1 888, Baily, Sir J. F. W. Herschel and others were requested to take iiito 
consideration some means for the restoration of the lost standards. In 1841, 
they reported adversely to restoring the pound in the manner designated in 
the Act of 1824, owing to the great diBcrepancy existing among various 
de1»vminatious of the weight of the cubic inch of -water, which rendered 
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the accuracy of Sliuckburgh'3 i-esults very questionable. In fact, the weights 
assigned to a cubic inehof distilled water by different experimenters exliibit 
A vai-iation amounting to ^-jj-j of the total amonnt, while a copy of any 
existing standard eomd be made whieh should not vary from the original 
by more than Yj-iriiniTf °^ '"^^ actual weight. The committee therotbre 
adviaed that the new standard be made by a comparison of the beat authen- 
tic copies of the old standard. They also recommended that the Avoirdu- 
pois pound be made the legal standard rather than the Troy pound, since 
th.e former was in mneh more general use. The eonati-uctioii of the new 
standard waa undei-taken in 1843 by Prof. W. H. Miller, who collected 
thirteen authentic copies of the original Troy pound of 1758. Eleven of 
these were finally rejected from uonsidevation, as thay were made of brass 
and were considerably oxydized, and the two vomaining, which were of 
platinum, were the only ones used in the determination of the exact weight 
of the fltandard of 1768. Prom measurements of these, a Troy pound of 
57G0 grains was coneti-uoted of platinum, ivHch was regarded as identical 
with the former standard, and from this a platinum standard equal to 

Mof the weight of the Troy pound was made, together with four copies, 
was constituted the legal standard Avofrdupois pound of Great Britain 
by the Weight and Mea-mre Act of 1S55. Experiments made npon the 
actual standard when completed, showed it to really weigh 7000.00093 
grains, of which the old standard cont^ned 5760. 

Tiie United States Staiidavcl is the Troy pouiiil of the U. S. 
Mint, copied by Capt. Kater fi'oni tbe British Troy pouud of 1758. 
An Act of Congress of 1834, defities.it as being equal in weight to 
22.794422 cubic inches of distilled water at its ranximum density, 
but the incorrectness of the weight of a cubic inch of water under 
those circumstances, which was assumed by that act, causes the 
definition of the actual ponnd weight to be in eiTor. 

15. Capacity Measures. The British unit for all meas- 
nrea of capacity is the Imperial gallon, which contHine 10 Avoir- 
dupois pounds of distilled water at a temperature of 62° Fahr., with 
a barometric height of 30 inches. Accoi-dinfj; to the best determin- 
ations, it contains 277.123 cu, in. under those rareuni stances. The 
Act of 1824 stated its contents aa 277.274 cubic' inches, which has 
since been shown to be an incoiTect value. The TJ. S. Standard 
is the Mine goMon tor liquids, and the Winchester bushel for dry 
measure, derived fl'om the English measures of the same name. 

The former measure is defined by Act of Congress as containing 231 cubic 
inches, the latter 2150.42 cubic inches at 89° Fahr., 30 inches barometer. But 
unfortunately the capacity of the Brilisk Winchester bushel is 2150.4 cubic 
inches at 62° Fahr., so that at oar standard temperature it contEuna only 
2148.9 cubic inches, and at no common temperature are the two bushels 
equal. The same is tiie case with the wine gallon. The British Imperial 
bushel, a measure in common use, but not a legfJ standard, contains 8 
Imperial gallons or 2216.984 cubic inches at 62° F^r. 

The method of ascertaining the number of cubic inches contained in the 
standard gallon or bushel, is by finding the weight of the quantity of dis- 
tilled water necessary to fih it under given circumstances of temperature 
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and atmosplicric pressure. This wein;ht divided by tlie weight of a cubic 
inc-h of wnter, gives tte capacity. This method evidently requires ft precise 
knowledge of the weight «F a cubic inch of water, which, as we have stated, 
is so difficult of exact determination tliat somewhat different results have 
been obtained by tKe most skilful expeiimenters, caueing a slight vaaiatioii 
of the actual irom the legal contents of the U. S. standards. ITie greatest 
jMDSsible deviation of these from the statutory capacity ia, however, so small 
Bs not to be of very great practical consequence, tlie gallon and bushel 
never being used in any hut uommercial measurements- 
There has been even more variation in the values of the variona capacity 
measures of past times than among weights. The capacity of the ordinary 
wine gallon has gradually risen from 216 cubic inches, its contents in 
1299, to its pi-eaent value of 2Sl cubic inches. The Winchester bushel haa 
had equally Taiiable values, having risen from 2114.68 cubic inches ia 
1266, to 2150.4 cubic inches, its present capacity. The British Imperial 
standai-d gallon is a unique measure, and is derived directly from the Avoir- 
dupois pound, while the other measures were originally obtained from the 
Tower and Troy pounds, 

16. Circular or Angular Measure. The unit of angu- 
lar measure in the degree, which is tlie ^^^ of a circumference. It 
is subdivided into 60 minutes, <ind each of these miiiutra iuto 60 
seconds, smallei anglea being indicated by decimals of a second. 

Until within two or thiee centuiies it was customary to carry this sexa- 
geamal snbdivioion still tirtliei, each aeiond consistiiig of 60 i/iirtfe, the 
Siird, of 60 foailha, and so on, a cumbeisome method, which has happily 
gone entirely out of use 

17. French or Metric System. History. This sys- 
tem was adopted in France in 1795, during the Revolution, and 
was intended to funiieh a unifoini system of weights and measures, 
all of which should be based upon a single linear nnit, and the 
various subdivisions of which should be pm'ely decimal. 



the propceition, a party of five ^ from the Academy of Sciences was appointed 
to investigate the subject. Thw committee reported in 1791, advising that 
the project should be carried out, but preferred aa a standard of reference the 
quadrant oi'the earth's ineridian included between the equator and the pole, 
which was liien supposed to have the same value in aU. lon^tudes, while 
the suconda pendulum was known to vary in length with the locality. They 
also su;^ested the employment of the pendulum as a secondary standard, 
from which to recover the other in ease of its loss. In accordance with their 
recommendation, which was immediately transmitted to the Assembly, De- 
lambre and M^chain were deputed to ascertain the length of a quadrant of 

I Bordii, Lagrange, Lfl[ilaoe, Mougo and Condorcot. 
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the meridian, and for flils purpose measured a meridional are of about 9 1-2 
degrees, pasaioo; thi-ouuh France fioro Dunkirk to Barcelona. This work 
occupied a number of years, but the Assembly made use of a value of the 
quai^ant given by some earlier lueasurements, and promulgated tlie system 
in 1793, not adopting the present nomenclatiu'e, however, until 1795. At 
length, in 1T09, an intemationai convenfion was assembled at Paris, which 
fittwly decided tte values of theTarious standards o£ weights and measurea. 

18. Linear Measure. The French arc, compared with 
area previously measured in Peru and Lapland, gave as the dis- 
tance from the equator to the pole, 6,130,740 toiaes, the toise being 
an old French measure equal to about 2.132 English yai'ds. It was 
decided that TUUTi^iTutr of thia distance should be called a metre, 
and made the basis of the new system. The unit adopted in 
D61ambre and Mechain's measureihents was the Toiae of FerUj^^ 
same that had been used in the earlier measni-ementa of the Peru- 
vian, arc by Bouguer and La Oondamine. The Act of 1799 deci-ees 
the metre to be , ftjjf § of the length of the standard Toise de 
Perou, which is an iron bar, coj'rect at 62.25 degrees Fahr., made 
in 1736 under the direction of Godin. A standard metre of plat- 
inum was made li'om thia by Iv^noir. The value of the meti'e in 
English inches is 39.370432.1 

More exfensive geodetic measurements made during tbe present century 
show that tte value of the quadrant obtained by the French astronomers is 
too small. Bessel gave as its true value 10,000,856 metres. Moreover, 
owing to the recenwy demonstrated fact tliat the earth is not aa oblate 
spheroid, but more neai-ly an ellipsoid with three nnequal axes, it fol- 
lows that the value of the quadrant of a meridian varies witli the longitude. 
Hence die basis of the French system is in reaUty as much a local one as is 
the pendulum. It should also be borne in mind that from the terms of the 
law of 1799 the French metre, like the present English foot, is simply the 
length of a legalized material scale. 

The metric system is purely decimal. The larger divisions of 
liueai' measure are the myriametre = 10,000 metres, the kilometre 
= 1,000 metrea,the hectometre= 100 metres, anAttiedekamntre^ 
10 meti-es. Those less than 1 metre are the decimetre ^= -^ metre, - 
the centimetre = y^^ metre, and the millimetre ^ t^-o metre. 

Measures of surface and solidity are formed from those of linear 
dimensions, precisely as in the English system. 

19. Weight. Tlje unit of weight \b the gramm,e, which was 
ordered by statute to be the weight of a cubic centimetre of pure 
water in vacuo, at 39.1 degrees Fahr. The actual atandard plati- 
num weight (by Fortin) ot 1000 grammea, in the French Archives, is 

' According lo the meHsurementa of Capt. Clarke in 1888. Tvn otlier 
oftha metTBliave been iHEUloj that of Kat«r (1831), which gave as a result 89.B1 
mid that of Hasaler (1832), giving 39.3810327 iu. Tte latter ia tlie value wh 
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a little gi-eater tlian it should be accovding to this law. The gramme 
is divided into ^cigrmnmes, ceniigrammes and .milligrammes, 
equal to ^ ^J^ tAu grammes respectively. The larger weights 
are the d^agramme = 10 gi-amraes, the hectogramme = 100 
grammes, and the kilogramme = 1000 grammes. The weight of 
the standard kilogramme above mentioned is 15432.84874 grains, 
or 2.204,621,250 lbs. Avoirdupois, which gives 15.43234874 grains 
as the weight of the gramme.^ 

20. Capacity Measure. The unit of capacity measure ia 
the litre, which is the volume of a kilogramme of pure water at 39.1 
deereea Fiihr., and 30 ineiiea bai-oraeter. It was originally intended 
to oe a cubic decimetre, but is somewhat lai^er,owmg to the ex:;es3 
of weight of the standard kilogramme mentioned atove. It is 
equal to 61.02499 cubic inches.^ 

21- Circular Measure. The French aliso applied the decimal sys- 
tem to angular measure, and a number of the circles used, in the observa- 
tions for Uetei-mining the length of the Freneh meridional arc were thus 
divided. Eacli quaiirant coutJiinud 100 grades or degrees, which were again 
subdivided into tenths and hundredths. Hence the centesimal diajree was 
equal to 0.9 of a sexagaBimal degree. Aa the sexagesimal method ofdivision 
was universally employed long before the metric system originated, the 
French division of the quadrant has never been extensively used, even by 
the nation which devised it. 

22. Full tables of all French weights and measures employed in physical 
operations, toijether with their values in Bnglish units, will be found in the 
appendix to this volume. 

Oiving to its gt^at simplicrtiy, tlie metric system is gradually displacing 
all others. At the present time it is the most widely used of any, and is 
"'"''"v gaining in general favor, most of the European nations having 
"^ it either wholly or in part. Its employment in all commei-cial trans- 
uKiMiua was legalized by Great Britain, in 186J, and by the United States, 
in 1866». 

Sir John F. W. Herschel has proposed the polar axis of the earth as a 
more logical basis than any other for a system of weights and measures, 
since, unlike the pendulum an[5 the quadrant of latitude, it is not local in its 
nature. While ijiis is very true, tlw wide acceptance of the metric system 
renders it undesirable to attempt a change which, even were it possible, 
would be chiefly of theoretical advantage. What is most desirable among 
different nations is some system, at once unlibrm and simple, both of which 
requisites are already supplied ; the derivation of the unit is a matter of 
but sUght praotieal importance. Anoiher advantage urged by Herschel, is, 
however, tliat if the present English inch were increased by -x-^fn of its 
total value, the polar axis of the earth would eontaUi just 500,500,000 
such inches ; and that 1 738 such cubic inches of water would weigh 1000 
ounces Avoirdupois if the present value of the ounce were increased by 
^■^ of a grata. On the other hand, it is not probable that the most accurate 

1 Miliei-. 

2 Clarke. 

s The student miiy be interested to know tJiat the U'.S. live-cent piece ia a oentimetreK 
in diameter, njid iveiglin S grammes. 



rapidly b 
adopted 1 
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INSTRUMENTS OF MEASUREMENT. 



23. Unit of Time. The nnit employed in pbysical ob- 
servations extending over a consdderable time, is the ntean solar 
day of 24 hours, that being the mean intei-val between two snccea- 
eive transits of the snn Hcross the celestial meridian. 

The mean interval ia taken because tlie time elapsing from day to day 
between the passages of the sun acroaa the meridian is not constant, owing 
to tlie facts that tbe earth's motion about the sun ia not uniform, and the 
Bun's apparent path ia not in the celestial equator, but inclined to it at an 
angle of 23° 28'. Our oniinaiy clocks are adjusted to keep mean solar 
time. Astronomical clocks, on the contrary, are adjusted to sidereal or star' 
time. A sidereal day is the interval between two Buctessive transits of lie 
same star across th6meridian,^andis the exact period of tbe revolution of the 
earth on its ixis It is 3 m 56 5 s shorter than the mean solar day. 
The sidereal dij like tlie Eohr, is divided into hours, minutes and seconds. 
When astronomicil clocks are used for the estimatjon of time in physical 
experiments, it is customary to lednce their indications to mean solar time 
by a simple proportion Foi Email intervals of time the unit in common 
use ia tbe second 

Until recently it was supposed that the period of the eartli's rotation had 
not varied by y ftaA - flOfr "^ ''^ length since 720 B. C, but an error was 
found by Adams in the work of Laplace, on whose calculations the above 
supposition was based, and he has shown that the time of revolution is 
diminishing at the rate of 22 s. in a century. 

24. Instruments of Measurement. Physical measure- 
ments are of tive kinds, according to the nature of the magnitude 
to bo determined. Instruments for precise measui'ements may be 
classified according to their use, as follows: — 

Instruments for the measurement of angles. 

length. 

" " " volume. 



It will be most convenient to consider tbe construction of the 
majority of these instraments as they present themseivea in the 
sequel, in connection with the subjects of base lines, determination 
of the standai'ds of capacity measures, balances, etc., but we shall 
here describe a few which are of veiy general application. These 
are the graduated circle for angulai' measurement, the vernitr and 
the cathetometer, an instrument for the precise measarement of 
vertical distancea. 

e J3 unly one ouc-huudrad Bad 
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25. Inatrumsnt for measuring A^gleii. Angles ai-e 
generally measured by circles divided at the oircumferenco into de- 

freea and fractions of a degree. Tlie common Engineer's Transit, 
'ig. 3, will give a general idea of an instrument tor measuring an- 
gles. It is designed to measure either vei-tical or horizontal angles, 
and therefore carries two circles, one vertical, the other horizontal, 
which can be seen at G and J>. At AB is a telescope moving upon 
the same horizontal axis witli D, while the whole instrument turns 
horizontally about an axis attached to the centre of C. Screws, 
8 {leaeling screws), are attached, by which tlie circle Ccan be made 
exactly horisontal, also screws E and F called tangent screws, by 
which a slow motion can be given to C or D. At O is seen a 
compass needle, which is sometimes of service, and at SK^ level 
attached to AB, so -that the telescope may be made horizontal if 
necessary. The telescope AB, ia iiirnislied with two cross-haira 
in its eye-pieoe, at right angles to each other (Fig. 4). Suppose it 
is necessary to measure the vertical angle between two points. The 
observer places hia eye at the telescope, focuses it on one of the 
points, bnngin^ the intersection of the cross-hail's to coincide with 
the image of Wiat point, and observes tbo reading on the vertical 
circle given by the index X He then turns AB about its axis 
untd the second point comes into the field of view, and fixes the 
mtei-aei-tion of the cross-hairs npon it in the same manner as 
befoie Then taking the new reading given by T, the difference 
bi-tweeu it and the former reading is the desired angle. As the 
telescope moves horizontally about the centre of G, it evidently 
makes no difference whether the two points are or are not in the 
same vei-dcal. Horizontal angles are measured in a similar man- 
ner by means of the horizontal circle 0. There ia another index 
opposite I, and in delicate measurements the mean of the readings 
of both should be taken, which will eliminate any error from ec- 
centricity in the mounting of the divided cii-clea. 

25. Vamier. It is often necessary to measure lines and an- 
gles THoi-e closely than it is convenient to divide the scale or circles 
used. In such cases we may estimate fractions of one division by 
the eye. especially if luded by a magnifying g;lnas, with considerable 
accuracy. Various ^ other mcthoiJs have been devised, one of the 
simplest and most generally applicable of which is the Vernier, so 
called &-om its inventor, Pierre Vernier, of Brasaeia. (1631.) To 
understand its construction, let AB, Fig, 5, be an enlarged repre- 
sentation of a scale divided into millimetres, with which we ivish 
to read to tenths of a millimetre. S ipitose that a scde DC is 
made by taking 9 divisions of AB (m the figure 110 to 119), and 
dividing tbia length into 10 equiil parts, numbered from to 10. 
Each division of Z>(7will equal ^^ of a millimetre, and will be less 
than one division of AB by -^ mm., so that it' the of X>G, which 
is the vernier scale, be made to coincide with any division of AS, 
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as the 750th, dii-iaion 1 of DC wUl fall short of 751 of AB by -^ 
naa.^ 2 will fall short of 752 by -^ miii^ 3 will fall ahort of 753 by 
■^ inniT and so on, until the 10th division of DC, which coincides 
■with 759 of AB. To comprehend the method of using it, let it be 
required to find the distance of some point S, Fig. 6, from any 
other point. The scale AB is laid so that its shall be opposite 
one of the points, and tho vernier is slid iilone AB until its 
denoted by the arrow rests against S. The distance irom the 
other point as indicated by the scale, is evidently 751 and a fraction 



millimetres, the whole 
is obtauiect from CD, by connti 
until one is reached which coinci 
AB. The number of this vemi 



by AB. The ft-action 

^ ita divisions upward from 0, 

ides with one of the divisions of 

r-division gives the fractional 



reading, which in this case is the number of tenths of a millimetre 
(■ft) between 751 and the line of the vernier. For as each divi- 
sion of OD is less than one division of AB by -^ mm., if the 
coiuddence takes place as in the figure at the 3d vernier-division 
above 0, the spaee between and 751 must equal 3 scale-divisions 
minus 3 veniier-divitjons, that is \% mm. — ^^ mm. ■=■ ft mm. 
Hence in the instance supposed, the total distance between the 
two points is 751,3 mm. 

From this it will be seen that in general, if we call n the number 
of divisions of the scale equal in length to ?i -)- 1 divisions of the 

vernier, in which case „<_-> is the value of one diviaon of the 
latter, and denote by le the distance between that scale-division 
which coincides with a vemier-divisiou, and the scale-division next 

below the of tlie vernier, the fractional reading is a; — — jj-j 



9.+ 1 



(!■) 



Verniers are applied to graduated sualus and cli'cles of ail kinds, and fur- 
nish a ready means of increasing tlieir dehoacy of meaBnrement. Them 
are various modifications in use for particular purposes, but the principle of 
conBtruction ia the same in aU. 'I he amallnesB of the fractions which are 
indicated by any vernier depends upon the number of its diviBions. Thus 
if, as in Mg. 7, scale-divisions are sub-dirided into 10 partB, it reads to 
^ mm. If 99 Bcale divisions were sub-divided into 100 parts, it would read 
ffl tJtj- mm., since each vernier-division would then =^ ^ mm., and one 
Bcafe-aiviaion. minus one vernier-division = \%\ mm. — ^ mm. =^75 

mm. Or, generally, if m in Eq. (I) is made equal to unity, — r r\ ™iU he 
the minimum limit of reading in terms of the length of the divisions of the 
scale. Hence to find the limits of reading of any vernier, divide the length 
of one. scale dwisiort hy the nunJier of divhions of the vernier. 
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27. Cathetometer. In many physical investigations it ia 
necessary to measure the dtfFei'ence between the vertical teighta of 
two or more objects to which it is difficult to apply an ordinary 
scale. Ia such cases we make use of an instrument invented by 
Dalong and Petit, and known as the Cathetometer {Fig. 7). The 
essential parts of this instrument are a heavy vertioal j^iliar of 
metal AM, mounted upon abitse S^l which ia furnished with lev- 
eling screws. The pillar A£ canies a scale PG, divided into 
millimetres. A telescope OD is furnished with' cross-hairs, and 
mounted horizontally upon a frame Ffl^ which can be raised or 
lowered by.eliding it along A£. A screw S serves to give a very 
slow vertical motion to tlie telescope when desii'ed. The fl-ame 
TN^cam^ a vemier £J, and a level £ is attached to CD to detect 
any deviation from hoiizontality. To measure the vertical dis- 
tance between any two points, after having carefiilly levelled the 
instrument, the fi-ame 2W is moved until one of them lies In the 
axis of the telescope, which is focusaed cai-efidly, and its cross- 
hairs are made to coincide exactly with the point by means of the 
screw S. The reading of the scale and vei-nier is then taken. 
This done, the telescope is raised or lowered until the other point 
coincides with the cross-hairs, when the scale and vernier are again 
read. The difference between these two readings ia the vertical 
distance between the points. That the cathetometer niay give 
accurate results it ia evident that the axis AB must be exactly 
vertical, and that the line of sight of the telescope must remain 
parallel to itself when raised or lowered, 

28. Measure of Time. Measurements of considerable in- 
tervals of time are m.ade with clocks or chronometers. The meas- 
urement of very minute intervals is accomplished by various fonns 
of instruments called chronographs. Many of these wilt be de- 
scribed in succeeding chapters. 



For additional information the student may consult 
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Base du Smtem Melrtque, Tome III, nor Joan B. J. DHlambro et Pieri'u 
F. A.M&!hdn. 

Eecueil Officiel des Ordonnances et Inxtructhns stir la Fabrication el la 
Verificalion des Folds et Memtrei. (Paris, 1839.) 

Atlas des Folds et Mesures dressd en Execution de I'Ordonnance Royale. 
(Paris, 1839.) 

Rapport s«r les Folds et Mesures enooi/ai au Gouvermenl de.i Etcds-Unls, 
par A, Vattemare. (Meaaures eseeated by I. T. Silbermann.) 

Rapport svT la Rdvimon des Elalons en 1867 et 1868; Annales du Con- 
servatoire des Arts et Metiert, Tome ix., No. 33, ler Faaciculf, p. 1. 

Also consult references under the cliapter of this work treating of the 
Pendulum. 

The following Parfomentor^ Semotutl Papers may be consulted for records 
of the legislation of Great Britain relative to tlie subject of Weights and 
Measures : — 

On Weii/IUs and Meatures ; Pari. Papers, Reports of Commiltees, 1813-14, 
Vol. III., No. 290. Also JJep. Committees. Jan. to Jiili/, 1821, Vol. iv., No. 
571; and Rqiort of CommLisioners, \>y Clark, Gilbert, WoUaston, Young 
and Kater, No. 383 of same volume. 

Maudes of Evidence on Weight and Measure B'dl; Rep. Coinmitlees, 1824, 
Vol. IV., No. 94. Abo Mep. Committees, 1884, Vol. xiy., No, 464. 

Report on Widghts and Measures, and Minutes of Emdence ; Rep. Commit- 
teeS, 1835, Vol. siv.. No. 292. 

Report of Commissioners appointed to eongider the Steps io lie tal-enfor the 
Restoration oftlie Standards of Weight and Measure, by Aii7, Biily, Bethune, 
HaTBchel, Lafevre, Lubbock, Peacock and Sheei^hanks; Reji. Commissioners, 
1834-S,VoLi.,No. 177. 

Report of Commhsioners appointed to consider Steps for Ihe Restoration of 
Standards; Rq). Commtsidoners, 1842, Vol. xi., Bo, 356. 

Rejwt of Committee appointed to superintend the Construction of the 
Parliamentary Standards, by Airy, Sosae, Wrottealey, .Lefevre, Lubbock, 
Peacock, Sheepshanks and Miller; Rep. Commissioners, 18-i4, Vol. xis,. 

Report of Commiltee recommending the Legalizatum of the Metric System, 
together wm Minutes of Evidence; Rep. Committees, 18G2, Vol, vii., No. 
411. 

BUI authoi-izing the Use of Hie Metric System ; Pari. Bills, 1SG4, Vol.iv,, 
Ho9. 24, 165. 

Report on the Exchequer Standards of Weight awl Measure, by H, IV. 
ChisSolm, with Nqtes by G. B. Airy; Accounts and Papers, 1864, Vol. 
Lvm,, No. 115. 



:yGoogIe 



KEFERENCES, M 

BUI lo mirend acts relative to Standard Weights and Measures ; Public Bil!s< 
1866, Voi. v., No. 16G. 

Fi-st Report of Warden of Slandards, 1866-7 ; Rep. Commissioners, 1867, 

Report of Cmnmiisioners appointed to inquire into tlie condition of the 
Exchequer Slandards, and on the Abolition of Troy Weight, wiili Minutes of 
Evidence: Rep: Commixiiiona-s, 1870, Vol. xxvii. 

Oil the application of the Metric System to India; Rep. Commissioners, 
1870, Vol. um., Ho. 226. 

The legislation of the United States relative to Weights and Measures, 
and the reports to the Government on tiiu uonBtruetion of standards, may ba 
tbund in the various Coiigressimuil Jiucuinenis, as follows; — 

Report of CommUlee on Fixing Standards of Weight and Measure; 
Reports of Committees, ISth Congress, 2d Sesxim (1818-19), Vol Vi., Doc. 
109. 

Report on Weights and Measures-, by J. Q. Adams, Secy, of State (Feb. 
22, 1821); Executive Papers, 16tli Cong., 2d Sees., Doc. 109, 

Report of Committee to whom was referred the Report of the Secy, of 
State; Reports of Committees, 17tli Cong., 1st Sess. (1821-2), Vol. ii., Doc. 
65. 

Comparison of Weights and Measures of Length and Capaeitff, by F. B. 
HasBler; Exec. Doc. 22d Congr., 1st Sess., (1832^ Vol. vi.. Doc. 299. 

Constnialiiffi of Standards of Weights and Measures; Reports of Com- 
mittees, Bovse Rep., 28d Congr., 2d jSesfr., (1886) Vol i.. Doe. 132. 

Letter fvm F. E. HaBsler,in Rep., if Secy. Treas.; Exec. Papers., House 
Rep., 24th CoMr., lat Seas., (1835) Vol. ii., Doc. 32. 

Report on Furnishing States with Standards; Rep. Comm., House Rep,, 
34th Congr., Ist Sess., (1896) Vol., I., Doo. 259. 

Jbid., Vol. It., Doo. 449. 

Report on Progress of Construction of Standwds,liY P. E. Basstof; Eaecr, 
Papers, 2oth Congr.. M Sess,, (1837-8) Vol. xi.. Dot. 14. 

Report on Construction and Completion of Siandaitls /or all the States of 
tite Union, by F. E. Hassler, (July 4th, 1838); Ibid., Doc. 464. 

Reports by F. R, HasBier; Senate I>oc., 2SUi Congr., 1st Sess., (1839-40), 
Vol. II., Doc. 15; Vol. Viii., Doe. 608. Also Sen. Doc, 26th Congr., 2d 
Sess., (1840-1) Vol. XI., Doc 20. 

Report on Progress in Construction, of Standards of Liquid and Capacity 
Measure,hjF. &. Hassler; Sen. Doc., 27bh Congr.,M Sess., (1841-2) VoL 
m., Doc. 225. 

Reports by F. K. Hassler: Sen. Doc, 27th Conor., 3d Sess., (1842-3) 
Vol.li., Doc. 11. 

Report rela.ioe to Weights, Measures and Balances, by V. E. Hasaterf 
Exec. Doc, 28th Congr., Ist Sess., (1843-4) Vol. iv., Doo. 94. 

Reports on Weights and Measures, by A. D. Eache; Exeo. Doc, 28th 
Congr., U Sess., (1844-6) Vol. iv.. Doc. 159. 

Exec. Dfic., 29th Congr., 1st Sess., (1845-6) Vol. vii., Doe. 22.^. Exec. 
Doe., 30th Congr., 1st Sess., (1847-8) Vol. is., Doo. 84, 

Report on Construction and Disbibuiioii of Weights, Measures and Balances, 
andortC-jmparieonof Foreign Standards, by A.'D.B!uihs; Exec. i>o«.,34th 
Cotigr., 3d Sess., (1856-7) Vol. Vi,, Doc. 27. 

Report on Weights, Measures and Balances, by A. D. Bache; Exec. Doc, 
35th Congr., 2d. Sess., (1868-9) Vol. Vi,, Doc. 6. (This report contwns a 
resame of the work relative to the construction of standards pnjrious to' 



:yGoogIe 



24 PKOPERTIES OF MATTER. 
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CHAPTER III. 

Pkofebties oir Matter. 

29. Matter. — General Properties. Whatever can be 
pereeived by the ordinary operations of the senses is maft&r. It 
posaes.ses two essentiiil characteristics: (1) extension, or the prop- 
erty of occupying space, and Qi) impeiteiralnUty, by virtue of 
which no two bodies can occupy the same space at the same time. 



The second of these sonietimes seems to be contradicted by experience. 
Thus when an inverted bottle ia iuiraeraed in water the Uquid vises to some 
dirtance iuaide; but in fhia ease the air is not penetrated, it ia merely com- 
pressed, Bo that a portion of the space which it formerly possessed is ocou- 
Eied by the water. A stone sunk in a veaael of water does not penetrate it, 
lit displaces a quantity equal to its own bulk. And in all oiner cases in 
wliich s,t first sight one body seems to penetrate another, it will be found 
that tiiere is re^y a displacement of matter. 

Both the above characteristics are essential to the existence of matter. 
A shadow occupies space, but is not matter as it is not impeiietrabie. 

30. Three States of Matter. Matter exiata in three dif- 
ferent conditions, wliich ai'e known as the solid, Uquid and gaseous 



states. Solids are diatingui 
which resists any change wit 



ished by possessing a definite form 
considerable force. Liquids take 



the form of the vesgel containing them, their particles not b 
firmly united like those of solids, but moving upon each other with 
the greatest ease. Gases po^ese this mobility of particles in com- 
niou with liquids, but in addition to this their particles have a 
constant tendency to separate from each other, so that some ex 
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terior effort, swch as the resistiince of the walls of the vessel con- 
taining them, is necessary to limit their volume. This expansive 
tendency^ may be shown by placing a bladder paiUy filled with air 
in a receiver in which we can produce a vacuum by means of an 
air-pump. When the external air is removed the bladder grad- 
ually swells out, owing to the expansion of the air which it con- 
tains on the I'emovfll of the external atmospheric pressure, which 
previously kept it under a more limited volume. As examples of 
the three states of matter, we may mention iron, wood and stone, 
among solids ; water, alcohol and mercury, among liquids ; and air, 
carbonic acid gas and common illuminating gas, among gases. 
Liquids and gases are often collectively caDed^Mtffo. 

The same Eubatance may exiitC in eaoh of tbe three states of matter 
accordlns to tlie external circuuistaui-'e?. Thus ice when heated assumes 
the liquid form of water, and if tliis ia heated stUl more it finally asisames a 
gaseoas state by passing into eteam. Sulphur also assumes the solid, liquid 
and gaseous forms, siicceeMvely, when heated, and many substances, as car- 
bonic acid, laugldni; gas. etc. , which are gaseous at ordinary temperatures, 
can be made to assume a litjuid, and finally a solid form under the influ- 
ence of great pressure and exteenie cold. 

31. Particular Properties of Matter.— Divisibility. 

In addition to the preceding there are certain particular properties 
which are common to all kinds of matter, though not essential' to 
our idea of its existence. 

(1.) MM^t is divisible. "We know of nothing which can not be 
separated into parts, these again into smaller parts, and so on. 
The extent to which matter is divisible will be appreciated fl-om 
the following examples. Gold leaf has been hammered into leaves 
but gB^uij mm. in thickness. Silver wire gilded on the exterior 
has been drawn out to siioh a degree of fineness that the coating 
of gold was only ^sbIjiss mm, thick. The silver core was then 
dissolved away by acid, leaving a gold tube of this excessive thin- 
ness. With a microscope it is possible to see a particle -^jfov ™ni- 
in diameter, so that we are able to divide gold into pai-tides ^hVif 
mm. in diameter, and -aTniViFn ""'"■ ™ thickness, each of which 
poBseeses all the qiuilities of the metal. Platinum wire has been 
drawn so fine that it took 200 metres of it to weigh 1 centigramme, 
its diameter being but -raW "i'"- This was done by enclosing a 
platinum wire in a chisely-fitting silver tube, drawing out the com- 
pound wire thus made, and then removing the silver coating with 
acid. The thickness of a soap bnbble just before bursting is but 
THiAnriT ™™- -^ gramme of carmine will tinge 60,000 gr. of wa- 
ter, or about 9,000,000 drops, so that in one of these drops there is 
but y oojioo ii grammes of coloring material. By optical methods 
it is possible to detect even sinnrAuTunr of ^ gramme of soda. It 
is said that a single gi'ain of musk has perliimed a room 12 feet 
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square for several years without sensible loss of iveight ; and an 
extract of S[Diiit of musk has given a distinct odor to 2,000,000,000 
times its weight of a certain liquid. These examples might be 
multipKed indefinitely, but we will mention only a single addi- 
tional one, drawn from the organic world. Certain microscopic 
plants, the. -Oiafoms, are eovei-ed with a siliceous shell, weighing 
but 3TnriFiAjTnnrir of a gramme. On this shell we can see stiife not 
over g^ifnr ni™- in width and thickness, thus perceiving aportion of 
siliceous matter, whose weight would be only ahout ygijijBo'ijcinrsff 
of a gramme. 

32. Atoms and Molecules- The question here arises 
whether this division could be canied on indefinitely. Eai-ly in 
the history of science this was a disputed subject, Anaxagoraa 
and Aristotle held matter to be infinitely divisible, while Lencip- 
pas taught that there were ultimate indivisible pai-ticles, to which 
Democntus gave the name of atoms. (B, C. 500.) The atomic 
doctrine was ^so taught by Epicurus. In modern times Descartes 
rejected the theory, while Gasseudi maintained it. Up to a com- 
paratively recent time these opinions were mere philosophical 
speculations resting upon no BoUd basis, but in later years certain 
laws of chemical combination, crystallogi-aphy and molecular phys- 
ics, have shown it to be highly probable that matter is composed 
of ultimate particles of inconceivable, though finite minuteness, 
which are physically incapable of further subdivision by any 
known prooe^. These atoms are gi-ouped together to form lai^er 
masses, called molecules, which may again be aiTauged in still 
more complex aggi-egatlons. 

The molecules of a body are separated from each other by 
spaces called pores, which are much greater in size than the atoms 
theinselves. Most bodies are competed of compound molecules 
foi-med by the chemical union of atoms of unlike nature to form a 
new substance. Hence it is convenient to distinguish between 
integrant and constituent molecules, constituent molecules being 
j^gregations of similar atoms, while integrant molecules are 
formed by the union of the constituent m^ecules of dissimilar 
substances. Thus marble is composed of integrant molecules of 
carbonate of lime, while each of these integi'ant pai-ticles is, in its 
turn, composed of constituent molecules of calcium, carbon and ox- 

£gen. The eseeeding minuteness of molecules i-endera it impossi- 
le to obtain any direct me^urement of their size, but Su- Wm. 
Thomson has shown ^ that the mean distance between the centi-es 
of contiguous molecules of matter is probably less than Tuuuiisis^TF 
and greater than gijuuij'trijtrs^iF **^ ^ centimetre. 

33- Compreseibilityo All substances are compressible. 
On the ajiplication of external pressure to any body, its volume is 
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diminiBlied. This can only aiiae from the closer appvoxiiuation of 
its molecules, ■which renders it evident that these are not in abso- 
lute contact. The compression of solids is noticeable in any 
structure sapporting a gi-eat weight. The stone pillars sustaininy; 
the dome of the Pantheon at Paris, were sensibly compressed 
when that structure was ei-ected upon them. In the operation of 
coining, the metal check upon which the impression is struck is 
noticeably diminished in volume. The compressibility of liquids 
is less evident, and until within a century they were quite genei^ 
ally believed to be absolutely incompressible. In 1762, Canton 
first showed this idea to be erroneous, and found that water was 
compressed about ytttJ^^tt '^^ ''^ volume by a pressure of 1 atmos- 
phere (1033.6 grammes to a sqoare centimetre). More accurate 
experiments since that time have coniivmed this genei-al result. 
Gases are by far the most easily compressed of all substances. 
This may be shown by means of an air-tight piston moving in a 
glass tube closed at one end. The piston can be forced into the 
cylinder, compressing the air contained in it. On withdrawing 
the pressure the gas expands, for-cing the piston back until it has 
attained its original volume. This last eflect is dne to the perfect 
elasticity of the gas, a foi-ce tending to make it return to its prim- 
itive volume. The same result occurs in the ease of a liquid, and 
in a less degree with solids, the elasticity of the latter class of 
substances being in general veiy imperfect when compared with 
that of the two fonner. 

34. Sxpansibility. On the application of stretching forces 
to bodies, or on heating them, tbeir volame is found to increase. 
The expansion of solids by external forces may be. shown by 
stretching a wire or an India-rubber tube. Expansion by heat can 
be rendered evident by means of a ball of iron, made of such size 
as to just pass through a ring of the same material when cold. If 
heated the ball will no longer do this, on account of its inci-eased 
volume. If a quantity of liquid be contained in a tube with a 
bulb at one end, its level wilt be seen to rise in the tube when 
heated, and if such a bulb-tube contain air, or any other gas, a 
drop of liquid being placed in the tube to serve as an index, the 
expansion of the gas ia so greiit tliat it will he apparent when the 
bulb is simply clasped by the h:md. 

35. Porosity. The fact that the molecules of any substance 
are not in contact, which we have already noticed, is shown to be 
true by the phenomena of compressibility and expausibifity. The 
name pores is given to these intennolecwlar spaces. The porosity 
of substances can be proved directly in vnrious ways. An experi- 
ment celebrated in the histoi-y of science is that first performed by 
Lord Bacon, and afterwards by the Academy of Florence (1661). 
Wishing to determine whether water was compressible, they filled 
a hollow silver sphere full of that liquid, and after closing it 
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tightly flattened it un<ler a screw-press. This operation of course 
diminished the capacity of the sphere. At the close of the ex- 
periment tile extenor ■was fouii'l to be covered with a fine dew, 
showing that the water had been forced through the pores of the 
silver. The Academicians drew from this two conclusions : first, 
that the porea of silver ivere Ini^er than the molecules of water, 
which is true, and secondly, that water was absolutely incom- 
pressible, which is erroneous. Other examples occur in the arts. 
Thus the manufacture of steel from wrought iron depends upon 
the absorption of a portion of carbon by the meta). It has been 
shown that platinum and cast iron, when heated to redness, tan 
porous to gases. The porosity of liquids and gases is aeen in the 
fact that in most chemical combinations the volume of the result- 
ing compound is less than the sum of the volumes of the compo- 
nents. The same ia tnie in the cawe of many solutions. Thus 
anhydi'ouB alcohol and water mixed in the proportions of 116 to 
100, sustains a diminution in volume equal to 3.7 per cent^ and 
with other propoi-tioas there is still a diminution, though not as 
much as with those mentioned. The same thing occurs on mixing 
water and sulphuric acid. The poiositj of liquids is farther shown 
by their ability to absorb gases Thus water at 60° Fahr. will 
absorb about 720 tim^ its bulk of ammomi gas, the resulting in- 
crease of bulk being only 50 pei cent In the case of gases, simi- 
lar contractions are observed Thu-^ 4 volimies of nitrogen unite 
with 2 volumes of oxygen to foim 4 volumes of protoxide of 
nitrogen, the I'eaulting compound havmg a volume of only two- 
thirds that of its constituents when in ui uncombined state. 

In all these caaes it will be aeen thit the parti(,lea of one kind of matter 
entur the pores of another, but do not [ net^^t^J the atom-s, so that the 
BtateraeiitH already made relative to the impeneti ability of matter are in no 
way invalidated. 

We Bliould carefully distiuguish between the intermolecular pores, of 
which we have been, spuakiuji. and die Hi-ger mfcersliees existing amonji; the 

Eu^Ucles of Bolid bodies to whiiih the name pores is also applie<l. llieee 
ist, often eslled organir. or jifrwcftuoi po^es, aceording as they occur io 
organic or inorganic bodies, are so lar^ as readdy to be seen witli the aid 
of a ndcroscope, or even with the iinai kd eje Such pores may be seen in 
wood, and in many minerida. By dijjht pressure, mercury can be fbreod 
through the organic pores of a piece of wood, and kffdrophane, a kind of 
agate, is opaque when dry, but on ivnmersion in water absorbs that liquid, 
increasing in weiv;lit, and at the same time becoming translucent. The 
disintegration of rocks by frost Is an effect due to the structural pores. In 
the wet weather of autumn, water enters thera which in winter is frozen, 
and by it:; expanaiou causes the rock to cituuble. 

36. Mobility, Constant experience shows us that matter 
has the propeity of mohiliiy, or capability of motion fi'om place to 
tilace. 
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37. Indestructibility. Mutteris indestructible. However 
greatly the extenial appearance of a body may be changed, not 
the smallest particle is actually destroyed. Thna, when a piece of 
wood is burnt, the only visible remainder is a small quantity of 
ashes, yet ■were we to collect the carbonic acid and aqueous vapor 
formed durinji the combustion, and weigh them, the sum of their 
weights, togefiier with that of the ashes, would exactly equal the 
original weight of the wood. The same Is ti'iie in all other cases 
in which matter is seemingly destroyed, owing to its assuming an 
invisible state. 

38' Ether. The phenomena of U^lit, heat and electricity, 
have led to the supposition that in addition to the three ordinary 
states of matter thei'e is a fourth condition in which it may exist, 
and that such matter, known as the etAer, is univei-Sitlly distributed , 
penetrating the pores of all bodies, and diflfiiBed throughout all 
space, existing even in the most perfect vacuum, Tlie majority of 
scientists regard this ether as a substance distinct from all othei's, 
though som.e m^ntJiin with much plausibility that it is merely 
ordinary matter in a very tenuous state.^ Ether has frequently 
been called an imponderable fluid, owing to an idea once vei-y 
generally entert^ned that it possessed absolutely no weight. It is 
more probable, however, that it is ponderable, like all other mat- 
ter, the impossibility of our weighing it proceeding fi-om the fact 
that we cannot render any substance devoid of it, a necessary con- 
dition for ascertaining its weight. 

39. Forces. The various changes which are constantly tak- 
ing place in matter invariably appear to ua as forms of motion, 
either of the body as a whole, or of its molecules. Any change of 
place is evidently a motion as a whole, and we shall see hereafter 
that all other changes, as, for example, those of temperature, ai-e 
forms of molecular motion. In genei'al, wbitever produces the efiect 
■we denominate a force, so that we may also deiine a force as any- 
thing that produces, or tends to produce, motion. That the actual 
production of motion does not necessarily follow upon the action of 
a force, arises from the fact that the tendency to motion thus im- 
pressed is resisted by some other foi-ce opposed tothe first. Thus, 
a body suspended upon a spring-balance tends to fall to the earth 
because of its weight ; but it does not fall, sinee this downward 
foree stretches the spring and develops in it a certain amount of 
tension, which is exactly equal and opposite to the weight of the 
body. 

T*he foi-c^ acting upon matter are of two kinds, attractive and 
repulsive forces, the first tending to make particles or masses of 
mutter approach, the second tending to cau^e them to recede from 

pleton h Co., \m>\. «.. L. Younians, £^iH)r; p. 133, et ni'q. 
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each other. We may also classify foi'ces according as tliey act at 
sensible distances and between masses, ov only at insenaible dis- 
tances and between nioleeiiles. The latter are denominated molec- 
idar forces. The pi-incip!il foreea acting at sensible distances, i. e^ 
at distances exceeding y^ of a millimetre, are the attraction of 
gravitation, and the attractive and repulsive forces of magnetism 
and dectridty, while those acting at' insensible distances are cohe- 
sion, adhesion, GOpiUarity and chemical affinity, together with the 
repulsive force due to heat, and certain other molecular repulsions. 
Gravitation acts among all bodies, causing them to tend towards 
one another; the forces of electricity ana magnetism are mani- 
fested only under peculiar circunq stances, and may be either at- 
tractive or repulsive. Cohesion acts to unite particles iif the same 
kind of matter in a mechanical union ; thus the molecules of a 
piece of ii'on. are held together by this foi-ce. Adhesion causes a 
mechanical union of .particles of diflferent kinds of matter, as the 
particles of two pieces of wood ai'e united by glue. Capillarity is 
a manifestation of force developed by the united action of adhe- 
sion and cohesion ; and chemical affinity causes the chemical union 
of unlike particles of matter to form an entirely new substance. 
These, together with the repulsive forces which we have men- 
tioned, will be discussed in detail hereafter. 

The attractive forces acting among the molecales of a body would cause 
them to approach and pome into absolute contact, were it not for the coio- 
fident action of a molecular repulsive force. This jiiat balances the molec- 
ular attraction, so that the particles are kept at a certain distance apart. 
If they be forced nearer together the repub-ive force is increased, and they 
tend to separate, while if tlio distance tKjtween them is increased by any 
external force, the molecular attractions cause them to tend to approach, 
and assume their original position. 

40. Polarity. Certain bodies have the propt-ity of exert- 
ing different forces at opposite ends, so that a body which is at- 
tracted by one end will be repelled by the other. The simplest 
illustration of this action is the case of two magnets. Suppose 
them to be balanced so as to move fi-eely about a vertical axis; 
then, as is well known, one end of each will point towards the 
north. Denote by A the end of each, which assumes this posi- 
tion, and by £ the end of each pointing toward the south. Then 
it will be found that if the A end of one magnet be presented to 
the £ end of the other, an attraction will be exei-ted between 
them, while if the A end of one be 'approached to the A end of 
the second, or if the two B ends be placed near together, they will 
repel each other. 

Reperbncbs. 
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CHAPTER IV. 
Force and its Measure. — Laws op Motion. 

41. Motion. Motion is a progi'essive change of position in 
apace. Wo can be acquainted with none but relative motions, for 
we have, no means of asceitsiining the feet that a body realty 
changes its position except by comparison with some other body 
not affected with the same movement. To linow the abeoltite mo- 
tions of any body this point of compaiison must be absolutely at 
vest. But .we cim find no Bach point. The earth and other plan- 
ets have a double motion about theii- axes and around the sun, 
the sun moves on its own axis, and also probably in an orbit 
around one of the fixed stars. Hence tetxestrial bodies can only 
be at i-est relatively to each otjier and to the earth, and as we 
must refer their motions to bodies which are moving themselves, 
the absolute motion of any point can not be determined. 

Moreover, an apparent condition of rest of a body as a whole, is 
compatible with movements of great energy among the particles 
of which it is composed. We shall see as we proceed that we 
have reason to believe that the molecules of all substances are in 
a constant state of vibration to and fi-o. these vibrations being so 
minute and rapid that we can not perceive their existence except 
by their effects. There is no such thing, then, as absolute rest, 
and when the term rest is used it is to be understood as relative. 

42. Velocity. The rapidity of motion is measured bythe 
velocity., which is the linear space passed over in a nnit of time. 
Thus a body moving over 10 metres in one second is said to liave 
a velocity of 10. 

43. JForce. — Pressures and Impnlses. A force, as 
already stated, is any cause tending to produce or modify motion. 
Mechanics is the name given to that branch of physics which treats 
of the hiws of foree in general. 

Meclianical forces are coninioiily divided into pre^aref and impitlaeSf 
according ae the time of their duration is sensible or insensible in inagm- 
lude. Thus the weight of a body resting upon a surface is an example of a 
pressure, while the blow of a hammer in driving a nail is an exonijile of an 
impulse. In the case of the supported weight the pressure tenda to pro. 
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diice motion, but this tendeney is resisted by ihe reaction of the suiftce on 
nhich the bodj' rests. If thifi be removed motion ensues, and the body 
falls. Eridentlj tlie tendency of an impulsu may be resisted in a Eimilar 

The difference between these forms of force, however, ia only one of 
dt^ree and not of kind, for impulses are, in reality, only pressures a<;ting 
during a very sliort time. The impulse given to an arrow by a bow, for 
exatupie, is due to tlie continued action of the bow-string for » fraction of a, 
second. The impulse given to a cannolx-ball is cauaed by the pressure of 
tlie giises formed by the combustion of the gunpowder during the time that 
the ball otcupies in passing through the whole length of the hore. So when 
motion 18 destroyed, as in the case of a cctuiiou-sliot fii'ed into a wall, the 
body is not brought to rest immediately, hut penetrates a certain distance, 
in proportion to the magnitude of ils moving foi'ce. Since an impulse is a 
preesure acting during an infinitely short time, it follows that any pressure 
may he considered as caused by a succession of impulses repeated at infin- 
itely small intervals. 

44- Measure of Pressures. In order to estimate the 
miigriitude of a pressure we make use of instniments called ch/na- 
mometeris. The common spring-balance (^Leroy's dynamometer). 
Fig. 8, is an example. It consists of a helical steel spring fixed in 
a frame, and connected with an index moving over a graduated 
acale. On the application of a force at Ji the spring is coiled 
more closely, and from the amount of this coiling, as shown by the 
index I, the force is estimated. Another form of dynamometer ia 
shown in Fig. 9. The arcs AC\ SD, are connected with the aims 
of a steel spring .£' which is bent more clc^ely together in propor- 
tion as the weight suspended irom G is greater. The magnitade 
of the force is read by the scale npon HD. Various other fbrtus of 
dynamometers ai'e used, varying in construction accoi'ding to the 
nature and magnitude of the force to be measui'ed. The gradua- 
tion of the scales of all these inati-uments is performed by ex- 
periment, known weights being applied, and the coiTesponding 
positions of the index mai-ked. If the pi-essure is so exerted as to 
caase motion, as in the case of a horse drawing a canal-boat, or a 
locomotive moving a train of cars, the resistance or pressure pro- 
duced can be measured by interposing a dynanometer in the Hne 
of its action. 

45. Measure of Moving Forces. In many cases, espe- 
cially whei-e the moving forces are impulses, It is impossible to meas- 
ure them in the manner described above, and hence it is important 
to have some other means of estimating their magnitude. A method 
by which we may compare all forces is by their effect in prodacing 
or destroying motion. It, for example, we see a man throw a ball 
with a velocity of 5, while another man throws the sam^ baH with 
a velocity of 10, the time of action of the arm upon the ball being 
the same in both cases, we infer that the second man exerts twice 
as much foi'ce as the firet. This is merely reasonii^ from the 
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effect to the cause, iiieiieiiring the latter by the foiiner, on the 
principle that tho cause must be proportional to the effect. 

It will here be necessaiy to define two terms which we shall 
frequently employ. The mass of a body is the quantity of matter 
that it contains. Equal masses contain equal quantities of matter. 
Aocderation is the velocity generated in a body by the action of 
a ibrce during a uuit of tiTiie. 

The measurement of forces by the motion which they produce 
depends upon the following proposition, which is veiified by uni- 
Tersal experience. 

(I.) Constant forces are proportional to the products of the 
masses on which they act, by the accelerations impressed -upon 
those masses. 

Hence if F, F', be two forces, and M, M", masses upon which 
they impi-ess accelerations a, t/, respectively, 

F : F- :: Ma : M'a'. (2J 

Thus if two forces acting for 1 second generate velocities I and 3 in 
bodies whose masses are 3 and 5, respectivdy, tlie forces ai'e to each other 
as I X 3 : 2 X 5, or as 3 : 10, that is, J" : i*" :: 1 X 3 : 2 X & ;: 3 : 10. 

If in (2) we suppose the masses of the bodies to be the same, 
M= M\ an& F : F' : : Ma : Ma', or 

F :F' :: a:a' (3) ; that is, 
(II.) Constant forces are to each other as the accelerations 
which they impress on equal masses. 

ame time communicate velocities 3 and 
B.1 : 5, that is, F : F' :: Z : 5. 

If in (2) the aMelerations a-, a' are equal, F : F' : : Ma : M'a 
or, F -.F' :: M: M' (4) ; that is, 

(III.) Constant forces are to each other as the masses on which 
they impress equal accelerations. 

Hence if the forces F, F', acting during a unit of tin 
equal velocities to masses 8 and 15, the forces are to each other 
that is, -F ■.F'::8: 15. 

The preceding propositions are of fundamental importance, and 
should be thoroughly mastered by the student befoi-e proceeding 
faither. 

46. Momentum, The product of the masaa of a body and 
its velocity is known as its momentum or force of motion. The 
momentum of a body is therefore proportional to the quantity of 
matter which it contains, and also to the velocity witti which it 
moves. 

s 3 : 5 have the same velocity, their nio- 
i are equal, and their velocitjea 2 and 'i 



„Googlc 



FORCE AND ITS MEASURE. 



respectivelj', the momenta are as 2 : 3; and if the masses are 3 and 5, 
and their velocities 2 and 3 respectively, tJie momenta are aa 3 X 2 : 5 X 3, 
or as 6 : 15. 

The fiict that momentum depends on both velocity and mass, is suscepU- 
ble of nameroua illustrationa. A small oannon-bafl moving with a high 
velocit}' is eapable of doing an immense amount of damage, thou<:!h its mass 
is comparatirel; small, since its rapid motion gives it a great mom en turn. 
A large ship, on the other hand, though progressing with an almost imper- 
ceptible velocity, will overcome a great resistance. Thus strong cables are 
sometimes snapped when tlie vessel scarcely seems to move, its great mass 
making up for its small velocity. So a slowly-moving iceberg coming in col- 
lision witli a sliip may destroy it. 

47. Momentum a Measure of Force. Proportion (2) 

iii;iy be stated thus : Forces are proportional to the momenta gene- 
rated by their constant and uniform action diwring a vnit of time, 
or during equal times. The momentum impressed upon a body by 
any force aoting for a unit of time is, then, a measure of that foi-ce. 

The momentum which can be generated by the action of any 
force during a given time is evidently a constant quantity, 
whether the body acted upon be lai-ge or small. Hence if a large 
body is put in motion by a given force it receives a proportionally 
less velocity than one of smaller size. In fact, if thi; force F will 
cause accelerations a, a', in bodies of mass M, Jf, respectively, 
the momenta generated are Ma and M'a'. As these are equal, 
Ma ^= M'a', whence 

a : a' :: M '. M (5) ; that is 
the velocities '- impressed upon two bodies hy the action of tJie same 
or equal forces during equal Umes <m^ inverseh/ as their masses. 

It a mass is already in motion, and a force acts in opposition to 
it, the momentum destroyed by the force is equal to that which it 
would generate in the same time by its action on that mass when 
at rest, Poi-ces are therefore proportional to the momenta de- 
stroyed by them in equal times. 

In all the preceding discussion two thinps have been assumed; first, that 
the action of the forces is constant and uni/bnn; and, secondly, that ikey act 
during equal times. Any variation in the intensity of tlie force acting would 
of course render our demonstrations invalid, because we should, in reality, 
be comparing different forces at each moment. The forces compared must 
also act during eqnal times, because it is obvious that the longer a force acts 
the greater the velocity it will produte. 

48. Measure of Mass. We have already defined the 
mass of a body as the quantity of matter contained in it. The 
question now arises, how shall we measure this? One method ia 
furnished by the proportions just demonstrated. Since then 

1 We e»n evidently write for a o', the veloolUes ganeraled by the ocHoo 
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tumwMeh a ^veii force can generate in a unit of time is a constant, 
and the foi-ce is therefore measui-ed by this momenlmn, by choos- 
ing a snitable unit of mass,^ ive may write F = Ma ; whence 

F 
M=i ~ (6). The mass of a body may then be expressed by 

the constant ratio bettoeen an^ force and the accd^ation which it 
fBillproduce when acting •upon that body. 

It will be shown in a succeeding chapter that any body when 
allowed to fail freely nnder the influence of gravity acqiiireB. 
a velocity of 9,8 metres per second, a qunntitjy which is usually 
de<5igi\ated by the letter ff. The force causing it to descend 
is evidently its wraght W, Here a force W generates an ac- 
celeration (I, and as forces are proportional to their accelera- 

F W W 

tiona(3),i^; W:: a: g (7), whence — = "y. "»' -^= 'J' (^)' 
The mass of any body is thei-efoi-e its we^ht divided by the 
velocity which it would acquire by fallinii fteely fer one second. 
This quotient is a constant, for if tT varies from any cause, jj, the 
acceleration produced by it, must also vary in the same ratio (3), 

W 
so that the value of — will remain unchanged. 

This mode of indicating the mass of a body is the one which 
has usually been followed in modem treatises upon the subject, 
but soine inconveniences, the nature of which we shall preHeiitly 
expMn, have more lecently led to the use of another method.^ 

The weight of a body may be considered under two aspects : 
First, as denoting the Jbrce with which it is drawn towards the 
earth ; and secondly, as denoting the mass of the body ns com- 
pared with the mass of an arbitrary atandar<l, such as the gramme 
or pound, 

Sow if by the weight of a body sUted in grammes or pounds, 
we understand the force with which it is atti-acted towai-ds the 
earlh, that is if we consider the standard unit of weight to be a 
unit of force, we cannot express the mass of a body in grammes 
or pounds, because, as we shall see hereafter, the weight of a given 
quantity of matter, and hence the quantity of matter continued in 
a ^vea weight is not the same at all places upon the earth's sur- 
face, so that a body of constant mass will possess different weights 
at the equator and poles. But if by the weight thus exjii-essed 
we understand merely the quantity of matter contained in the 
body, compared with the quantity of matter contained in the ar- 
bitrary ataudai-d of weight of tiie French or English systems; 

1 For the mumontum Ma being projioriiimnl to tho force F, the Intter iiioif eqnnl a 
consf-ml multiple of the inomBnlum, whstever hp the niiit of mnss chnseii, nnd if this 
unit be taken so that when F ^1 and a = l, M also equals 1, or F = Ma. 

2 See A Ti^'itUe on Tfalural Philosophy, by Thomson and Tnit, Vol. i., p. 188. 
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that is, if by a gi-amme or a jiound we uiiilerHtniid a quantity o 
matter equal in mass to the etiiMflaril gramme or pound, we can 
express the mass of a boil^ in audi unit*, which, though arbitraiy, 
ai-e yet rlefiiiite and iiivanahle. In this sense it is perfectly correct 
to Bpeak of the mass of a hody as being so many gr,immes. 

Now ill common life this use of weight as an estimate of mass 
ia fer moi-G general than its use aa an estimate of force. In strict 
language, to be snre, weight is the downward tendency of a body, 
but we ordinarily employ weights "for tbe purpose of measuring 
out a definite quantity of matter; not an amount of matter which 
shall be attracted to the eai-th with a given force." Henco our 
standards of weight are primarily intended as units for measaiitig 
mass, and it is a secondary application by which we use tbem to 
estimate forces. The latter method of measariiig mass is there- 
fore far more simple than the fonner, 

49. Unit of Mass. According to the fii-st method of 
measurement the unit of mass is the mass of ff times the standard 
unit of weight. For if the nnit of mass is so chosen that 

W 
jf£ ^ — ^ jj jg evident that if .3/"= 1, "Wmust bo numerically 

equal to g. Hence the unit of mass is the mass of g gi'ammes, or 
g pounds of inatter. 

. The objection to this mode of estiniating mass is now apparent. 
Since the quantity g iaa. vaiiable, the unit of mass is also a varia- 
ble quantity, and it is exceedingly desirable to have some unit 
which shall be invariable. This is fiiniished in the second method 
of estimating mass, as in that case the standard gramme or pound 
is taken as flie unit. This gives us an abai>lute unit of mass, which 
can be obtained in no other manner. This unit was first brought 
into general use by Gauss. 

50. Unit of Force. The unit of foi-ce is the force which, 
by acting upon a unit of mass for a unit of time, generates a nnit 
of velocity. 

The unit of force, according to the first system, is the gramme 
in Fi-ench, the pound in En^ish measures. For the nnit of mass 
in that system is g times the nnit of weight, and the force with 
which this is attracted towai-ds the CMith is g grammes or g pounds, 
which in 1 second generates a velocity of g feet, or metises. 
Hence, as forces are propoitiouiil to the accelerations which they 
produce in equal masses, the force which would generate an accel- 
eration of 1 unit is equal to - of that which generates an accel- 
eration of ^ units, that is, to 1 gramme, or 1 pound. This is called 
the gravitation utdt o/ force, and the system of measurement of 
masses and forces derived fi'oni it is called the gravitation system 
of measurement. 
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According to the second of these methods of mejisurament, the 
nnit of mass being a atandard gramme or pound, thH unit of force 
ia the foi-ce which, acting upon a national stHndard unit of masa 
for a unit of tinie, genei-atea a nnit of velocity, Tliis unit of foi'ce 
is numerically equal to the unit of mass divided by the accelei-a- 

tion of gi'avityj that is, to — grammes, or - pounds, the value of 

g being the acceleration at Paris or at London, according to the 
system used. It is known as Gauss' absolute unit of force, and 
the system of measHi-einent of masses and ibrces based upon it as 
the absolute system of measuveinent. 

To obtain a clearer idea of the value of the absolute unit of 
force, we muat know the numerical value of g. Tlie value of g at 
London is 32.1889 ft.; and at Paris 9.8087 metres. Hence the 
Biitish absolute unit of force ia equal to the weight of ^^.-^^^^ lbs. 
at London, and tlie French abaolute unit is equal to the we^ht of 
t.'sVft gfammes at Paps. That is, in rormd numbers, the ISiitish 
alraolute unit of force is equal to the weight of about half an ounce, 
and the Fi-ench unit to about the weight of ^ of a gramme. 

We may evidently define the French unit of foi-ce as that force 
which, by acting upon a ma^s of 1 gramme for 1 second, generates 
a velocity of 1 metre, and the British unit as that force which, by 
acting apon a maes of V pound for 1 second, generates a velocity 
of 1 foot. 

To transform foi'oea expi-essed in gravitation units to absolute 
units, we must evidently multijily their numerical vidue by g. 
Thus a force of 10 grammes is equal to 10 X 9.8087 French abso- 
lute units of foi-ce, and a force of 10 lbs. is equa! to 10 X 32.1889 
Biitish absolute units. 

The student will notice that the equation W ~ Mg, which ac- 
cording' to the first ayatera of mass niesisurernent denotes the 
weight of a body of mass M, in the second system denotes the 
number of absolute units of foi-ce in the downwai-d tendency W, 
caused by gravity. 

51. Representation of Forces by Right Lines. 
In many problems it is' convenient to use a graphical method of 
repi-esenting forces. A force is defined when its magnitude, direc- 
tion and point of appHcation are given. Hence we may represent 
the relative magnitude of forces oy straight lines, whose lengths 
bear the same relation to each other as the numerical values of the 
foi'Ces tliemselyes, while the directions of theie lines may indicate 
the direction of the forces, alfd the point from which the lines are 
drawn the point of application. Thus two foioes of 1 and 3 kgr^ 
applied at a single point and incUned 20° to each other, would he 
represented by lines A£, A 0, Fig. 10, of lengths 1 and 3 imits 
respectively, drawn from a point A, and making an angle £A 
= 20". 
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52. Three Laws of Motion. Law I> The elementary 
principlea reh\ting to the phenomena of motion and force were ar- 
ranged liy Newton nnilei- the laws often known as the Newtonian 
Laws of Mbtion. 

Law I, A body at rest cotOinueit in that staU, and a body in 
motion prooeeds uniforrnly in a straight line, unless acted upon 
by fiome external force. 

This law is directly dediicible from onr fundamental ideas re^ 
(farding cause and effect. Since every effect requires some cause 
to prodnce it, it follows that a body Tuiaffeoted by any foree mnat 
remnln in the state in whioh it already exists. A body at i-eat him 
no power to put itaelt in motion ; a body in motion hns no power 
to bring itself to rest, or to deviiite fivam its path, but mnst con- 
tinue to move in a fixed direction. 

The law is also verified by all experience. The incapacity of 
bodies at rest to change their condition is so obvious as to need 
no illuBtratioii. But the case when they are in motion is not id- 
ways so dear. Thus ft. body thrown horizontally does not move 
unifoi-mly in the line of projection, but proceeds with ii gradually 
dimimshing hoiizontal velocity, until it comes to rest <ni the ground, 
This decay of motion seems to contradict the second portion of the 
law. But a closer examination shows that there is here a foi-ce 
acting upon the body constantly tending to destroy its motion, 
via., the resistance of the all-; while another force, the attraction 
of gi-avitation, continually draws it towards the earth. Again, a 
ball rolled upon a road does not move on indefinitely, but soon 
slackens its velocity, and is finally bi-onght to rest. This is no 
more an exception to the law, however, than the othfr case, for it 
ia the friction of the ball upon the road that criuses its lows of mo- 
tion. If the friction is diminished the distance to which the ball 
will roll ia propoi-tionally increased: on a common road it stops 
very soon, on a smooth bowling-green it i-olls much farther, while 
on a sheet of clear ice it goes a very long distance before stopping. 
In cases where the friction and resistance of the air are reduced to 
a minimtina, we obtain a very long continuance of motion. Thus a 
nicely-balanced wheel, moving on fine, well-oiled bearings, on 
being set in rotation will revolve for a very long while. Again, 
an ordinary clock-pendulum, if detached froin the rest of the 
works and swung, will come to rest after a short interval, but some 
pendulums of very delicate constraciion, moving with exi/eed- 
mgly little friction will swing in the aii- for nine or ten hours, and 
in a, vacuum for twenty-four hours. Since, then, whenever a 
diminution of motion occurs, we ai-e able to find forces causing it, 
and since the condition of uniformity of moti<m is approached in 
proportion as we do away with these foi'ces, we are .justified in 
concluding that could we eliminate them altogether the loss of mo- 
tion would entirely disappear. So in all cases of motion in oiu'ved 
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lines, as in those just cited of the wheel and petidnlum, we find 
forces at woili whicli deviate the body from the rectilinear path it 
wonld othei-wise puraue. We therefoi-e conclude that the law, as 
stated, is true in all unse^. 

Still further, the consequences deduced fi-om other laws of niat- 
tei', supposing this law to be true, agi-ee with the results of observ- 
ation, which could not be the OHse if the law were false. Thus in 
Astronomy, the methods need in predicting eclipses assume that 
the motion of the eaitii and moon is not altered except by 
the action of some external ioree, i.nd as the observed and com- 
puted times agree, we are justified in asserting the truth ot our 
proposition. The same remark applies to tlie icmaining laws of 
motion. 

63. Beaisting Medium in Spaoe. The ((aeBtion will he uskc^d 
here, " Is there any example of pormaotiat iiiotjon in nature ? " The revo- 
lution of tha planets around the sun ofiera the nearest approach to perpet- 
ual motion with wliieh we are acquainted, but erun in this case there is 
eiyidence of tiie existance of a resisting mediam acting to slacken their ve- 
locitieB. This laediuni is so light that its effects are only pei'ceptible in 
the retardation of a single comet (Encke's), but if it exists it muBt neverthe- 
less act in the Baiue manner ujion all bodies circulating about the sua. 
of a resisting medium, though ge!ieral!j be- 
5 high an authority as Sir J, F, W. Herschel, 
who explains.the retardation of Entke's comet in a different manner. ^ 

54. Ptienomena illustrating the First Law of Motion. The 
truth exprtssed in Law 1. is the principle of the ineriia of Mailer. The 
term iiierlia in strict language means simply the inabiUty of matter to 
cbange its state except under the action of some force. It is also univers- 
ally used in a somewhat different, though analogous sense, as diuBotieg Ikat 
projieiiy of matter fiecouse of which a ile/iniie force m necessary/ lo priidvce a 
ffivert chai'ffe in the exklwg stale of a mimi, which is simply aaiotliBr mode of 
expressing the genoral idea of momentum. 

By means of the first law of motion in connection with the principles of 
momentum, numerous familiar phenomena are readily explained. Ine ap- 
parent resistance experienced on setting a body in motion, or on stopping a 
moving body, is a consequence of its inertia. A person riding on horseback 
at a rapid rate is thrown forward if the horse suddenly stops, because the 
momentum of his own body carries him onward in the direction in which 
he was moving. The same thing occurs to the iiassen^ers in a railway 
train stopped by a sudden application of the brakes. If on the contrai-y, 
the car is started quickly they are thrown backward, the motion of the car 
not being immediately communicated to them. It is because of the Ineiida 
of matter that the effects of the collision of trains of cars are so terrible. 
The locomotive is suddenly brought to rest, while the cars continue to 
movQ, thereby piling one upon another, and causing a general destruction. 
Por a like reason when a vessel moving at iiiU speed strikes a sunken ree^ 
tlie spars upon her deck and even thu stulors are sometiraea shot violently 
foiTvard over the bow. 

' See Heisohel's Owiiinca of Jativnomy, lltli Ed., IfcTl, 5 S &TT, 570. 
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" CouTBing owes all its interest to the intuitive 
tUTB of inertia which seems to govern il 
greyhound is a fonipriraUvdy hearj hody moving at the same or greater 
speed in pursuit. The hare doubles, that is, suddenly changes ilie direction 
or her courBts, and 'turns hack at an obliqne angle with the direction in 
which she had been running. The greyhound, unable to reaist the ten- 
dency of it-s body to persevere in the rapid mofaon it hod acquired, is urged 
forward many yards before it is able to check ita speed and return to the 
pursuit. Meanwhile the hare is gaining ground in the other direction, so 
that the animals are at a considerable (Estance asunder when the pursuit is 
recommenced. In this way a hare, thongh much less fleet than a grey- 
hound, wiU often escape it. ' 

We see a practical application of the first law of motion in the method 
often used of fixing an axe or hammer finnly on its handle. The tool be- 
ing placed in a vertical position, with the head uppermost, is moved rapidly 
downward, so that the end of the handle strilies against some solid object. 
The motion of (he handle is stopped, while the head moves on, thus fixing 
itself firmly. 

The principle under consideration may also be illustrated by a very sim- 
ple experiment. Let a smooth card be balanced on the tip of one of the 
fin»ers. On this place a somewhat heavy coin. If, now, a quick, horizon- 
talDlow be given to the edge of the card with the fore-finger of the other 
hand, it flies from under the coin, leaving this poised upon the finger. The 
slight force of friction exerted by the moving card upon the coin, is not sufii- 
cicnt during the short time of its action to mapress the motion upon the lat- 
ter. If the card be pushed slowly the coin moves wifh it. 

65. Time recLiurecE to produce Change of State in a Body. 
From these examples, especially the last, we see that if a force acta upon 
only a few points of a body, a sensible time is i-equired to transmit its efiecte 
to every portion of the mass. Several curious phenomena are explained 
by this fact, A light stick supported by placing its ends upon the edges of 
two wine glasses will be bi-oken by a quick blow, without affecting its sup- 
ports, whSe a less sudden stroke wifl be liable to break them. In the 
former case the stick is snapped before sufficient time has elapsed for the 
blow to be communicated to the glasses. A rifle hall fired through a pane 
of glass cuts out a round bole, because it protases too rapidly to allow the 
motion to be impressed upon any of the particles of the glass, except those 
immediately in its path, before it has passed entirely through. A slowly- 
movin^bullet, or a stone thrown against the pane, cracks it ih every direc- 
tion. For the same reason the greatest damage in naval combats is caused 
by shot moving with a compara.ti.vely slow motion, as they cause iW more 
splintering of the timbers than a swifter projectile, In like manner a 
cannon ball may be fired through a partly open door, scaixicly moving it on 
its hinges. A candle fired from a musket will penetrate a board without 
being greatly crushed, A certdn time is required to change -the form of a 
body by crushing, and as this is greater than the time required to overcome 
tlie cohesion of the fibres of wood composing the board, the candle goes 
through before mneh change in its form can tMe place. 

It IS because of the time necessary to generate motion in a body that 
when a horse attempts to start a heavy loiS by a sudden pull, some part of 
the harness is liable to give way, while the load remains unmoved, though 

1 Lardiier, TreaUse on Meckamci, p. 3B. 
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ft slow and steady pull would have put it ia motion. lu the case of long 
trains of heavily loaded cam, a great eain ensues from tlie slight movement 
allowed by the couplings which unite them to one anotlier. Tliat 1he train 
may be set in motion it is necessary to overcome the fricHon of all the 
wheels resting upon the rails. The locomotive easily exerts force enough to 
put the first car in motion, as thiE can be ^irly started before the second is 
moved at all, because of the slackness of the connecting coupling, and so on 
for each car in succession. The train is tiius put in motion In parts, the in- 
ertia of the cars already moving aiding the endne in starting the remain- 
der. Were the whole triun rigidly connected, it would be impossible for an 
ordinary locomotive to cause it to move. "When a person fells from a con- 
uderable height upon a rock he is severely hurt, but if npon a soft bed he 
ia uninjured, because in the latter case the stopping of the motion is per- 
formed MTiduaily, so that the violent shock otherwise ;produced is obviated. 

56. Matter being purely passive, it follows that if any force, however 
small, act upon a body, it tuusc produce a proportionate amount of motion, 
supposing the body to be absolutely fee to move. In practical cases (ieve 
is a certain resistance to moti/in ottered by friction and other causes, which 
must be overcome before movement can take place. The least force in ex- 
cess of this will start the body. Hence it is a general law that in the ab- 
sence of resisting actions the smallest force ia txtpable of moving tlie largest 
body. As an iSustration of this it is stated ^tiiat in calm weather and 
smooth water a very iai^ ship can gradually be put in motion by the efforts 
of a child pulling at a rope attached to the bow. Tbe effect of the force in 
producing momentum is of course exactly the same as if it were expended 
in givin^a rapid motion to a email body. 

57. Iteslatanee of Media. The resistance offered by a fluid to the 
motion of a body is due to the pufhing aside of its particles by the moving 
mass, which thus loses a portion of its momentum. The denser the fluid, 
that is, the heavier its particles, the more resistanpe it offers to movement 
in it. Thus a delicate pendulum swung in the air will oscillate for some 
hours before Iteing brought to rest, while if swung in water it will move 
for only a few minutes. 

53. Law XI. -^ sever(d forces act upon a hody sirmdta- 
neously, each one of these produces the same effect in maffnitude 
and direction as if it acted alone. This principle is Jmown as 
the Law of the I^idependetiee of MoHons. 

Tlie trath of the second l:iw of motion may not appear at first 
sight. The effect of mechanical forces ia to produce motion along 
tlieii' lines of action, and the question wil! be aabed, " How o:in 
several motions in different directions cSesiat in a body?" The 
difficulty disappears, however, if It is i-ecoUected that aD movement 
in a body is estimated by i-eference to some point not possessing the 
same motion. The absolute motion of a mass can evidently have 
but a single dii-ection, but relativdy to cei-tuia points a body may 
have several simultaneous motions. For example, a man travelling 
from southeast to uoithw^t is at tha same time moving toward the 
north and towards the west, so that after the lapse of an interval 



' Leslie, Ehmadt of NaUu-al PMlosop/in ; Vol. i 
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of time he will have passed, over a certain number of miles in a 
northerly, and a certain other number of miles in a westerly di- 
rection. 

69. Illustrations of Second Iiaw of Motion. Yarious illus- 
trationg may be cited in praof of this law. Tiie muscular exertion pnt 
forth ill walkiag a ffiven distanue upon the deck of a steamer ia the same, 
whether the boat is at rust or in motion. If the vessel moves at the rate of 
five miles an hour witli reference to some point on the shore, and a person 
walks over the deck in the same direction and at the same rate, his veloc- 
ity relative to that point will be ten miles an hour, and relaljve to the 
vessel five miles an hour. If, on the contrary, he walks in an opposite 
direction, his velocity relative to the vessel will he five miles, hut rewtively 
to the shore he will be at rest. Again, imagine a hoy sliding upon a. mov- 
ing cake of ice in a direolion at right-angles to its line of progression. The 
boy will he affected with both motions, movinff down the stream as rapidly 
as if he were not sliding, and sliding as rapidly as if the cake of ice were 
at rest. So two persons standing on the deck of a steadily-moving vessel, 
can toss a ball to each other as readily as if the boat were at rest. To take 
the illustration first used by Galileo, a person on shipboard can write with 
ease, while in his pen coexist the motions cansed by the hand, the swaying 
of ihe ship and its progressive motion, and the axial and orbital revolutions 
of the earth. Bat as the paper posBBSses all these movements except the 
first, the letters are traced exacwy as if only this motion existed. A ball 
dropped from the mast-head of a moving ship will strike the deck at the 
fijot of the mast, because the forward motion possessed by it in common 
with the vessel, is in no way diminished by the downward motion commu- 
nicated by gravity. A heavy body falling from a balloon which is moving 
rapidly in a horizontal direction, " during its descent partakes of the baP 
loon's motion, and until it reaches the earth is always seen perpendicularly 
under the car." A body dropped from the summit of a Irfly tower, or 
allowed to fall down a deep mine-shaft, strikes the ground a little east of 
the vertical passing through tlie point from which it starts. This is be- 
cause the earth's revolution on its axis gives to all objects a motion from 
west to east, the velocity being greater in pi'oportion to their distance from 
the axis. Hence the easterly velocity at the summit of a tower is greater 
than at its base, and a body starting from that point, while falling down- 
wards, must at the same time move toward the east more rapidly than the 
base of the tower, and hence strikes the ground a slight distance to the east 
of the vertical. The same explanation applies to the fall of a body down 
the.shaftof ft deep mine. A marked deviation of this kind has been 
shown by experiments made in some of the mines of Saxony. In the case 
of circus-riders who leap through hoops from the back of a horse running 
at fiiU speed, and again alight on the animal, it is simply necessary to leap 
upward and not forward, because their motion in common with uie horse 
carries them onward throi^h the air with the same rapidity as if no leap 
had been made. Finally, a eannon-ball exerts the same mechanical effect, 
whether it is fired towards the east, west, north or south, though its veloc- 
ity with I'egard to any fixed point in space is vastly different in these dif- 
ferent eases, owing to the rotation of the earth. Thus suppose the ball to 
be propelled from the cannon with a velocity of 470 m. per second. At 
the equator the rotary motion of the surface of the earth is also 470 m. 
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per second; hence, if at any station situated in that g;reat circle the ball he 
fired towards the cast, its velocity relatively to the centre of the earth is 
470 — 470 m., or m. That in, in the latter ease the ball comes to rest 
relatively to the earth's centre, while the surface moves on, leaving it be- 
hind. To us travelling east with the surface, the bsU appears to have a 
westerly velocity of 470 m. per second. The destructive efect of the hall 
would manifestly be the same tn eitlier case. 

60. Law III. Action and reaction are eqital and in oppo- 
site directioiis, or the actions of bodies on one another are equal 
and opposite. 

This law is establiahed solely hj induction. To exemplify its 
truth it will be sufficient to examine a number of plienomena of 
different classes, and note its applicability to alL 



61. lUnstrations. A magnet exerts a ibrce of attraction upon a bit 
of iron, but the iron at the same time attracts the magnet with an equal 
force. If the magnet id fixed, and the iron free to move, the latter will 
approach the former. If the iron is fixed and the magnet free, the magnet 
will move towards the iron. If both are free they will approach each othir. 
And this action is equal as well as mntnal and opposite. For it is found by 
experiment ^at in the last case the velocity imparted to the iron is as much, 
greater than that imparted to the magnet as its mass Is less. That is, ifM, 
M' are the masses; and i>, o' the velocities, we shall have M : AT ■.•.v'lv. 
Hence the momenta are equM, for Mo =r M'v, and therefore the fiirces pen- 
erating these momenta are also equal. The action of tlie magnet, then, 
is equS io the reaction, of the iron. 

It is to he observed that the terms action and reaction do not denote two 
forces, but are simply convenient terras by which we express the mutual 
and opposit« actions of the same force. The magnet and iron are drawn 
tc^tber by the single force of their mutual attraction. So when the elas- 
ticity of an uncoiling spring pushes apart two bodies connected with it, 
there is really but one force at work, which moves them in opposite direc- 
tions, though it ma^ somedmes be convenient to consider tAC motjon as 
caused by two equal and opposite forces acting from the middle towards 
the end of the spring. If Uie masses of the bodies are in any given ratio, 
as 1 ; 2, for example, the velocity impressed on the smaller will be twice 
that of the laUer, so that the momenta will be eqoal; thus ajiaiu verifying 
the law under consideration. 

In the case of a builet fired from a gun, the force of the exploiling pow- 
der propels the b^ forward at a higher velocity. At the same time, how- 
ever, it forces the gun itself, backward, causing the recoil or J^jtin? of the 
piece. If the forue of the recoil be measured, it will be found that the 
momentum of the gun equals that of the bullet. Wlien a man-of-war fires 
a broadside, the whole vessel swavs in the opposite direction. Many other 
examples may be mentioned. In the exercise of rowing, the water is 
pushed backward, while the boat moves forwani. A person leaping from a 
small boat pushes it away from him, as he springs away fram It. It is be- 
cause ol' this principle that a person cannot litt himself into the atr b^' pull- 
ing at his boot-straps. The upward pull oa the straps (action^ is just 
balanced by the downward push (reaction) of the teet. A case is related 
of a gentleman who undertook to propet a boat by erecting a lai^e bellows 
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lows nentralized its nctitin upon the sail- 
It follows froui the law oF the equality of action and reaction, that if a, 
body in motion strikes upon one at rest, the sUouk is tlie sHme for botli, be- 
cause the loss of momeiutum mhieh tile moving body sustains affects it in 
the same manner as if being at rest it wrs acted npon by an eqoivalent 
force in an opposite direction. If two bodies moving in opposite directions 
impinge upon one another, the same force is exerted as it one while at rest 
was struck by the other moving with a momentum equal to their united 
momenta. THi explains why the shock is so violent when two vessels 
moving in opposite diretrtions ran foul of one another. Xn the case of bodied 
thns impinging npon each other, though action and reaction are equal, the 
weaker will evidently be the more injured by the impact. The ftst of a 
pu^list sustains as great a shock as that part of the opponent's body which 
It strikes, but is not injured, because from its structure it is fitted t4i endure 
the shock. But if by accident fist meets fist, one person feels the blow as 
much as the other. 

82. History of the Laws of Motion. Simple and fundamental 
as are the tliree laws of motion, it was not until the beginning of the 17th 
century that they were understood. Kepler, with all his success in astron- 
omy, was ignorant of the principles of inertia. He supposed that moving 
bodies, if leltto themselves, would come to rest, and therefore imagined a 
constant force acting upon the planets to keep up their velocity. Galileo, 
during his earlier researches, thought that the only naturally uniform mo- 
tion was that performed in a cinle, hut in his Diahguee on Mechanics, pub- 
lished in 1633, he gives a correct stattcueut of the firEt law, tliough it is not 
made sufliciently comprehensive in its application. The law^Jn a general 
form, was announced by Galileo's pupil, Borelli, in 1667., The truth of 
that portion.of the law relating to the tendency of bodies to move in right 
lines was recognized by Beodetli, as early as J 686. The principle of the 
independence of motions was also announced in the Dialogues tin Slechanics, 
but its complete demonstration resulted from the establishment of the laws 
of the motion of the earth by the astronomers of the 1 7th century, fore- 
most among whom was Sir Isaac Newton. The principles of momentum 
underlying the third law were known to Galileo, hut the iawa of impact of 
bodies, as related to changes in momentum (a knowledge of which was 
evidently necessary to a general statement of Law HI.), were first correctly 
stated by Wren, Wallis an<l Huyghens, m papers communicated to the 
Royal Society about 1S09. The terms in wliicb it is no.w so frequently ex- 
pressed, ''Action and Reaction are equal and opposite," are those used by 

Ekferences. 

For information upon the subject of Units of Force, see 
Treatise on Natwal I'kUosnpky, by Sir Wm. Thomson and Peter G. Tait; 
(Oxford, 1667) p. 166, 

Numerous examples of the application of the laws of motion will be 
Elements o/Pki/sics, by Neil Arnott. 

' Arnott'3 Ekmenta <jf Ph^sici, 
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A TVeal'se on Medonics, hy Henry Kater and Dionysius rjardtmr. 
Handbooks 0/ Natural Pkilosophi) and Aitronamy^ by Dionyaius I.anlncr; 
First ColM'se. 

For further information upon die subject of a resisting medium see 
Oatlines: of Astronomy, by Sir J. F. W. Herachel ; 11th Engiisli Ed., §§ 

577, 670. 

Reports on Oheroalinns af Encke'a Cmnet during its Refwn m 1871, by 

Asaph Hall and Wm. Harknosa (Washington, 1371); p. 33. 



CHAPTER V. 

CoMroslTION AND RESOLUTION OP MoTIONS AND FoRCllS. 

63. statics and Dynamics. The science of mechanics 
is divided into Statics and .Dynamics. Statics treats of balanced 
forces, or ftn-ces in equilibrium; dynamics of the action of forces 
in producing motion. 

The demonstration of the elementary principles of statics requires the 

tireliminary consideration of the eompofiilion of motions; that is, of ths 
iws determining the path dracribed by a bodv in which several motiona 
coexist. The fundamental theorem upon which they all rest is the law of 
the independence of motions. 

64. Parallelogram of Motions. If a particle he simulr 
ianeously impressed wilA two uniform motions which separateh/ would 
came it to describe the ai^ncent sides of a parallelograM in a given 
time, it will describe the diagonal of that parallelogram in the same 
time, and uniformly. 

Suppose a particle at A, Fig. 11, to possess at the same time 
two uniform motions, one of which would carry it over the line 
AS, the oliier AI> in a given time. It will move unifoi-mly over 
the diagonal AGia the satne time, 

For by Law II. (§ 68, p. 41) each motion takes place as if the 
other did not exist, hence the motion along AD cannot affect the 
movement of the paiticle in a direction parallel to AB, and it will 
therefore proceed as tai" lo that direction as if it were not impelled 
along AD ; that la, at the end of the given time it must be found 
somewhere on SO. Also the motion along AD produces its full 
effect, as if the particle were subject only to it, and hence causes 
the particle to proceed as far in a direction parallel to AD as if it 
were not impelled along AB. The particle must therefore be on 
the line D (7 at the expiration of tbe given time; and since it is 
also'on He it will be found at their intersection C 
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This motion is entirely performed in the diagonal AO. For let 
Ab, Ad, be the distances which would be passed over in any frac- 
tion of the whole time if the motions took place separately. Then 
since, by supposition, the motions over AJi, AD are uniform, 

Time of passing over Ab : Time over AS : : Time over 
Ad : Time over AD; or, as the times ni-e proportion ill to the 
spaces described, 

Ab : AS : : Ad : AD. 

Hence the pai-allelograma Abed, ABOD are similar, and the 

Joint c lies in the diagonal A G. But, by the first part of the 
emonatration, c will be the position of the body at the end of the 
given fraction of time ; and as this is trae whatever be the time 
chosen, the whole path most lie in A C. 

Tiie motion in ^C is uniform. For, by similarity of triangles, 
Ac I AC : : Ad : AD, 

But Ad : AD :: Time over Ad : TVwe over AD, 

And Time over Ad : Time over AD : : Time over Ac : TYme over AG. 

Whence Time over Ac i Time over AG : : Ac : AC; that is, ihe 

spaces described are proportional to the times occupied in describing 

them, in which case me motion must be uniform. 

Also ihe vehcity in the diagonal is to ihe velocity in either side, as 
the length of the diagonal is to the length of that side, since each is 
traversed m the same time- 
OS. Triangle of Motions. It follows from the preceding 
proposition that */" a particle possess simvltaneou&h) two uniform mo- 
tions which, if taking place in succession, and each continuing for the 
same ittierval of tim^, would cause it to describe two sides of a triangle 
taken in order, it will describe the third side in the same time. For the 
motions which carry a particle over AD, AB, Fig. 12, if ap- 

Elied at A, would by acting successively, carry it over AD, DO, 
[once the effect of their simnltaneons occuiTence is the same in 
either case, producing a motion in AG, the diagonal of ADGB, 
and third dde of the triangle ADC. 

66. Component and Besultant Uotions. The motions which 
are iJius combined ai"0 gencirally known as componeni or ciemenlary motions, 
while tlie single motion due to their combination is called tJie resultant mo- 

67. Illustrations of Composition of Motion. Tlie composi- 
tion of motions may be illustrated by placing a ball upon a level square 
table, and communicating to it two equal impulses along the sides; it will 
be found to move in the diagonal. If a white ball suspended before a 
blackboard have a horizontal and a vertical motion communicated to it 
simultaneously by means of cords, it will be seen to move in an oblique 
direction. The apparatus shown in. Fig. 12 illustrates these principles 
very clearly. Within a rectangular frame, ABCD, slides a second frame, 
EFGH. A white disc K slides with an easy motion upon a rod FN, at- 



:yGoogIe 



COMPOSITION OF lOHCKS. 47 

tached to the inner frame. A cord attached to Ihe disc runs oxer a pulley 
7* at the upper extremity of the rod, and is fastened to the outer frame at 
jB. Now It is clear that if the frame EFGH he drawn in the direction of 
fiie arrow, the disc K is carried horizontally with the rod FN, while at the 
same time it moves vertically over FN, owinw to the aclion of the string 
which is iastened at B. UndiT the combined effect of these two move- 
mente, the disc irill be seen to traverse the diagonal GL. 

Practically, we notice the composition of motion in the case of a hoat 
rowed across the river, while it ia at tlie same time carried down the 
stream by the current. The boat moves obliquely, reaching the opposite 
shore in the same time as if there were no current, but at a point lower 
down the stream. If the boatman wishes to reach a point directly opposite 
he mast evidently head up the stream, so that the resultant of the com- 
bined motions of the boat may lie in a straight line joining the two points. 
For example, suppose it is wished to croaa a stream directly from j1 to C, 
Fig. 13, the current being sufficiently strong to carry the boat a distance 
AD, while the boatman can row it over AB. The boat must be rowed in 
the line AB, in whLdi case tlie motions in AB and AD ^ve a resultant 
motion in AC. The time of crossing is clearly that which it would take to 
pass from A to B in still water. 

68. Polygon of Motions. If a particle possess sbnvlltmeomly any 
hianber of uniform motions, which occurring swcensiveiy, and each continuing 
for the same interval of time, icoa/tf cause il to describe alt the niilex but one of 
a polygon, it wiU describe the remaining side in the same time, and with a wiii- 
farm motion. 

liet a body at A, Fig. 14, be impressed with uniform motions, which, if 
taking place in succession, would cause it to move over the sides AB, BC, 
CD of^ the polygon ABCD, the time of describing each side being the 
same. Then by Sie theorem of the triangle of moliims, the combination of 
the movements parallel to AB, BC, gives a resultant motion over A C. 
How combine this restdtant with the remaining elementary motion parallel 
to CD. The resultant of these, which is also the resultant of all three 
motions, is over the line AD. But AD ia the fourth side of a quadrilateral, 
of which AB, BC, CD, are the other three sidea. If a fourth, elementary 
motbn were present it could be combined with AD, the resultant of the 
first three (in which case the resultant would be the Mh aide of a penta- 
gon), and so on, indefinitely. Hence the proposition is general. 

The unitbrmity of the resultant motion is proved precisely as in the case 
rf two combinecl movements. 

69. Kinematics. The science which treats of the relative motions 
of bodies considered independently of the causes producing them, is called 



70. Composition of Forces. By the aid of the preced- 
ing propositions we shall bo able to demonstrate the laws of the 
e&ot of several forces when acting simHltaneou8]y._ 

Jnst aa elementaiy or component motions combine to produce a 
single resultant motion, component forces combine to produce a sin- 
gle resultant force. The fundamental theorem relative to the com- 
position of forces is the following. 
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71. Composition of two Forces. — Parallelogram 

of Forces. If two forces are represented in inagnitude and direc- 
tion hy the adjacent sides of a parallelogram, their resultant will be 
represented in magnitude and direction by ike diagonal. 

Let F^ IT, be two fove«a i-epresented in maguituile and direction 
by the sides AB^ AD, of the pai-allelogram ABCB, Fig. 15. 
Then will their resultant Ji be represented in magnitude and di- 
i-ectrion by the diagoniil ji(7. For suppose J*", JF" to act separately 
upon a pai-ticle at ^ to prodnce motion in it. Since foi^ces ai-e 
proportional to the accelerations which they produce in the same 
mass, or equal masses (p. 33, Eq. 8), the particle will ti-averse AS 
under the sole action oi' F, in the same time that it will move over 
AD under the action of J". The velocities generated by the 
forces would then be such as to cause the pai-tide to describe two 
wljiicent sides, A H , AD, of a parallelogram in eqiiid times. Hence 
if both forces act simultaneously, tbe combination of these veloci- 
ties will prodnce a resultant motion represented by AG, which 
measui-es the force producing it. But this is evidently M, the 
resultant force due to the combined action of F and F'. 
Hence F, F', and M must bear to each other the same relations 
iu mjignitude as A£, AD and A C. 

^C also represents the direction of tlie resultant because motion 
can take place only in the line of the force producing it. 

72. Triangle of Forces. Smce AS = DC, and AD, 
DO, AC, foiTO three sides of a triangle, it is evident that the same 
foivies which are represented in magnitude and direction by AD, 
AB, AC, two adjacent sides of a parallelogram and its diagonal, 
are also represented by AD, DC, AC, three sides of a tnangle 
AD C. Hence, if two forces are represented in magiiiUtde and direc- 
tion hy two sides of a triangle, the third side wiU represent their re- 
sultant. 

73. Particular Cases of Combination of Forces. It is evideut 
that if the angle ^ =^ 180°, die forces i^, J"' ', att in direct oppositition, 
and the resultant will equal the difference of the components, that is, R ^ 
F^F' (9). Oq the other hand, ii A=0, they act te^ther, and the 
resultant is lie sum of the components, that is, R =F -\-F' (10).^ 
Hence if we combine these propoaiiions, and distiuguish all fiji'ces acting 
from left to right by the sign -|-, and those acting irom right to left by the ' 
sign — , the resvltanl of any number of forces acting in the Kome Uraight line 
equob llie algebraic sum of Ike ctrmpo-nents. If if he tliis resultant, and S F 
the sum of the components,^ R=i S F (11). 

' Geometrically, this follows from the Paralktogram of Fwces. beoause if the niisle 
DAB (I'ig. 16) = ISQO, AC becomes eqaal to AB — AD\ while !f DAB = U°, AC 
bauumea equal to AB -tr AD. 



„Googlc 



COMPOSITION OF FORCEg. 4a 

74. niustrations of the Composition of two Foroes. The 

compositiott of two forces may be illustrated by the case of an arrow fired 
from a bow. The bowatring ACB, Fia. 16, is brought into a state of ten- 
sion by the bent bow, hence each half of the string exerts a pull at C 
towards the extremity of tlie bow to which it is attached, so that the forces 
actjng upon, the arrow lie in the lines CE, CG. Representing their m^- 
nitude by CE, CG, the diagonal CF represents the m^pitude and direc- 
tion of the resultant. Hence the arrow, when the string is released, moves 
forward in the line CF under a force bearing the same relation to the ten- 
sion 'of the string in either direction that CF bears to CE or CG. 

7H. Solution of Problems. Problems relating to the composition 

f forces are readily solved by the principle of the Parallelogram or Trian- 



gle of Forces, either by graphical construction, or by the appUcation of 
trigonometry. Let F and F' be the given components, a the angle made 
b^ their lines of action, and R the required resultant. (1.) GraphiccU Solit- 
tum. — To solve iJie problem graphically, lay off AB = F nnits of length, 
and AD = F' units (Fig. 17), making BAD::=a. Complete the parallel- 
ogram ^BCZ>; and the diagonal j1 C will represent the resultant if; for it 
is the diagonal of a parallelogram whose sides represent the mi^itude and 
direction of the components. Or lay off j1£ = F units, BC = i^"' units, 
making ABC = 180° — «, the ^plement of the angle made by the direc- 
tions of the forces. Th h d d It of the triangle thus formed, -1£C 
represents ii, since jIB Br p nt the components F, F'. (2.) Trigono- 
melrkol Sdution. — Con t u t th tn n le ABC as before. In it are ^ven 
two sides, AB, BC, and tl n 1 ded iigle ABC = 180° — n, to find the 
third Hde A C. 

78. Illastrations T llu tr fce these methods let us take a very 
simple problem. Sopp n 1 boat (Fig. 18) to be drawn by two 

horses, one on each bank p II n the directions AB, AC, by means of 
ropes attached to the b w t th b t nd making equal angles with the 
line of its keel. Let th p U ted by each horse be 50 kgrs., the angle of 

inclination of their lin f n be BAG ^ 90°. It is required to 

find the resultant effect n m ng th boat directly forward. To solve tiie 
problem graphically, lay ofi 4D = 60 units, ^E ^ 50 units. The angle 
DAE = 90*. Complete the parallelo^m ADFE, and measure tlie num- 
ber of units in the dlawanal^F, which will be the number of pounds 
acting to move the boat along ^ (?. The trigonoinetrioa! solution requires 
the determination of the hypothenuse j1 F of a right-angled triangle AEF, 
of which two sides, AE and EF ^^^ AD are given. As each of tliese hues 
= 5U, AP =z y(502 -\- soil) = 70-71 units, whence iJ = 70 ■ 71 kgrs., or 
a Uttle more than seven-tenths the sum of the components, 

77. Composition of any number of Forces. Poly- 
gon of Forces. ^ any number of forces are r^rresented in mag- 
nitude and direction hy all the sides but one of a polygon, the remaining 
side will repreunt a single equivalent force. 

This proposition follows from the Parallelogram, of Forces in 
the same manner ns the Polygon of Motions follows from the 
ParallelograiH of Motions. Let AB, AE, AJ^, Fig. 19, represent 
three forces actiog at a point A. The resultant of two of them, 
AB, A£!, found by completing the parallelogram ABGE, is rep- 
resented by the diagonal AC. Combining th^ resultant with the 
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other force AF, by completing the parallelo^'am A CDF, we find 
jiZJ to represent the magnitude and direction of the resultant of 
all three forces. But ^^^^ .3(7, hence the components are also 
represented by AB, JBG, CD, and these lines form three sides of a 
qnadrilateral, of which AD is the fourth side. As this process of 
combination can be pursued indefinitely for any number of addi- 
tional forces, the proposition ia general. 

78. Solution of Problems relative to the Composition of 
more ttian two Forces. Hence if a, number of forces aut simultane- 
oiialy upou a bodj, tlieir resultant may be found graphically, as follows; 
Construct a polygon by drawing lines proportional to the forces taken in 
order and parallel to thdr directjoas, and join the extremity of the line 
representing the last force with the starting point. The last side of the 
polygon thus formed will represent the resultant required. 

^or example, suppose a material point il, Fig. 20, to be acted upon by 
four forces, AB = f,, AC = 10, AD — 15. AE — 20, so situated that 
BAC^= 25°, CAB = 40°, i>^E= 76°. To find their resultant draw 
a& = 6 units of length, and parallel to AB; through 6 draw he ^ 10, and 
parallel Xa AC\ next draw erf =^ 15, and paraUel to AD, and then dt ^ 
20, and parallel to AE. Finally join a ana e; the length of line ae repre- 
sents the magnitude of resultant, and the angle bae is the angle which its 
direction makes with the direction of the fwce AB. 

The value of ae can also be determined by tvigonoraehy by calculating 
successively ac from ah, be and abc, ad irom ac, ad and acd, and finally ae 
from ad, de and ade. 

A simpler method of solution ia furnished by analysis, which will be ex- 
plwned in the chapter treating of the analytical method of studying forces. 

79. Parallelopiped of Forces. If three forees not in the 
mine plane are represented in •magrdtade and direction hy three edges 
of a parallelepiped, the diagonal of thai solid will represent a single 
equivcdent force. 

At the point A suppose three forces applied, represented by the 
^A^es AE, AB, AD, of the parallelopiped AG-, Fig. 21. Then 
will the diagonal A 0- i-epi-esent then- residtant. For by the Par- 
alhhgram of Forces the resultant of AB and AD ia represented 
by AO. But ^Cis one side of a parallelogi-am AEG-G, of which 
AE, adjacent to A 0, is also a side. Hence the resultant of ^ C 
and the ri?mainiiig force AE, which is the resultant of all three 
forces, is represented by AQ, the diagonal of the parallelopiped. 

The lines AB, BC= AD, GG = AE, form three sides of a 
gauche or twisted polygon (that is, a polygon whc^e sides are not 
all in the aitme plane), of which AG i& the fourth side. Hence 
the present propositioBt is a particular ease of tlie Polygon of 
Forces, and as the method of combination used could evidently be 
applied to additional forces lying in different planes, the Polygon of 
Forces is true, whether the lines of action of the forces lie in the 
same, or iti diflfereut planes. 
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80. Equilibrium of Forces. Forces are aaid to be bal- 
anced, or in equilibrium, when their resultant is equal to zero, so 
that they counteract one another. 

81. SquiUblium of two Forces. If two forces are ap- 
plied at a single point, it is evident that tke^ will he in equilibrium 
only when equal and directly opposed. 

82. Equilibrium of three Forces. In the case of three 
forces in eqvulibrium, the resukcmt of any two of them must be equal 
and opposite to the third. For if the rcsultant of two of the forces 
is not equal and opposite to the remaining one, it may be com- 
bined with the latter, producing an unbalanced resultant force 
(§ 70), which is contrary to the supposition. 

83. Jf t/iree forces acting upon a point can he r^escnted in mag- 
nitude and direction hy three sides of a triangle taken in order, ihei/ 
will he in equilibrium. 

At the point J*, Fig. 22, let three forces, _f, F", .B,be applied in 
the directions I* A, P£,PC, these forces being represented in 
magnitude and direction by the sides PA, AD, I)P, of the trian- 
gle PAh taken in wthr. The resnitant effect of PA and PB is 
a force represented by P.Z>, which being the ' third side of the tri- 
angle PAD is equal and opposite PC. Hence the three forces 
are in equilibrium. 

Ifc is to be noted that the forces are represented by the sides 
(oSera in order; that is, the. directions of the forces are those as- 
sumed by the sides in going round the triangle. The three forces 
at P act in the directions of lines drawn from P towards A, from 
A towards _Z>, and fl-ora /> towards P. 

84. Conversely, if three forces are in equilibrium about a point, 
they can he represented in magnitude and direction hy three sides of a 
triartgh drawn parallel to their lines of action. 

If the forces PA, PP, PC, are in equilibrium, any one of them, 
asP(7, mustbe equal and opposite to the resultant P.Z> of the 
other two. But PA, AD = P£, andPT?, are three aides of the 
triangle PAD drawn parallel to tlie directions of the forces, hence 
PA,PP and P(7, are represented by the tliree sides taken in 
oivier. 

85. Since two triangles whosa eiiies are perpendicular, each to each, 
are aimilar, it follows that lAree farces in equilibrami about a point can be 
represented by three sides of a triangle drawn, at right-angles to (heir lines of 
action . 

86 - The theorem of the equilibrium of three forces may be put in atill 
anotber form, which is sometimes useful ill practice. From the demonstra- 
tion of §.8-3, putting tlie result in algebraic form, we have, 

F : It :: PA : PD :: %ia PDA = ma BPD : sin PAD. (12.) 
F' : R :: PB : PD :: s\n PDB = sm APD : Bin Pfl/>. (IS.) 
Also BPD = 180° — BPC, APD — ISO" — APC, PAD = im° — 
APB, PBD = 180° — APB. 
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SubstitutJna these values in the preceding equations, we have, 
F : B :: sin BPC : siaAPB. (U.) 
F' : R -.-.sia APC -.Bin APB. (15.) 
Hence, when three forces are in equilibrium, any one of Ihem is propor- 
tional to the sine of the angle included between the directions of the other tieo. 

87. Equilibrium of any number of Forces. That 
any number of forces may be m equilibrium about a point, the 
resultcmt of aU hut one of them must evidently be equal cmd opposite to 

88. If the forces acting at a point can he represented in magni- 
tude and direction h/ the sides of a polygon taken in order, they wiU 
he in equilibrium. 

For by a coarse of reasoning similar to that used in § 82, it will 
be seen that the resultant of all but ono of the foj'ecs will be rep- 
resented by the last side of the polygon, and hence will be equal 
and opposite to the remaining force, 

89. Conversely, if the forces acting at a point are in equilibrium, 
they can he r^ires^ed in magnitude and direction hf the sides of a 
polygon drawn parallel to their lines of action. 

ITie proof of this proportion is evidently precisely similar to 
that used in § 83. 

90. Experimental Verifloation of Laws of Equilibrium. 

The laws of equilibrium of three forces may be shown experimentally by 
the apparatus represented in Kg. 23. Over two small puUeya, A,B,tt 
cord !9 passed, to the ends of which wei^ts are fastened. Weights, C, are 
also suspended from any point D on ile loop, which is allowed to move 
freely, and assumes such a position that the three forces acting upon it are 
in equilibrium . If now we construct a triangle havin" its sides parallel to 
DA, DB, DC, respectively, we shall find that the lengths of those sides are 
proportional to the forces acting atD, parallel to their respective directions. 

'Hie triangle may be laid off upon paper, or on a blactboard placed he- 
hind tie apparatus, or better still, we can make use of propornons (14), 
(15), measuring the angles ADC, BDC, ADB. Each of the three forces 
will be found to be proportional to the sine of the angle inclnded between 
the direction of the other two. The angles are most conveniently 
measured by attaching a small bead to each of the threads (as shown in the 
figure), a decimetre distant from D. Then with a millimetre scale the 
distances of each bead from the others is measured. These distances will 
be the chords subtending the angles between the threads, which can then 
be obtained from a table of chords.^ 

If additional cords with weights attached to their extremities be fastened 
to D and passed over siiit^ly-arranged pulleys, the apparatus of Fig, 25 
becomes suitable for verifying the laws of the combination of a greater 
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number of forces. It will be sufficient to allow D to asaume its position of 
equilibrium, and to conatruut a polygon, having its siilea parallel to tho 
direetions of the various fort-es. 'iliese Mdes will be found to bave the same 
vdative magnitude as the forces themselves. In the case of a number of 
combined forties, howeTer, tlie frietion of the pulleys and resistance of the 
cords causes a considerable variation between the theoretical and experi- 
mental results, 

91. Practical lUuBtrations. The /* and Tie-Rod, Fig. 24. em- 
ployed in the common hoisting crane, furnishes a practical illustration of 
the preceding propositions. In the construction of such a machine, the 
frame must be mode suffictentiy strong to sustain the heaviest weight thst is 
to be liiled, and in order to ascertdn the strength to be given to each part, 
the maximum force to which it will be subjected must be known. This can be 
donoby a simple application of the laws of equilibrium. Let Ph«the maxi- 
mum downward pressure in kilogrammes, exerted upon the axle of the pul- 
ley at 5 (which can be determined when the majiimum weight to be raised, 
and the angle WSD are known). This causes a certain pull (slmin^ upon 
the tie AB, in the direction BA, and a compi-esaion (sirens) in the jib AC, 
in the direction j1 C 'ITie rod JB will then be stretched, and die jib -IC 
cwnpressed. until the resistances to further change (which act.in the dirw- 
tions AO, AM) produce a resultant equal and opposite to P. At this mo- 
ment let the strain oa JS be denoted by T, the stress in -4 C by T'. /*, T 
(uid T' are in equilibrium about A, and Uence may be represenled by 
three ddes of a triangle drawn parallel to their respective directions. Tixnn 
A drawX^, in the line of action of T', JMiV in that of T, and -lA'' in the 
direction of P, that is, vertically downward. The forces P, T, T' are pro- 
portional to tlie three sides NA, MN, AM, of tlie triangle AMN, drawn 
parallel to their lines of action. Thnt is, 

P : r :: AN: MN :: BC : BA. (16.) 
P ; T' :: AN : AM :•. BC : CA. (17.) 

whence r^P-^ (18.) I"=;Pg^- (19.) 

As P, BA, CA and BC are known nuantitie=, the values of T, T' (ex- 
presseii in kilogrammes) also become known, and these determined, tlie 
proper aze of the be.ams AB, AC, can be calculated by means of the 
tbrmnlie for the strength of beams . 

Another interesting application of the foregoing principles is the mechan- 
ical contrivance known as the TaggU-Jmait, or Knee-Joint. Fig. 25 . It con- 
sists of two bars, AB, AC, connected by a joint at A, the other extremities 
resting upon the firm base PQ, and the movable plate MN, upon which a 
powerful pressure is to be exerted. A force P is applied at A by pulling 
or pushing in tiie direction AP. This evidently tends to rwse MN, and 
thus presses upon any object confined between that plate and a fixed plat- 
form above it. The arms AB, AC, will evidently be compressed until the 
reactions thus developed are in equilibrium with P. To estimate tiieir 
mi^nitude. upon AP lay off AE proportional to P, The reactions T, T', 
developed in AB, AC, will be represented by EF, FA, asAE, EF, FA, 
ai'e three sides of a triangle drawn parallel to the directions of the forces in 
equilibrium. Hence 

P : r :: AE : EF ■■.%yn AFE : sin FAE. (20.) 
P : T' :: AE : FA :: sin AFE : sin FEA. ^ (21.) 

whence r=P ^^^4^- (22.) r'^p'^|^^||' (23.) 
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An inapeetion of the figure will shoiv tliat an MN liuus nnder the inflii- 
enci! of the foree P, the angle FAD hecomes more obtuse, wlience also 
FAE 9.w\DAE~FEA also inureasu, while ^F£ iHmiui.-heB. Henee, 
iinder these drcumstances the rulues of T, 2", as given in (22), (23), also 
increase, beooming greater and greater as PAD approaciiea 180°, whun T 
and T' eciual infinity.^ By the action, of a comparatively siniill force me 
may thus produce an enormous pressui-e. The Toggle-Joint is frequently 
used in printing presses for bringing the type and paper into close contact, 
in machines for cutting large thicknesses of paper, m the cotton-presses at 
Mobile, etc. Its great advantage is tljat when in operation the pressure 
exerted by it increases simnltaneously with the increase of resistance caused 
by the compression of the substance acted npon; it hru< tile disadvantage, 
however, that to obtain a large range of vertical movement of the plate 
MN, the dimensions of the press mnst be very cimsiderable. 

92. The equilibrium of forces when the point of application is at rest, 
is known as siallctd eguitilirium. When the forces acting upon a body in 
motion are balanced, we have dynamical eqaHibrium, the treatment of which 
is reserved for a future portion of this work. 

93. Resolution of Forces. In pm-agraphs 70-78 we 
have explained the manner in which several forces can b« i-eplat'ed 
by a single resultant. "We now take up the converae problem of 
finding two or move component forces, which -are equivalent to a 
single foi-ce. This process is known as the reiolutiim of forces. ■ 

Suppose AC, Fig 26, represent any force, and let it be i-equh-ed 
to find two other forces which acting together would produce the 
same etFect as AG. It is merely necessary to constnict any paral- 
lelogram A£ CBouACm a diagonal. The ^d^ AB, AD, will 
represent the reqnii-ed components. Or the tiiangle ^Z>C may be , 
constructed, in which case AD, DC, represent the components. 

Since any number of tiiangles, ADV., ADO, AEO, AFC, Fig. 
27, can be constructed on a single line taken as a base, it follows 
that if ^ Represent a force the lines AB and BC, AD and DC, 
AE and EC, AF and FG, will equally represent two component 
forces. Hence any force can be resolved in an indefinite number of 

To resolve a foree into two oomponents.wAose direcUons are (/wen, 
we must know the angles BAG, BGA, between those directions 
and AC. We have then given two angles :md the included side 
of a triangle, to find the remaining sides, whicli represent the 
eomponentB sought. This may be done either by trigonometry or 
graphically. 

94. Resolution of a Force into two rectangular 
Components. It is frequently necessary to resohe a foree into 
two components at lisht angles to each otliei-. This is done by 
construcling a rectangle, or a right-angled triangle, upon a line 

' Since in this case WE and f'KA encli = 90", ;iinl AFIC = 0°, ond 7'= Tl = 
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repreeentiiis the given force. Thus if AC, Fig. 28, repi-esent this 
forte, A£ and AJ3, or DO and AD, will represent tlie components. 
Ciillinjr R the origin:!! force, F the component represented by 
A'B ori>C, ^'thut represented by JA and denoting the angle 
BAG = AGD by a. in which case DAG = 90" — a, we hiive 
AB = AOi:o9'>, AD = AG ain », whence ^ = ^ cos a (24), 
F' =: R sin a (26), general equations for the resolution of a force 
into two rectangular components. 

95. Equation of Belation between Components and Ee- 
SUltant. Denote the ibi-cea represented hy AC, AB, BC, Fig. 27, by R, 
F,F', reppectivelj, and call BAG — a. BCA = fi. 'Ihen as AC — 
AB eoB BAAT -\- BC coa BCM, R = F cob a -l- F' coa ff. (26.) Hence 
tfie rexultant of any boo forces is eqvai to the algebraic imm of the pi'odTiclg of 
each lompnneni , into the coxine of the angle which it makes with the renulfant. 

96. Examples of Besolution' of Forces. Let PQ, Fig. 29, be 
a body of weight W resting upon a horizontal table MN. It is required to 
find the downward pressure upon the table when PQ is acted u|)on by a 
force R, represented by CA. Let li be resolved into two reutangular eom- 
poneutB, one F, riy>rusented by CD, at ri^ht angles to MN, the odier, F', 
represented by RB, parallel to MN. Of these forces, P alone eserts prea- 
sui-e upon tha table, F' wierely tending to make the body PQ slide along 
the surface on which it rests. Henee tie whole downward pressure = 
W+F; or as F— /i sin .<, downward preeeure = W + R aia u. The 
tendency to moye horizontidly ia evidently R cos a. 

Or, as aiiothitr example, su|ipose that a body weighing W kilogrammes is 
to be rHiseil by means of ropes AE, AF, Fig. 30, and it is wished to de- 
termine the niuiiber of kilogrammes which mast be exerted at the end of 
eaohrope, in oTiler to start it. Draw the vertical ^C, haying a length of 
W units, and complete the parallelogram ABCD by drawing BC, CD, 
parallel to AF, AE. Ecsolye W iato two components; one 7V parallel to 
AE, ancl a Sfcond T' parallel to AF. Tlien T, T' will be the forces 
which must be applied at E and F to lift ~W. From the triangle of forces 
ABC we have 

1 B sin DA C 

W : T :: AC : AB, whence T = TF;j-^ = ^'^^~CBA ^^"^-^ 

and W :T' :: AC -.BC, whence T' =W^^ ^ lin ' C^i ' t^^') 
from which T, 3'' becomes known if the angles made by each rope with 
the Tertieal are detci-mined. 

The I'Kanipii'B given on p. 53 to explain tl\e subject of statical equilibrium, 
also Bt'i-vi; L'qu.iUj' well to illustrate the resolution of forees. 

97. Resolution of a Force into any number of 
Components. A foi'ce can also be directly resolved into any 
nnmber of components by the principle of the Polygon of Forces, 
these components being in one or several planes. It ia frequently 
simpler, however, to resolve the ori^nal force into two compo- 
nents, then ooe of these components into two others, and so on. 

88. Fractical iEsamples. As a good example of this, let us take 
the case of a vassei propelled by tiie wind. AB, Ytg. 31, is a boat which is 



:yGoogIe 



5d UEACTEON of BOKITACES, 

Tiiiived forward by the attion of the wind bloM-jiig in the direction indicated 
by thu acrow W. MN is the pail. To chow how the vessel prooecile under 
au oblique wind, let OP represent tlie magnitude of the whole pressure of 
the wind upon the sail ilfW. Besolve itinto twocompoiientB, OD perpendic- 
ular to AfN, and OC parallel to it. The parallel component OC can have no 
effect to move the vessel because it auts upon the sail edge-ways ; hence 
the whole moving force is that dne to the perpendicular component OD. 
Kesolve OD into two other eomponenta, OE and OF, one of which, OE, is 
pfirallel to the keel of the vessel, and the other, OF, perpendicular to it. 
Tlien OE alone acts to push the vessel directly forwanls, while OF tends to 
push it sideways. Hence the boat moves forward with a eert^n velocity 
due to the component OE, while at the same time it has a slight motion 
sideways (leeway), caused by the component OF. The reason why there is 
BO little movement sideways in proportion to that forwards, is because of 
the greater resistance to motion in the former direction, caused by the 
shape of the vessel. 

The manner in which' two vessels can sail in different, and even opposite 
directions witli the same wind, is easily demonstrated by tlie laws of tlie 
resolution of forces. In Fig. 32 the vessel AB is represented as proceeding 
in a direction opposite to that in which it moved in Fig. 31. The direction 
of the wind is die same as before, but the sail MN is placed in a new posi- 
tion. Eesolving OP into GD and OC as before, OC is inoperative ; OD can 
be agMn resolved into OE parallel to the keel, and OF perpendicular to it. 
Hence tlie vessel moves on in the line SA under the aciion of the compo- 
nent OE. 

By vaiyiag the position of the sail, a vessel can bo made to proceed in 
various directions, while the wind remains unchanged. In a boat with but 
one sajl, the wreiileBt aiivantage Is gained when the wind is parallel to the 
keel, as its whole force is then exerted in causing a motion jbrward. 'lite 
vessel is then sidii to be Kcml'ling or suUmff before ike tcitid, A ship sailing 
a^mnst the wind as closely as possible is said to he close-hauled. A large 
ship can sail so that her keel makes an angle of bat six points (67° 30 ) 
with the wind, and smaller vessels can sail very much closer. In a vessel 
with a lar^e number of sails, a very fevorable position of the wind is when 
it is at right angles to the keel (upon the beam), as the sails are then all 
acted upon with equal force, while if the wind is parallel to the keel the 
aft sails cut It off from those in fi^t of them 
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99. Equilibrium sustained by Reaction. When a 
body acted upon by a system of forces ia at rest, equilibi'Iiim is 
often sustained by the reliction of one or more sui-fiicea with which 
the body ia in contact. The simplest example of this is when a 
body rests H[ion a horizontal plane, in which case the reaction 
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cansetl by the oompresaion of the material of which the plane is 
composed, is equal to the weight of the body. Additional exam- 
ples will be found in the ease of the Jib and Tie-Mod and the 
Toggle Joint abeady desciibed, 

100. Position of Resultant. If one surface be pressed 
gainst another in any manner, the resultant of the reactions at all 
the different points of its surface must be equal and opposite to 
the resultant of all the forces acting upon it, 

101. Bo(^ pressed E^aiust a Curveil Svirfiioe. When s. bodj^r 
is pressed against a curved surface by tlie action of any number of forces, if 
tJiere is equBibrium, the resultant of these must be normal to that surface. 
For if thia were not the ease, the resultant might be resolved into two other 
forces at right angles ta each other, one normal to the curved surface, and the 
Other tangential to it. The former would be opposed by the reaction of the 
surface, iroile the latter, being unopposed by any force, would produce mo- 
tion over it, which is contrary to the supposition. The resultant must also 
pass through the point of contact of the surface, as otherwise there woald 
be a tendency to rotate about that point. Thus let B, Fig. 39, be a cube 
pressed gainst the sphere A^ For equilibrium, the resultant of Ibe forces 
acting on A must pass through the point of itontaot P, and be perpendicu- 
lar to the curved surface of A. 

102. Constrained Bodies. Tf a body is in such a condi- 
tion that motion can take place only in certain directions, it is said 
to be constrained. Thus a body fastened by a pivot is constrained 
to turn about that pivot. A body fastened at two points is con- 
strained to move about an axis joining these two points, and if 
fastened at three points not in the same straight line, it is capable 
of no motion whatever. 

103. Action of Forces on Constrained Bodies. It will be 
profitable to esaTiiine a few cases of tiie action of forces on eonstrained 
bodies. 

The simplest case is ttiat of a body resting upon an inclined plane. Let 
A, Fi". 84, be such a body, and let ils meifffit, which acts vertically down- 
ward.Tie represented by the Une W. Keswving this into two components, 
P perpendicular to the plane L, and P parallel to it, it is evident thai the 
whole force of the component P is exerted in producing a pressure upon 
the plane at right angles ta its surface, wbile the other component F tends 
to poduce motion along L. A similar case of constrained motion will be 
noticed in the case of a body resting upon a horizontal surface, and acted 
upon by an oblique force.* 

As another example, let P be a ring hung upon a curved wire AB, Fig. 
35. If it be act«d upon by a force P, normal to the curve, it will remain 
at rest, being kept in equilibrium by the reaction — P, equal and opposite 
to F. If, however, the tbroe lie in any other direction, as in the line PR, 
it can he resolved into two components, one of which along PF is normal to 
the curve, and tlic other along PF' tangential to it. The former of these 

' Ses p. 63. 
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■will be balancejl by the reaction of the wire, while the lattur component 
wil! cause the ring to move along the wire. 

Wlien a body ie fastened upon a pivot, any force F, Firf. 36, whose direc- 
tion is in the line joining its point of application S with the ]>iyot P, is 
directly opposed by the reaction of P. If the force liaa any other direction, 
as jR, It will cause reTolution about the -pivot until Ihe line PSR becomes ' 
straight, the component F producing pressure on P, while F' enueee the 
body to rotate. F' evidently diminlSies as the angle PSR increases, until 
it equals when that angle assumes a value of 180°. 

104. Forces applied at different Points of a 
Body. Hitherto we have treated of forces applied yt a single 
point. We now proceed to consider their action when applied 
at different points of any connected aystem of particles. The 
fiindamental piincipie upon which our reaaoning is baee^ is the 
Transferability of Force. 

The aimpiest case of transference is that of a force acting upon 
a rod in the direction of its len^h. The rod may be coosirlered 
as composed of a line of particles, aSccf, etc., Fig. 87. Now if a 
pull be exerted at A, the paitiele a is moved from its nonnal posi- 
tion, BO that its distance fi-om b is increased. This devehips a 
molecular attractive force which aets upon b, causing it to move 
slightly towards a ; thus in its turn c is acted upon, and so on 
through th^ whole length of the rod, until the molcculai- tension 
esei'ted between each particle is the same throughout the rod, and 
equal to the force applied at A. The rod ia then in, a state of 
equilibrium, and the particle n exerts a pull ujjon any point, as Ji, 
to which it is attached, equal to the force acting at A. Hence this 
power appears to be fy-ansf&^ed fi'om A to Ji. It,, on the other 
hand, the rod is pushed at A in the direction AJiy the diatimce 
between a and b is lessened, and the force thus developed is ex- 
cited from particle to particle until the whole rod is in a state of 
tension. The particle n then exei'ts a force upon Ji equal to the 
pressure applied at A. 

It follows fi'om what precedes, that the eifect upon Ji will be 
the same at whatever point of -4-3 the power is applied. Hence 
equcd and opposite forces allied at the ends- of a rod or rope, ave 
in equilibrium. For each may be supposed to be applied to any 
single pai-ticle taken in their line of action. Also the resultant of 
two or more forces thus apt^ed must equal their algebraic sum. 

105. Principle of Transferability of Force. The 
efficiency of any force acting upon a body is not idteredby trans- 
frrrinff its point of application to any point in its line cf action. 
Thus let J*" be a force acting upon a boily^ AJ^, Fig. 38. Evi- 
dently the effect of -?" is. the same, whether it be applied at «, 6, (^ 
tior e. 

This can be illustrated experimentally by balancing AB on a pfvot P* 
The force F being applied at a, list it b« counterpoised by a weiglit W, sas- 
pended from B. If then the point of application of F be changed from a 
to b, c, d or e, t!ic weight will still be found to balance it exactly. 
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106. Composition and Resolution of Forces ap- 
plied at difiereiit Points. The pnnciple of traiiafirence 
ftiniishos El ready methoii of cletermining the vesiiltant effect of 
two or more forces acting at different points of a body. Let J*", 
^', be two forces applied to tlte body ^S, Fig. 39, at the points 
M, M, and acting along the lines FM, F'JV. Suppose these lines 
to be prodnced till tney meet m some point ^, which may lie 
either within orwithoat the body^l^. Then since iS'isin the con- 
tinuation of FM, the effect of J^will be the same as if applied at 
that point, and hence may be transferred to it. AJso since S is in 
the contuiufttion of J?'^ F' may also be tmnsferi'ed in the same 
nmnner. The combined eSect oi the two forces is therefore the 
same as if both were applied at S, the intevBeelion of their lines of 
a«tion. In this case the resultant would be fonnd, as already ex- 
plained, by means of the parallelogram, so that if Sa, Sb represent 
_F and F , SO will represent _H, their i-esultaiit. . Hence, to find 
the effect of two forces applied at different pohita of a bo^y,^o- 
lonff their Ihies of action until they meet in a point, and proceed 
tojind the resultant as if both forces acted at that point. 

The resultant of any number of forces applied at different points 
of a body may be found by combining them two by two. 

107. Equilibrium of Forces applied at different 
Points. The resultant of J" and ^" wovdd be balanced by the 
application of an equal and oppoate force anywhere in the line 
S-k. Hence, if a body is k^t at rest by the action of three ob- 
lique forces applied at different points, t/iese forces wotdd be in 
equilibrium if applied at a single point. 

108. Effect of Pivot. If a pivot be placed anywhere in 
the line of action of the i-esultant S^, as at C, the resultant may 
be considered as applied directly at that point, in wliich case it 
merely exeits a pressure upon the pivot without producing any 
tendency in the body to rotate around it. If the pivot do^ not 
lie in SJi thero will evidently be a tendency to rotation. Hence 
in the case of ii body resting upon a pivot, if the resultant of ail 
the applied forces passes through the pivot, there wiU be equilib- 
rium,. Conversely, if the applied forces are in equilibrium the 
resttkant passes through thepivot. 
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CHAPTER VII. 

Statical Moments. — Pakaixbl Foecks. — Coupltcs. 
Statical Jifovnenis. 

109. Moment of a Force. The tendency of a force to ro- 
tate a hody about ajixetl point is measured hy the product of its in- 
tensity iiUo the perpendicidar distance from the point to the line of 
action of the force. Thisprodnct iseauedthewioment of the force. 

Thus tbe moment of the force _F, Fig. 40, relatively to C is 
F X Om. Let jP, M", Fig. 40, be two forces applied at M, N, and 
tending to cause votation in opposite directions about a pivot 
placed at the point O, and let Ji be their resnitant. When H 
pa^es through O there will be equilibrium among the forces F, I", 
and the reaction of the pivot, hence the tendencies of F, F" to 
rotate AB will in that ease he equal. From C draw Cm., On, 
respectively, perpendicular to the directions of F, F', iind con- 
struct a parallelogi-am SbCa, the adjacent sides of wliich, So, Sb, 
represent the magnitude and direction of F, F'. Tlieu 

F : F' :: Sa : 8b ■.-.ma bSO ; sin aSC :■.-£: -^ : On : Om, 
whence Fx Cm = F' X On, (27.) 

But F X Cm is the moment of F, and F' X Un the moment 
of F', relatively to 0, and since we have shown that when their 
moments are equal the forces are balanced abont C, these moments 
mxiet represent the efBoicncy of the forces F, F', to cause rotation 
in either direction about that point. 

Hence, calling F anyfoi-ce, i the perpendicular distance from 
any point to its line of action', and Jf its moment relatively to that 
point, we have 

M^Fl. (28.) 

The perpendicular I is called the arm, of the moment. 

The direction of the tendency to rotation is said to be right- 
handed when it is in the direction of the moment of the hands of 
a watch, i. e., from left to right, and left-handed, when in an oppo- 
wte direction. Thus in Fig. 40, F tends to cause a right-handed, 
and F' a left-handed rotition. The former are generally desig- 
nated by the sign -|-, the latter by the sign — . 

110. Experimental Verifioation. The Ibwb of moments may be 
verifiud espei-inientallj bv means of the apparatus repreBentiiil in Fig. 41. 
AB is a diBu of wood balanced on a pivot passing tlirongli C, so as to re- 
main at rest indifferently in any position. A weight D is then attached at 
5 by a "jord, while a second cord la fastened to any other point of AR as 
K, and passed over a pulley M. Weights E are tlien attached to the latter 
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cord, and the boiij ^B is allowed to assume its position of equilibrium. 
There is then equilibrium between the moments of E and D. The perpen- 
diculars CB, CL, dropped from C upon the direetiona of the forces, are 
then mcfiaured, and it will be found tJiat E X ^L := Z> X BC, in what- 
ever position on the disc the point of attiwhment K be talien. 

111. Resultant Moment of several Forces. If tn-o 
or more forces tend to produce rotation in tlie same dii-ection their 
united efficiency (resultant moment) is evidently equal to tbe sum 
of their moments.' If lliey tend bo produce rotation in opposite 
directions, tbeir united efficiency la equal to the eXceas of the sum 
of the moments in one direction over the eum of those in the op- 
posite direction. Hence calling lighfrianded rotations +, and left- 
handed rotations — , the resnltant moment of any number of forces 
relaUvdy to a peint is equal to the algebraic stmt of the mom.mM of 
the componerm. Or, calling the resultant mom«it M„ 

M, = 2:FL (29.) 

The moment of the resultant of two forces acting to produce 
similar rotations is equal to the aum of the momenta of the com- 
ponents, siace the reanltaat may be substituted for them without 
change of efficiency; and the moment of the resultant of two 
foi-ces aeting to produce dissimilar rotations is equal to the differ- 
ence of the monienta of the components, for a ^ke reason. Hence 
as tliis course of reasouing may be extended to any number of 
forces, it followa that the moment of the reaitltant of <my eomMna- 
tion of forces equals the algebraic sum <f the moments of the 
components. Or, calling £Fl this sum, R ihe resultant of all the 
forces, and 4 the length of its arm, 

Ml^^SFl. (30.) 

As the preceding pi-opodtions hold, whatever may be the inclin- 
ation of the forces to each other, they are true when the forces are 
parallel. 

112. Equilibrixim of Moments. When the sum of the 
moments in one direction equals the sum of the opposite moments, 
the resultant moment =; 0, which is expressed algebraically, 

Rl^ = IFl=0. (31.) 
To produce this, S, may become zero, or the arm lo may assume 
that value. If the latter is the case, there is a simple tendency to 
3 ti-ansiatory movement of the body along the line of action of 
the resultant. And if the body be fastened at any point in that 
line, the force acting upon it will be balanced by the reaction of the 
pivot or other support on which it rests, as already shown, 

113. Moment of a X'oroe relatively to an Axis. 'Flie moment of 
a force relatively to an axis is its tendency to pvoduc 
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axis. Let /J bo a force represented by PR, Fig. 42, and AB im asis, 
Di'iiw PM pei-pendieulai- to iwth PR and 4B. If now tlie forte PR be 
rp--'ved into two components, one. F, represented bj PF, perpendienlm' to 
AB. and the other F', represented hy }'F', paruUel to ^6, the tbruier alone 
will Jiave a tendency to proiiuee rotation about tbat axis. The raoinent of 
the whole force E relatively to AB is therefore tlie same as tlie moment of 
its component F, which is evidently the moment of F relatively to the point 
Jf, that is to i^ X PM. 

Hence, the moment of a force relatively to an axin is eoual to Sie peiyeniKc- 
tdar dislance beliiieen lAe axis and (be line of action of the force, into thai one 
of ths coiHponenti tehivh is at right angles to ike axis. 

Forces are in equilibrium about an axis when the aJgebriuc snm of tlieir 
moments relatively to it is zero. 

114. Praotloal Application. An interesting npijlication of the prin- 
ciple of equilibrium of fbrues about an axis is the following. If tliree equal 
weights, P,P, P, Fig. 43, be applied at equal distances from eauh other 
and from an axis through 0, the algebraic sum of their moments relatively 
to tliat axis will always be etjuai to zero, whatever may be the absolute posi- 
tion of tlie points of application, A, B, C. The algebraiu sum of the mo- 
menta of P, P, p, isP X oflx -P-f: OL—p -kod^p (jpu-\- OL 

■ — OD), and it is to be proved that this product = 0. Join £, C, bisect 
BC in G and draw AG. As ABC is an equilateral triangle jiff is perpen- 
dicular to BC and passes through 0. Also AO = 206, whence OD = 
20K., Now OH+OL = OH+ OK + KL^ 20K, ae HL —ffZ.hu- 
cause of Bimilai'ity of the tiiangles BKL, CSS. Hence OB + OL — 
OD=0D — Oi> = 0,andP(Ofl'-i-OZ. — OZJ) = Ofbrany position of 
A, B, C. 

TMs is practically applied in piimping-machines in which three puni].s 
are worked by a single shaft, their piston-rods being attached to tlirte 
cranks, making angles of 120° with each other. The rcsistawceof the three 
pumps is the same for all positions of the cranks, and pei'lect steadiness of 
motion is guned. 

I'araUel Forces. 

115. Resultant of two Parallel Forces. The remits 
(mt of two parallel forces acting in the same direclion ts paralkl to them, 
and equal to t/ieir sum. 

Let F, Fi, Fig. 44, be any two forces applied at the points ^i, B. 
Their reaiiltant, M, is found by prolonging FA, F{ M, till th^ 
meet in F, and eoastmcting a parallelogi'iim of forces, bPac. It 
is clear that H may be considered as applied at F, and that its 
direction will lie between F'A and F'l'S. Kow imagine F'l'B to 
. be revolved about .B in the direction indicated by the arrow. The 
point P continually recedes until the line Fi'S assumes the posi- 
tion Fs£, pai'allel to FA, when F is at an infinite distance, and in 
this case, as all lines meeting at an infinite distance ai-e parallel, 
FjR, the direction of the resultant, must then be parallel to FA 
and Fi'Ji. 

Also, for all inclinations of the components to each other, the 
magnitude of tlie resultant H of the forces F, F' is given by the 
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equation M = F cos hPc + F' eos aPo (26, p. 55). Jiiit \v-lieii 
i^'^ becomes parallel X,q FA^ hPc = 0, ct_Pc = 0, whence B = 
F^F'. (32.) 

lis. Point of Application of Resultant. To find 
the point of application of the resultant on the line AB, snppose 
M^ Fig. 45, to be that point. Imagine a force R' equal and op- 
posite to the resultant B, to be applied thei-e. Tfiis force would 
balance the resultant, and must therefore be in equilibiium with the 
components F, F'. Hence the moments of F, ff' relatively to M, 
must be equal, that is, J^ X Ma = F' X Mb, whence F : F' :: 
Mb : Ma. But by similarity of triangles, Mb : Ma : : MJi : MA, 
whence F : F' : : M-B : MA. (33.) That is, the resvltant divides 
the line joining the points of application of iJie component forces into 
parts whose lengths are inversely proportional to the a^acent compotimits. 

117. Two Farallel Forces in Opposite Directions. 

if the forces are in opposite directions, the resmtant is parallel to them, 
and equal to their difference. B lies oti the same side of both, next the 
greater component, and has the same direction as that component. 

The three forces, F, F', Ji', Fig. 45, are in equilibi-iuni, hence 
the resultant of jPand jS' must he equal and opposite to F'^ that 
■is, equal to iS' — F (Eq, 32). It is also evident from the 
figure that the resultant is on the same side of both ^ and .B', 
next S', and in the same direclion with it. 

The point of appIic;ition, _B, is so situated that tbe momenta of 
F, Ff lu'e equal, i-elatively to it, in which case F : H' :: MB : 
AJ3. (34.) 

lis. Practical Illustration. To Illaatvate Uie application of the pre- 
ceding propositions, Buppose two weights of 10 and 80 Itgrs. respectively to 
be hung upoa tlie extremities of a rod AB^ Fig. 45, 2 metres in length. It 
is required to find the foree R' wliicli is requisite to snppoi't them, and the 
point at which it must be applied, neglecting die weijjnt of the rod. We 
We JJ' = 7i = F + F', and as F = 10 kgrs, 1^=30 kgrs., F' = 40 
kgre. AIsoF:i^:.-AfB:iM^,ov denoting ^BbyiandjtfBbyi, F: F- -.-.s 

i— a^ivlience x = l^-^-y^{Sb) Substituting for ?, F, F'.tlieir values as 
given above i — 3 X |i — J na., and / — a;— 1^ m. That is, the force 
it' must 1«! applied at a distance of ^ m. from M. 

119. Resolution of a Force into two parallel 
Compoaents. Proportions (33) (84) furnish a method of 
resolvuig a single tbrce into two parallel forces applied at given 
points. Thus, let it be required to resolve the force F itito two 
pai-ailel forces applied at points A, Ji. In the proportion F : F' 
: : MB : MA we know MB, MA, and in the equation M' ^= F = 
F + F', we hnriw F. From these tbe value of F, F' can readily 
be computed. If F, F' are to liave opposite directions, propor- 
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d4 parallel 

tion (34), aBd tlie corresponding equation would be used in the 
same manner. It is also evident that if the magnitude of the 
components is given, their points of application can readily be 
found by the same proportions. 

To illustrate, if fJie force R' ^= 40 kgrs. ia to be resoSved into two parallel 
components F,F' having the same direction, and applied at points ^l.B, dis- 
tant from Jlf, li m- and Im. respectively, the magnitude of these is found as 
follows: Rr=F-{-F'= iOkgr. F-.F' :: MB -.MA : ; 4: 1^ whence F'=: 
SF, and R=:F -j-F' ^ iF^^iO kgrs., whence F= migrs., F' = SO kgra. 

120. Centre of Parallel Forces. Since the point of 
application ilf of the resultant of the parallel forces, I", F divides 
the line AB joining the points of applicatian of the forces in a 
fixed ratio depending only upon the magnitude of J", F', it follows 
that wbateyer maybe the dii-ection of me forces. F, F', R, so long 
as their relative intensities remdn urLohan|ed,, the position of M 
does not vaiy. This point ia called the venire of the Pa/foMel 
Forces. 

121. Resultant of any number of Parallel Forces. 
The podtion and magnitude of the i-esultant of more than two 
parallel forces may be found by combining them successively. 
Tims let F, F', F'\ Fig. 46, be three parallel forces applied to a 
body at the points A, B, 0. To find their resultant we first com- 
bine F and F'. Joining A and B we have fi'om (33) 

F : F' :: MB : MA, 
which determines the point J/. Also, J'= ^ + i^'. We next 
combine this resultant R with the remaining component F". 
Joining MCy we have M ~ F -\- F' : F" :: GM i MN^ which 
determines Uxo point of application iV" of the resultant B' of all 
three forces, Mm B' = B + F" = F + F'- + F". B' 
is evidently parallel to the components. The position of the cen- 
tre. If, can he found either by a graphical constiuction, or calcu- 
lated by the rules of trigonometry when the positions of A,. B, G, 
are known* 

If any one of the forces, as F", acted in an opposite direction, 
we should evidently have B' =^ F \- F' — F", and its position 
would he found by (34). 

As this process of combination can be continued indefinitely, it 

follows that calling fomes acting in one direction +, those in an 

opposite direction — , the resultant of any nwnher of parallel 

forces equals their, algebraic sum, that is, 

B = £F. (36.) 

The preceding method of detcnmning the position of the point of appli- 
cation of the resultant is simple when there ave but few foreea to be oon- 
eidei-ed, but beoomaa very tedious with numei-ons forces. Another method 
19 theu adopted, which will be explained in the following chapter. 
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122. Experimental Demonstration. The laws of parallel forces 
can bo deinonslraMid experiiuoiitaUy by means of a very simple Apparatus 
njpresenfceil in Fig. 47. A gi'aduated bar, Ali, is suspended from the hooks 
of two delbate spring balances D, E. The weight.of AB causes a certwn 
coustanC depression of thi) iodextis of the balances, which is read once tor 
all. A weight IF is tiien planed anywhei^ upon jJB, as at C, and tUehal- 
auco reailings taken auew, which being dirainisliod by the preceding read- 
in;»s, shoiv tide pressares exertfid by it at O and H, the points of suspension. 
Calling these F, F', it will be found that in whatever position W may be 
placed, W = F + F', ani F : F' : : CH : CG. For verifying the 
laws with a greater number of parallel forces additional balances may be 
plaood butwocn D and E. 

Cov.pks. 

123. Definition. If two eqaal and opposite parallel forces 
not acting in the same straight hue be applied to a body, their 
algebi'aio anm is 0, and hence tliey have no tendency to produce a 
motion of translation. Bat ;te their rcsnltant moment with regai-d 
to any jKiitit o;ih never equal 0, their effect wUl be to rotate the 
body about an axis. 

Such a combination of forces is called a couple. The peipendic- 
iiliiv distance between the lines of action of the forces is called the 
arm of the couple, and the plane containing these lines of action 
the plane of tJte couple. Any line at right angles to this plane is 
an axis of the couple. The terms right-handed and left-handed 
are applied to couples in the same manner as in the case of mo- 
ments. 

124. Efficiency of a Couple. The rotary effect, or mo- 
ment of a couple is measured hy Hm product of either force iiito the 
length of the arm. 

Let F, F\ Fig. 48, constitute a couple whose arm is AB. As- 
sume an axis at nght angles to the plane of F, F\ passing through 
any point JP. The moment of F relatively to P ^^ J' X P-O, 
and the moment of F' relatively to the same point ^^ F' X PA 
= F X FA, US F' = F. The resultant moment of the two 
forces is therefore equal to 

F' X FF -\- F X PA^ F(FF + FA) — F X AF. 
If tlie axis be taken at a point not between the lines of action 
of F' and F', as F, we have moment of force F relatively to 
F' = F X F'B, moment of force F relatively to F' — —F' X 
F'A = — F X FA, as the moment is left-handed. Hence, re- 
sult-ita moment of F and F' = F X FB — F X FA = 
F (F'Ji — FA) =FX AB, as before. 

Hence calling Mtha moment of the couple, F the magnitude of 
the force acting at each end, and I the nrm, M = Fl. (37.) 
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125. Transference of Couples. A cowpU may he turned 
in its oiim plane, or moved parallel to itself withovi altering its e_ffi~ 
dency. 

For the effect of the coiiple F, I", Firr. 49, to cause rota- 
tion about P, is evidently not altei'ed if the forces assume the 
positions^/', as the ai™ MJ^ equals AB. With any axia, as JP", 
not sitnated between the lines of action of F, J", we have 
Notary-effect — / X mw — / X MJV — FX A£. The mCving 
of the couple to any other position in the snme plane would simply 
he equi\'alent to moving the assumed axis to some other point, as 
from -f to P', which does not alter the eflicieiiey. 

A couple may also be transferred to any pbne parallel to its 
own plane without alteration of its eiBciency, beca.use its whole 
tendency beii^ toproduce rotation about an axis at right angles 
to its plane, the e^ct will be the same in whatever plane at right 
angles to the axis it may lie. 

126. Reduction Of Couples. From Eq. (37) it follows 
that couples are equivalent when their moments are eqiial. Tliat 
is, a couple of foi-ce =■ 8 and arm ^ S, has tlie same efiicienoy as 
one of force =■ 2 and ann ^= 12, as in either ease M =^ Fl=-2i. 
Hence any couple may be replaced h 
arm. The value of the force io 1 

M 
tion M — Fl, whence F = j .{38). If, on the other hand, we 

wish the new couple to have a given force, we may find the coiTes- 

ponding length of the arm from the equation / = -yr (S9). TEnia 

process is called the reduction of couples to the same arm, or the 
same forces. For example, let it be required to replace the couple 
F :=b,l ^=10, by an equivalent one having an arm ^ 2. From 

(38) we find the corresponding, value of ^' to be -j- =: 'W ^^ 25. 
An equivalent couple having an arm 2 must then have a force 
of ii5. 

127. Equilibrium of Couples. Since the sole effect of 
a couple is to produce rotation, no single force can he so applied as 
to hold it in equilibrium. It will evidently he bahmcetl, how- 
ever, by the application of an equal couple acting in an opposite 
dii-ection. 

128. Combination of Couples having- the same 
Axis. The resuUant moment of any number of couples lying in the 
same or paraUel planes, is ecpioZ io the algebraic stem of their separate 
moments. 

For they may all be reduced to equal ai-ms, and so applied that 
the forces act in the same straight line. Calling Fl, F'l, F'% 
— F"'l, the reduced couples, these will be equivalent to a single 
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COMBINATION OF COUPLES. 67 

couple with a force — _f + F' + F" — J"", and an arm I, whose 
efficiency equals the algebraic sum of the component couples. 

Hence fleuotiug the resultant moment of any number of couples 
by M„ we have M, — E Fl. (40.) 

For equilibrium we must have SFl~^. (41.) 

129. Bepresentation of Couples by. Lines. In many cases, es- 
pecially where the planes of the eouples ai'e inclined to each other, it is 
convenient to represent lie (hrection, m^nitude and intensity of a conple 
in Gan foUow^na manaor. Let F, F', Fig. 48, be the conple which is to be 
represented. From any point draw a hne OM at right angles to the 
plane in such a direction that to an observer looking from towirds M 
tte conple sliall seem right-handed, and let the length of OM be made ]i!0- 
portiona! to the number of units in !he moment of the couple 

180. Combination of Couples having different Axes Couples 
lying in pianea inelined ia each other can be combined by nieins of a theo- 
rem siniilar to the Parallelogram of Forces. Let F, -f,/,/', Fi^- 50, be 
two couples reduced txi the same arm AB and acting in planes FAFi faf, 
making with each other any angle FAf. Let the hues FA,fA, F'B,f'B 
represeat the magnitudes of tie forces of the couple acting at the extrami- 
ties of AB. The two forces F,f give a reeultant R represented in m^ni- 
tude and direclion by AR ; and I^f' ^ve an equal and parallel resultant 
E', represented by BR'. The four forces F, /, F f may therefore be 
replaced by two parallel forcea R, R', lyia^ in the plane RAB. Tiie resul- 
tant moment evidently equals R X AU. Hence couples may be combined 
arad resolved in the same manner as ordinary forces. If mstead of the 
forces F, F' f, f we represent by jIF, AF , Af, Af the moinents of the 
couples, jl.fi, AR', will evidently represent the moment of the resultant 
couple. 

Since die plane of a couple and ita axis of rotation ai'e at right angles 
die axes have the same iachnations to each other aa the planes. Hence 
tlie moments of F,f may be laid off on the axes AF, Af. Fig. 51, instead 
cf in the planes BC, BE. The line AR will then represent the moment 
of the resultant couple, the plane of which is BD, at ri^t angles with AH. 
We have, therefra'C, the general proposition, if the moraenis and axes of iwo 
eouples he reprenenled by tioo sides of a parallelogram, the diagonal of that par- 
aSe/iMfram repi-enenis the moment awl axis of the resutlatii couple. 

131. lUustratians. The effect of two equal ^d opposite forces to 
cause rotation is seen in spinning a common hiunming- top, the pull eiei-ted 
on the string and applied at the circumference of (he axle being one of 
the forces, and the reaction of the handle applied at the axis of symmetry 
of the ft^le the other. Another excellent example is the case oi a %ht 
sphere of cork or wood kept rapidly rotating iit the air by the action of a 
fountain-jet playing against the under side of it. The upward force of the 
jet applied on the surface is equal and opposite to the force of gravity (or 
weight of the ball) applied at the tentre of the sphere, thus forming a 
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CHAPTER VIII. 

AS ALT TIC Al STATICS. 

132. General Friuciples, SeflnitioQB, etc. When we have a 
lai^ number of forces to consider, the processus of composition and reso- 
lution of forces are very much simplified by the use of ansljlical raethocla. 

It ia customary in this case to refer tlie directions of the forces, their 
points of application, etc., to coordinate axes at right auijles to each other, 
as. in Analytical Geometry. 

To the student unacquainted witli that stndy the following explanation 
will [«ive the main principles required for an intelligent study of the pres- 
ent chapter. 

When the forces are all in the same plane we malte une of two rectanj^u- 
lar axes OX, OY, Fig. 82, known as the axis of X and axk of 1' respectively, 
and collectively as the axes of ciiSrdiiiaiex, Lines drawn from any point 
parallel to the axis of Fand terminated by the axis of .Z are called in^ 
diitales, and are generally designated by the letter y, while lines drawn from 
a point parallel to the axis of X and terminated by the axis of Y are called 
ahncisiiQ.% and are desit^nated ty the letter x. The abscissas and ordinates 
of a point taken tojjether are called the enBcrfmi(eji of that point. Thus 
BM and BjV = MO are coordinates of B, BM being the ordinate, BN tlie 
abscissa. The point O at the intei'section of the axes is th.e (irigin nf coSr- 
dinales. Aliacissas of points lying to the right of the airia of Y ■ are 
generally aifectad by the sign -|-; of those lyin* to the left,—. Ordi- 
nates of points lyinw above the axis of X are +; of points below, — . Ev- 
idently the valnus cnx and y fur any point fin itR position ; thus the position 
of B 18 known when we have given OM = x, MB =; y. To illustrate the 
application of this to mechanics ; two forces of magnitude 5 and 4 applied 
at a single point, and makins angles of 45° and 30° with any given line 
are represented by taking that line as the axis of X (or ¥ if prefera- 
ble), and the point of application as 0, and laying off two lines OA, OB 
of lengths :;= 6 and 4 units respectively, making angles of 45° and 30° 
■with OX. 

When the forces do not lie in a single plane they can he referred to 
three rectangular axes, X, Y, Z, Fiir. 54, formed h^ the intersection of 
three planes at right ans;les to each other. The position of a fitree in space 
is then rmresented by tlie angles n, f, y, which its direction makes with the 
axes of X , F and Z. The coordinates of anv point referred to a system of 
three coordinate axes are denoted by the Ictteis x, y, z, indicating dis- 
tances parcel to X, Yar Z respectively. 

The -projection of a line upon a plane is the distance between perpendic- 
ulars drawn to the plane firom each of its extremities. The projection of a 
line apon another line ia the distance between perpendicuiara drawn to tiie 
latter line from the extremities of the former. The projection of a line 
upon a plane or a second lino is equal to the length of the line into the 
cosine of angle which it makes with the plane or line upon which it is pro- 

183, Analytical Statics in Two Dimenaions, ~ Forces ap- 
plied at a single Point. Let F, represented by OB, Fig. 52, be any 
force applied at a single point It can be resolved into two rectangular 
components represented by MO and BM. Denote the angle BOM by a. 
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Then, as MO = BO cos «, BM= BO aiii u, it is clear that tlie component 
parallel lo X = F cob a, and that parallel to F ^^ J^ sin o. 

The direction of the components will be found by observing the aljjebraic 
signs of cos o and sin a. Tlius if the force F lie in the direction indicated 
by the line OC,th,e angle a which it mates with ^ is AfOC (counted on the 
same side of OX with OB), and both cos a and sin a are minus, AfOC be- 
ing greater than 180''. In this case the components would be — i^ cos o, 
parallel to X. — F sin « parallel to Y. 

1'4. BsBiiItant of any Ifumber of Forces. Suppose that any 
number of forces, F, F', F", F", F\ are applied at a single point, and it 
is required to find their resultant. Take the point of application as the or- 
igin of cobrdlnatea, and denote by a, a', a", «'", a', the angles made by the 
directions of the forces with the axis of X. Denote the resultant by R, 
and call B the angle which it makes with X Resolving F, F, etc., into 
their components jjaraUel to X and to F, as explained in the preceding 
pari^raph, and taking care to observe the algebraic signs of the functions 
sin a, cos a, ete., the results of the following tables are obtained. 
Components jitTallfl to X. Componen'ii poraJlel to T. 



F- cos ..° F' An ix- 

Hence, Tofal fnrre alimq 
Z = yco3«4-rcos<.' + F"cos</' + i^"'coSi."' + i'"'cos„" = 2Fcos«. 

Total force alona 
r = F sin « -j- i--" sin a* + F" sin a" + F"' sin «'"+ J'" sin »° = SF sin «. 
Now conceive the resultant R to be resolved in the same manner. Its 
components are 

R cos e, along X, S sin 8, alontj V. 

Bat the components of if along X must evidently be eriual to the sum of 
the components ot the elementary forces F, F, etc., along tiio same axis, 
and the components of R along Y must be equal to the sum of the compo- 
nents of F, F, etc., along that axis. Hence 

Rix)S6 = 2FcoB a. (42.) H sin fl — ^i? sin c. (43.) 
Souarinif these equations and adding the results, 

iSa = (s P ew ay + (S F sin „)^ i whence 
Ji = y (If cos .)> + (!*■ .in.)'. (44.) 
Equation (44) gives the magnitude of the resultant. It remains only to 
determinu its direction by means of the angle f>. 

Dividing Eq. (4:J) by Eq. (42), j^^^^- ^ s F c o"s~a' ^"'^^"'^*' 

The aifebrwc si^n of tang 6 evidently follows from the signs of ^F sin a, 
SFcosi.. 

The value of R may also be obtained (having first determined the angle 
ff) from the equation iJ cos C = SF cos a, whence 
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That tliere mny be equilibrium among a system of force if must 
= 0, whence (SFeos -c-y -f. {S,F sin ^y = 0, (47), which equition laa 
only be satisfied when each of its terms = 0. Henee thi- equations of 
equilibrium are 

(IF cos o) = 0, (48.) 

(SFsia ") = (>. (49.) 

135. Resultant of Oblique Forces applied at several Points. 

In this case Uiere is a tendency to rotation about an axis produced as well 

as a resultant translatflry force. 

Let F. F", F", F' be forces applied at points whose coordinates relative 
t» an assumed set of coordinate axes X, F, Fig. 53, are (x, y), {3/, ?/), 
(^'1 y")- i^, !/*). It is required to find the m^nitude and direetion of the 
resultant, and . also the rcsulUiDt couples produced. Their directioDs are 
' ' ' ' ' " " ,s before. 

a single tbree F applied at the point 
* [x, y). 
Rosoiviug it into two components we have 

P =^F cos u =^ component parallel In X- 
Q ^= P sin u ^ cumponeni parallel in Y. 
Sow let lis imagine two opposite forces if, — K, each equal and parallel 
to i*, to be ap lied at 0. Also two opposite forces 7', — T, each equal 
and parallel to Q. The action of the syatem of forces F, F', etc., will not 
be altered by this addition. ■ We hare now acting opon the body, (I) at 
the point S (i, y), tie forces P = F eos u, parallel to X, and Q =^ J^ tin u 
paralld to F; (2) at the point O, the forces -f ff, — K, along X, and 
+ T,— T, along V. 

Hie combined effect of these forces is aa follows ; — the forces K and T 

are together equal to a single force _______^__ 

L = J~K^+T^ = ^(F cos uy 4. {F sin .)' ^ F, 
making an angle a with X of such value that 
T Q FnniA 

tang P ^^j^ = ■p^= ^f^7"u ^^ '^'^S "' whence (I ^ .1, 
that is, L is eqnal and parallel to F and applied at 0. 

The equal and opposite forces P and — K form a right-handed couple, 
having an arm SM:^ J/i^nd whose moment is coiiseqnentlj Py ^ yi^coB a, . 
Also Uie equal- and opposite forces Q and — 7" form a left-handed couple 
witJi an arm SN, ^: x, and whose moment iS — Qx:^ — x F sin u. These 
couples being in Uie same plane, form a resultant couple 
M=Fy — Qx — j/F cos u — iF sin a. 
Now suppose this process to be repeated for each of the forces F', F", F*. 
We shall then have a similar result for each: that is, the force F' will be 
replaced by an eqnal and parallel force applied at 0, and a couple whose 
moment =z y'F' cos 1/ — a/F" sin </ ; the force F' will be replaced by an 
equal and parallel force applied at 0, and a couple y^F" cos u" — ifF" sin u% 
and so for all the forces. ITieir combined efficiency will therefore be the 
resultant of F, F", F", F" applied at 0, and the resultant of all the con- 
pies, which has a moment equal to the algebraic sum of the elementary 
couples. Using the same notatioa fi>r the resultant aa in thu prei-edimg 
cases, we have as the joint effect of all the forces, 

R ^ ^ (i-F cos uf -H (:^F sin »)^ applied at 0, (50.) 

tajig e = |p-.si~V (51 ■) 

and the couple of moment ;= S Q/F cos u — x F sin u). (52.) 
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Tf 2 {ijF tos „ — xF sin if) = C the ri 
^ — ajid 2 {yF cos n —xF sin a) does r 
a coiiple. 

When there is equilibrium ajnong die forces applied at different points 

Ji i^ 0, ivheoce (SF cos «) ^ 0, (j;F sin u) — 0, (53.) 
and 1. (yF coa ^ — i-F sin u) = 0. (64.) 

136. Analytical Statics in three Dimensions, — Besolii* 
tlon of a Single force into three Bectangular Components. 

Let F, Fig. hi, be any force ia space which ia retpm'ed to be resolved into 
tliree components at right angles to each other. Take the point of appli- 
cadon of P as llie origin of coordinates, and Jet OF represent that forte, 
its direction being indicated by the values of u, p, y, the andes which its 
line of action makes witli the axes X, F, Z respce lively. "Construct the 
rectangular iiai-allelopiped OBFE having OF ae its -diagonal. The adja- 
cent edges Oii, OB, OC will rtpresent the components required (§ 79^.50). 
It only ryoiaias to find analytical expressions tor these in terms of F. 

Project OF upon the axcB OX, OV, OZ, successiveJy. ITie figures 
ODFA, OEFB, OCFG, all being rectangles, 

OA = OF cos •!, OB — OF cos ^ OC — OF cob y. 

But OA, OB, OC represent tlie rectangular components of F, hence de- 
noting (huse by P. Q, S, we have' 

P = V cos " (53). Q = F COB ;* (S4). S = F cos y (65.) 

137. Composition of tThree Forces at Bight Angles. Con- 
veffely, tlie resultant of three rectangular components can be found analyt- 
ically as (bllowa ; — 

Squaiine equations (53), (54), (65), and adding the resultant we have 

^ ^ i^(cos=„+c™V+cos--A 
Hut as cos* J -j- cos^ (< -|- cos* y =^\ ( by a proposition o f analytical geom- 
etry), f i = i« -4- Q2 -I- R\ and F = V ^? 4- Q^ + ^^^- ^^^ 

Tne same result may be i-eached geometrically, as 
0F^=QA'^'\-0^-\-0O. (57.) 

188. Besultant of an? Kumber of Forces in Space applied 
at a Single Point. Let V, F', F", f be any foi-ces applied at a sipgle 
point. Take their point of application as the origin of coordinates, and 
denote the angles made by the foi-ces, and the axes of coordinates by the 
letters u, S, y, u', ^, y' , «", p", /', u°, (*°, j' respectively. Denote their re- 
sultant by R, and let its direction be indicated by the angles "', ?', y'. 
which it makes witJv X, F, Z. 

Now resolve F, F', etc., into rectangular components along X, F, Z, as 
explained in § 136, tekin^are to observe the algebraic signs of the ci 
of the direction-angles. liese ci 



AUing X. 



coraponi 
\long Y. 



F' COS <x' F" COS i*° 

Prom these it follows that 
Total tm-ce along X=: 

> cos o -f jF' cos a' -f F" cos a"-\-F'(x 
Total force along Y ^ 

F cos ,« -[- i^ cos I*" -j- F" cos f ■\-F'v.<. 
TiAol fwce along Z = 

J' COS 1- -I- F' cos / + F" cos y" + F' m 
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Now conctivK the resultant K to be resolveii into three coinponents aiong 
the axes of coordinates. Those will be 

R cos u' along X. 

li eos (f along Y. 

E cos ,' along Z. 

But the rectanOTlar componenta of JR along X, 7, Z reapeetjvelj' must 

evidently be equal to the sum of the components F, F', F", F' along the 

JE CM "' = 7.F COS «, (68.) 
Jt cos^rrSFcosft (59) 
E cos >.' — Si? cos y. (60.) 
Squaring (58), (59), (60) and adding the i«sulM, 
R' ho^^ „--j-co s^f + co«VF= (S.Fcofl »)'+ (2.Fcoa |?)' + (sPcosi-)^ 
or JJ — V (liJ.' cos o)^ + iSF cos ;<)* + (iJF cos yy. (61.) 
This same value of R may also be found by considering JE as a single 
force with components SP coa a, XF cos A XF cos >■, and using the same 
geometrical reasoning as in the case of determining any force from its rect- 
angular components as already e;iplaineil (§ !37). 

The dii-eotion of R is given by the equations 
c» .• = ig!l;, (S2.) CO. f = iZjpl^ (S3., „ ,. _ iZpjC. (sj.) 
For equilibrium, 

E = V {i^F cos c)= + (ii-- cos ,«)-^ -f (IF cos y)^ = 0, (65.) 

(2F cos fl)2 = 0, (SjF cos |S)2 — 0, (IF COS y)^ ^ 0. (6G.) 

Hence equations (66) are the conations of equilibrium. 

"When forces in space are applied at different points they tend to produce 
a translatory motion, and also rotation abont each of tlie three axes .X, Y, 
Z. This case being quite complex, the student is referred for its denion- 
Btration to more extended works on mechanics. 

139. Besultant and Centre of say Kumber of Parallel 
Forces In Space. A much simpler method of obtwoing tlie position of 
the L-entre of parallel forces than the constniction explained in § 121, p. 64 
is afforded by analytical methods b«ied on the principle of moments. 

i^et ii be a force applied at the point S whose coordinates are sf, a", si* 
(Fig. 55). H ii be parallel to OY its moment relatively to the axis OZ is 
Ex. If pai-allel to GZ its moment relatively to OX is Et/, and if parallel 
to OS its moment relatively to OY is Rz, 

Now suppose any numhcr of parallel forces F, F', F° applied at points 
(x, y, z), (x, i/, zf), (s°, j^, s") to act upon a body, and .suppose S, Fig. 56, 
to be the point erf application of their resultant R (centre of parallel 
forces). The magnitude of tJie resultant is equal to the sum of tie compo- 
nents or, R^ XF. live coordinates of S are determined as follows: — Since 
the parallel forces composing the aj-stem may be turned in any direction 
without altering the position of the centre (§ 120, p. 64), we may consider 
them aa acting parallel to each of the axes successively. First let us sup- 
pose them to be parallel to OY. The moment of the force J" relatively to OZ 
ISthen J'»; thatof F", F'x'; that ot F; F"^. ITie sum of those moments 
is SFx, and tiiis must be equal to the moment of the resultant, which is 
x'lF. Hence x' SF;^ SFx. Next suppose all the forces to be parallel 
to OZ. By the same course of reasoning we have 'f ii-F = SF y. Then 
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BUpposinf; all the forces to be parallel to OX, we have z' TF ^3 IF s 
Fi-oni thuBG three cc[uation9 

3fZF=-S,Fx, (67.) 

f/'Sif— SFji, (6S.) 

z'SF^SFz, (69.) 
we find tJic required coordiaates to be 

,. = >^, <,.., ,-=15, p., .= i;, (,.) 

For equilibiium, there must be no tendency either to tranalalion or roia- 
ti.oa,hoacaR = I,F=0, (n.) l,Fx = i}, :£.Fi/ = 0, lFz=ti, (74.) 
are the equatbns of equiiibiiuin. 

140. Virtual VeJooitiee. — Deflnition, I*t F, Fig. 56, ha afoi'ce 
applied at (ho point .'1, and suppose this point of applicatioa to be moved 
by soitie external force tlirough an extremely small space, so that it assumes 
the position A' or A", the force F still actmg in the same direction as at 
first, i'rom A' or A" draw a perpendicular A'B or A"B'. The distance 
JB or ^if intercepted between the oi-iyiniil point of application A and 
the foot of this perpendicular, is called the virttiai velocily of the force F, 
and is positive when it is laid off in the direcUon. in which the force acts, 
and negative wiien opposite to that direction. Thus AB is positive, A& 

141. Prinoiple of Virtual Velocitiee. If the forces acting upon 
a boilfi are in equilitirium, and a oerfj small dinj/lacemenl be gioen to the hody, 
the a'gihraic num of the products of each f-rce into i(« viritial nelocily is zero. 

If the forces are applieil at a single point, represent this point hy A, 
Fig. 57, and the forces IhemBt'lvea by F, F', F", F°. Suppose the point 
of appliuation to be moved oier the very small distance AA'. Call 
o, a', a", a° tlie angles made with X by the directioos of the forces, 8, 8', 

C', ji' the angles made with F, and denote the angle between X and the 
IB AA' by 0. AB is the virtual velocity of F, which may be failed v. 
Denote die virtual yelocities of the other forces by i/, v", a° respectively. 
It is to be proved that SFb ^ 0. 
For any single force, as F, 

t,= AB = AA' cos BAA' = AA' cos (« ^ e) = 
AA' (cos a COS e -f sm a sin H), 
whence Fv = F x AA' (cos a cos e + sin o ?in 6). (75.) 
In like manner for F', F' , i^ we have 

F' v' — l" X AA' (cos a' cos 6 4- sin q' sin 6), (76.) 
F">/' — F" X A A' (cos a" coi B -i- eia of' m.n b), |77.) 
F-v' — P" X AA' (cos a- cos e -)- sin a* sin 6), (78.) 
Taking the sum of diese equations, nodng that o, /3, (/, ji', etc., are com- 
plements, so that sin B :^ cos ^, sin a' ^^cos 0', etc., 

Fo + F'v' + F"o"-{-F'i^=SFi! = AA'[co&e<Fcosn. + Faoea' + 
J"' cos a" X- F' cos a") + sin d (F cos ,t + J" eos /?'-)-#' cos /(" + 

^■■c09^°)]. (79.) 
But, as by supposition, there is equilibrium of the forces about A, it fol- 
lows from equations (48), (49), p. 70,. that 

S JT c<^^ =.Fcosa4-F' cos «' 4~ F" cos «" 4- F- cos a" ^ 0, 
SF COS li = F COS + ^ ^o^ 1^ + ^' «°« /*" + -f ° <^°^ f*" = <»' 
and as the terms of equation (79) enclosed between the brackets be- 
come = 0, the whole member = 0, and hence l,Fa = 0. (HO.) 

It tbilowfi from (80) that the resultant of any number of forces multi- 
plied by its virtual velocity equals the algebraic sum of ea;^h of its 
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eomponentB nralUplied into tlie correcpondiiiK ■virtual velocity, (hat is, If 
we call Fthu vii-tual velocity of tlie i-esultant S, RF= iFv. (81.) 

In case the forces are not iipplicd at a single point, tile theorem still holds. 
For siippOBo the forces F, F, F", J" to be applied at different points. It 
follows from the prinoipHi explained in. § lOG (p. 59) that any two of them, 
as F, W, produce the eame efi'ect aa if they wei'e both applied at the inter- 
section of their'lines of action. Imi^ne thecii thos applied, call E the re- 
sultant eqnal to their combined effect, and denote by m, u, the viilUal ve- 
loeitiea of F, F, when transferred to the point supposed. According to 
the principles stated in the preceding param'aph, 
RV^Fm-^F'n. (82.) 

Now the virtual velocities of F, F" are not affected by the ti'anaference 
of their points of application. For suppose A, D, Fig. 58. to be theee 
points, and let the body be slightly diepkced by rotalion, tliongh a very 
small angle a about an asi« paBBiEg through any point M, and at right an- 
gles to the plane of tJio forces. The points J, D, move throMh very 
small area AC, DF, which may be considered as straight lines at right an- 
gles to the radu MA, MD. Also AC = MAa, DF — MDa. AB is ihe 
vh^ual velocity of F, DE of FK If F, P were transfeiTcd to G, their vir- 
tual velocities would be GK, GJ. It is to be proved tiiat OK ^ AB. 
We have 

V — AB — AC cos BAC = MAn cos SAC— MAa cos AMS = 
MS 
MA,.^=MSa 

And m = GK= GR cos HGK — MG" cos HGK = MGa cos QMS = 
MOa jyT. ;= MSa; whence m ^ v. In iilte manner it could be shown 
that GI ^ JJE, or n ^ i/. Hence substituting tlieEe values in (82), 
RV=Fv-^Fc'. (83.) 
Now imagine R to be combined in the same manner witli one of the re- 
maining forces F', call M' the resultant of these, V its virtual velocity. 
By the same course of reasoning as that just employed, 

R'V = RV + F'v" = Fv ^ Fv' ^F"v". (84.) 

R"y" ^ R'V' -^F'V = Fv-\-F^-\- F'v" -\- Fv = J.Fv. (85.) 
But if there is equihbrium among the forces acting upon tlie body R ^= 0, 
whence in that case Y,Fv =^ 0. (8S.) Hence the theorem of virtual ve- 
locities is true whether tiie forces act upon the body at a single point, 
or have several points of application. 

Tlie tiieorera also holds when the forces are in different planes, but the 
demonstration of this case is too complicated for the purpose of the present 

142, Conversely, if l,Fo =: 0, there will be equilibrium among all the 
foi-ces. For from (85) ^Fv — R"V", whence if SFv = 0, R" z^ 0. In 
this case the ibi-ces must either balance or form a couple. If they form a 
coujile, the addition of an equal and opposite couple would produce equi- 
librium. I^et P, P', «, u' be the forees and virtual velocities oi' such an 
equal and opposite couple. By the proposition ZFv -\- Pu -|- P'l/ = 0, 
hence Fu -\- F'u' ^0. As P and P' are parallel forces having different 
points of appUcaSon, this equation can liohi only when both forces zi: 0. 

The theorems of Virtual Velocities are of great practical importance, aa 
they coiiiprehenil all the principles of the equilibrtum of forces. A valua^ 
bio application of them will be explained in treating of the mechanical 
powers (Clhapt«r X.). 
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CENTRE OF GRAVITY OF LINE! 



CHAPTER IX. 



143. Definition. All boflies tend towards the enrth by 
virtue of their weight. Since this tendency is impressed upon 
every particle, a body ia really acted upoa by a system of parallel 
fore-ea having a vertical dii-ection. The resultant of ail these must 
eqaal their gum, which ia evidently the weight of the wliole mass. 
The centre of the system remains at the same point, whatever 
may be the direction of the forces relatively to tlie body (§ 120, 
p. 64), that is, ill whatever position it may be placed. This ceritre 
IS called the centre of gravity of the body. 

Hence the centre of gravity of a body, or system of bodies, may 
be defined as the point through which liie resultant of the weigjits 
of the component pailicles always passes, whatever posilion the 
body or system may occupy. 

In considering masses as acted upon by gravitation, the whole 
weight may be supposed to be concentrated at the centre of gi-av- 
ity, so that if this point be supported the body will therefore be 
balanced about it. Owing to these facts, a knowledge of the 
locatit)n of this point is often of great impoi-tance in mechanical 
problems, and we tJierefore proceed to a consideration of the 
methods of determining its portion in various cases. 

144" Centre of Gravity of Lines.^ The centre of 
gravity of a material straight line is at its middle point, for the 
resnltant of the weights of the two extreme particles lies at a 
point midway between them. The same is true tor tbe next two, 
and thus we may pi-oceed with all the particles. 

The centre of gravity of two straight lines inclined at an angle, lies 
upon the line Joining their middle poiitts. Thus let AS, A.G, Fig. 
69, be- two lines united at A. Let Q' be the middle point of AB> 
O" of A C The whole weight of AB may be considered as eon- 
centi-ated at G", that of AG a% G". . Joining G', 6", tlie centre of 
gravity G of the whole system will evidently lie upon the line 
G'Q". To find the position of ff we have merely to determine 
the point of a]iplicalion of the resultant of the weights of AB, 
AG. Since the moments of these weights about G must be equal, 
G'G : &"G -.: weight AG : weight AB. (87.) 

The centre of gravity of a curved line, EBF, Fig. 60, lies 
somewhei'e within the segment ABG. 

' III strict liiimnnEB. we shoiiM i-pOiik of tlio centre of gr.nTitv irf n tiiin rod inftcnd 
of tlia centre i>r ^ti<i\^- of n line, anil of n tlilii slii^eE i<>sie»i< Ut a fax^tiiii; Liit ns tbe 
woiKllta of portions of V linninRenemiR piismMtir- t.r nv;irrivr..,il m.l .ini .imiKrtirai.il to 
thai]' leiiKth, mid Uie weishU of shee.tn lif iini 
for lliB aitke of lirevity niiike use of the furaii 
tliat tlteir trae meoiiiug be kept in miud. 
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7b CKNTKE OF GRAVITY. 

145. Centre of Gravity of Surfaces. TXe cmtre.of 
gravity of any plane surface which is si/mmetrical about a line lies 
upon that line. For lei ASCD, Fig. 60, be any sncii surface aym- 
metrical about JBJD. As there is the same quantity of matter on 

- eitliei' aidt of JiJ>, the centre of gfiivity of (he sui-fiiee must lie 
upon it. The line B.D is called an axis of eyi time try. 

If any surface has two or more axes of symmetry, its centre of grav- 
ity lies at. the intersection of those axes. ■ Let AJiOD be such a 
snrfiice, Bymmetriciil about _B J? &nA AC. From what we have 
already eaid, it is evident that the centre of gi'avity lies on both 
1}I> and A C. Hence it ia nt G, tlieir intevBeclion. 

The. centre of gi-avity of a pai'allelograjji is therefore at the inter- 
section of its dia<ronals ; that of a circle, ellipse, or any polygon, at 
its centre of figui-e. The centre of gravity of a ring is at its 
geometrical centre, and tlie same ia true of the perimeters of all 
polygons. 

146. Centre of Gravity of a Triangle. The centre 
of gravity of a triangle is on a line joining the vertex unth the mid- 
dle of the bnse, at a distance from the vertex equal to two-thirds the 
hnglhof that Une. Let ABO, Fi^,'. 01, be a trianirle. From ^ 
draw AD to the middle point D of BC, also from B draw BElo 
the middle point E oi AG. The lines AJ), BE, each divide the 
trinngle into two equal parts ; bence the centre of gravity must 
lie on each line, and is therefore at Q, tht'ir point of intei's action. 
To determine the jiositiim of Q, draw ED. ED is parallel to 
AB because it divides AG, BC, proportionally. Hence the tiian- 
g!es ABG, EBO, are similar, and 

EB i AB x: Z)G : BC. 
Also as ABG, EDO are similar, 

ED : AB :: GB : GA, 
whence DC : BC :: GD : GA. 

But BO = JSCby construction, heuce GD = ijGA — fjAD, or 
AG = ^AD. 

147. Centre of Gravity of any Polyiron; The 
centre of gravity of any polygon may be foimd by dividing it into 
triangles. Thus let ABODE, Fig. 62, be a polygon. Drawing 
BE, BB, it is divided into three triangles whose centres of gi-av- 
ity areat g, /, g". Join g, ff. The centre of gi-avity, g'", of the 
portion ABdE, must lie on gg', and miy be found from the pro- 
portion g^" : ^g"' : : EBD : ABE, as the weights of EBB, 
ABE, miy be supposed to be coucenti-ated at a, g'. Now join 
g"'g". The centre of gravity, of the polygon ABGBEra\m(, lie- 
on this line at a point (7, so situated thit 

g'-'G : g''G : : ABE + EBD : DBG. (88.) 
This process oaii evidently be applied to polygons having any 
number of side.i, and G ma.y be found either graphically or by 
trigonometrical calculation. 
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CENTRE OF GItAVlTY OF SOLIDS. TT 



148. Centre of Gravity of Solids, In the case o' 



_ 'iiiiietncrtl about any plane, the centre of 
gr.ivity evidently lies in that plane. Hence the phinea of syni- 
tnetry detennine the position of the centre of gi-avity. If a solid 
has two planes of symmetry its centre of gravity lies in theiv line 
of intei'section, if thvee, at their point of intei-section. Hence the 
centre of, gravity of & cube, sphere or any regulav polyedron is 
at its centre of tigure; , 

The centre of gravity of Unea, suifaces or solids, with the excep- 
tion of the moat simple ones, are best found by analytical methods 
requiiHng the use of tlie Culculus, 

149. Centre of Gravity of Pyramid. As it is fie- 
quently necessary in physical problems to know the position of the 
centre of gravity of a pyramid, we ^ve a geometrical demonstra- 
tion. 

The centre of gravity of a pyramid lies in the line joining the 
vertex with the centrs of gravity of the base, at a distance from 
the vertex equal to three-fourths the length of that line: 

a. IHanpular Base. Let AJB GJ), Fife, 63, be a pyramid having 
a triangular base ABC. Draw AE, BFimm the vertices A, B, of 
the triangles ^i7C,,SJ>C to the midfJle of their comiiion base CD. 
Let g be the centre of gravity of BD C, / that of AB C. Draw Ag, 
B{f. The centre of gravity of the pyramid lies in Ag^ for the pyra- 
mid may be considered as built up of a series of triangular prisms 
with bases parallel to BBC, and having a very small altitude; the 
centre of gravity of each of these lies in Ag, lienoe the centre of 
gi'avity of the whole pyramid lies in that line. It also lies in B^, 
fiince B may be takeu as the vertex, and A CB aa the base of the 
pyramid, which may then, be considered an composed of a series i>f 
prisms with bases parallel to j4i>(?, and having infinitesimal alti- 
tudes. Hence as Ag, B^ are in the same plane ABE, it must be 
at Q-, their point of intersection. To detei'mine the position of G 
join gg'. As gGg', AGB are similar tiian[i:lc9, 

gg' : AB :: Gg: GA. 
And as gEg\ BEA are similar, 

gif : AB:: gE: BE. 
Combining these proportions, 

gE : BE : : Gf, : GA 
But gE=^ BE, therefore Qg ^ ^ '&A = l Ag. 

b. Any Base. If the base of the pvramid ia not a triangle let 
it be any polygon whatever, .ffC'Z'-S'i^, 'Fig. 64. Divide the poly- 
gon into triangles BCD, BBE, etc., and jiasa planes ABB, 
ABE Wxowgh. the vertex ^ and the dii^onak BB, BE. The 
whole pyramid is thns divided into a aeries of tvlnngnlar pyramids. 
Lot g be the centre of fjvavity of the polygonal biise, and draw 
Ag. T^ie contra of gviiv'ity of thu pyviimiil is upon this lino, wince 
that solid may be supposed to be built up of a seriea'of prisma 
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with bases parallel to BCDEF, and of veiy small altitnde, eiich 
of wliose centi-es of p;i-avity (and hence the ct'ntre of jiravity of 
the whole solid) would he on Ag. It also lies in the plane of the 
centres of gravity of the triangular pyi-amids, into whieh the whole 
pyramid has heen decoinposod, that is, in a- plane parallel to the 
base BCDEF, and cutting Ag at a distance of thi-ee-fouiths ita 
lensth fi'om A. Hence it must be at the iutei-section of that plane 
with^j, or at a point (} so situnted ihsAAG^ J Ag. 

150. Centre of Gravity of Cone. Since acone may 
be conKiderud as a pyramid witi) an infinite number of faces, it fol- 
lows that the centre of gravity of a cone is Biiuated on the hue 
joining its vertex with the centre of ita base, at a distance ii'om 
the veitex equal to f the length of the line. 

151. Centre of Gravity of Systems of Bodies. 
The centre of gravity of connected systems is readily found by the 
application of the precerling piinciples. 

Let A, S, Fig. B5, he a system composed of two bodies. The 
mass of ^ may he conaideiTd as concentrated at its centre of 
gravity g, that of Ji at g'. The centre of gravity of the system 
must evidently lie at some point Q on g^, so situated that the 
momenia of A and S relatively to it are equal. Hence ita posi- 
tion may be determined from the proportion 

Gg (?/ weight B weiqkt A (89 ) 

In the case ot isjstem contammg moic tlian two bodies the po- 
sirion of the centie ot gimty may be deteiniiiied by a process 
Biniilar to thnt used m theeiseof an iiies^HKr polygon (§ 146, 
p. 76). The apphoaUon it thee pimciplea to eUe ided systems 
of bodies is ot s»ie it im] oitanct m iistionom'v 

152. Cenirf of Gravity of Two Bodiea con- 
nected by ato^icgenaous Rod. fohnd thecentreof grav- 
ity of two bodies connected by a rod we firstfind the centre of grav- 
ity of the bodies themselves, and then find tliu centre of gravity of 
tiie rod. By considering the weiglit of bodies ns concentrated at 
their centres of gravity, and that of the rod as concenti'ated nt its 
middle point, we readily determine the centre of gravity of the 
whole system. Thus let A. B, Fig. 65, be the bodies, and .y/ 
the homogenous rod connecting them. The centre of gravity of 
A and B la at &, th:it of g/ at O. The centre of gravity of 
the whole system Is at ir, so situated that 

C'x : Gx :: iceight of A -\- B : weight of gg". (90.) 

153. Distance of Centre of Gravity of two or 
more Bodies from a Plane. The diuanee of the centn of 
grnmty of any numher of bodies from a plane is equal to the qnoli^nt 
arising from dividing the product of the weight of each hodg into 
the distanre of i's centre of gravity from that plane, hy the svm of the 
weights of (/le hodies. 

This follows directly from equations (70), (71), (72), p. 73. 
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For let ZO Y, Fig. 56, be the pliiiie in queation. The weights of 
the boriios may be repreaentecl by F, F', F", F", and considei-ed 
as pariiliel forcca applied at points (a;, y, 3), (ic', y', z'}, eto. The 
distnncee of the centres of gravity of the separate bodies from 
ZOY aie x, ic', as", x". 'i'lie nentre of gi'avity of the system of 
bodies will therefoi'e be the centre of these parallel ibvceg, which 

i:fx 

lies at a distance a;, from ZO Y, so situated that x, = —yrr ■ 

154. General Analytical Methods. The equatione of § 1S6 (70, 
71, 73) fiiriiisii jt general method of dett-rmining the position of the <rentre 
of grayity of a system of botlit'S by refe«!nce to triliiiear cooidinates. If 
we substitute for F, F', ete., in those equations the quantitaea M, M', etc., 
the iveijfhts of the boiiies, aud denote by (a;,;/, 2), (i', y", 2'), etc., the coor- 
diniites of tliuir cBiitiiJS of gravity, the coordinates x„ y,, z, will ^\y<i the 
positioa of the comnioD eentre erf' gravity of the syRtem, this point being 
the oentre of a to mbi nation of parallel forces M, M', M", M" applied at 
points fa;, y. x), (a/, ij , 2'), etu. Hunce we obtain the following winafions, 
in which ar„ i/,. z, !u-c the coordinates of the centre of gravity of the sys- 
tem of bodifs M. W, M", J/", 

tMx , XMy . -LMz ,^ , 

'■=-sr (»■■) i'- = w ("■) ''^-m <»'■) 

166. Application of the Calculus. Theprocessesof integral cakulits 
enable us to apply the preceding method to the determination of the posi- 
tion of the centre of gravity in (he case of a bo;ly of any regular geomet- 
rical form, as all liodies may be considered as systems of particles. Equa- 
tions (91). (02), (93) are evidently true, whatever the magnitude of the 
masses compoaina; them; hence, if we imagine a body to ba uivided into a 
Bevies of infinitesimal weight-elements, they still hold. Suppose this divis- 
ion to take place in tlie ease of any body, and let rfJfbe the element of 
weight, X, jit z, the coordinates of iLs centre of gravity. The moments of 
any weight-element rebitively to tie axes 2, X, F respectively are xdM, 
yilM zdM, and the sum of the momente represented in (91), (92), (93), 
by IMx, ■ZMij, tMz, must be rcplnced by JxdM. /iiiIM,jhiM, as dM is 
an infinitesimal. Also SM must bo repUced by /dM. Hence for any 
body whatever the coordinates of the oenti'o of gravity are 

If the body under considei-ation is homogeneous dM is equal to itg volume, 
which is a volume element ilV, mnltiplied by tlie wciglit ot a unit of mass. 
As lliis latter factor is a constant, for hoLiiogeneous bodies 

^ = -fi:, („.) ,, = fi:, (»8.) .=ff. (...) 

Tho manner in which the body is supposed to be divided to form weight- 
elements is different in dilFtirenC ca-ies, as certain modes of im»ginftry divis- 
ion oftentimes simplify tlie problem vei'y greatly. The integnitions must 
of course be taken between limiln, as indicated by the conditions of the 
problem to be solved. For the practical application of the pvcccdhig prin- 
ciples tlie student is referred to tlie standard treatises on analytical me- 
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156, Theorems of Pappus. An interesting application 
of the principles which we h:ivo demonstrated in the precediBg 
pages is found in the centrobarya method of detenninhig the vol- 
ume of solids of revolution, and the contents of surfaces of revo- 
lution. The principles of this method were first stnted by Pappus 
of Alexandria (380 B. C), and are hence called after hiin. They 
are also known as the J'Hnciples of Giddinus, fi-om a inatbenaa- 
ticiiiu who i-epublished them about 1640 in a work on centres of 
gravity of lin^, siivCaces and solids. The fli-st I'eal demonstration 
of them, however, appeiu-ed in 1647 in a work by Cavalieri.' They 
ai'e 88 follows: — 

I. The volume of the solid generated h) the revolution of a stirface 
ahovi an axis in the same plane with it, ie equal to the area of the sur- 
face muMplied hy the circumference deacrihed l>ff its centre of gravity, 

II. The area of the surface generated bff the rotation of a tine 
about an axis lying in the same plane with it, is equal to the. product 
of the line into the circumference described by its centre of gravity. 

Let ABO, Fig. 66, be a sui-fiiee generating the solid, of which 
ABC -JDJUF is a part, by its revolution about the axis ^. 
Any element of AB C, as P, generates a solid hy its revolution, 
as indicated by the dotted lines, and the suni of the solids thus 
formed by the elements, F, F', etc., of which ABC is composed, 
is evidently equal to the n'hole solid of revolution. Supposing 
these elements to Vie very small, and denoting by r, r', etc., their 
distances FM, B'S from tiie axis JT, the prismatic solid described 
hy P—2!:r XP; that described by P' — 2^r' X P, nnd s© on, for 
all the elements. Hence the volume of the whole solid ^^ 

2-j- X P +.2:t/ xP + 2-V XP" . . . + 2r.r-X P'-^ 
1:z{Pr + P'/ + -P""-" ■ ■ ■ + P'r"). Now if the distance of the 
centre of gi-avity of ABC from or. be denoted by Tn, we have from 
the demonstration of § 152, p. 78, Pr + Pr' + P"/' . . . + P"^ 
— r^{P + P' + P" + . . P"). If each of these equals be multi- 
plied by 2rr, we have 2^(Pr + P'K + PV . . . + PV") — 
■ir.r^{P + P" + P" . . . + P"). But P + P' + P" . . . + -P' = 
volume of ABC, 2-co ia the circumference described by its 
centi'e of gravity, and the first member of the equation represents 
the sum of the solids generated by the elements of ^^C^that is, 
the whole solid of revolution. 

Theorem 11. follows directly from Theorem I., since a line may 
be considered as a siirfaco of infinitesimal width, in which case the 
solid of I'evolution penei'ated becomes a surf loe of revolution. 

If the surface ^^C revolves only throagh an auf^le a instead of 
making a comj)lete revolution, the volume of the solid generated 

' See TAe Theorem of Pnppui, by .1. B. Henok; Matkenatioai MoTUhly, Vol. i., 
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As an illustration of tiie preceding let us take the oase of the larM 
formed by tlie revolution of a circle about X. Let tlie'area of the circle 
be nR% and r^ the distance of iia centre fi-om X Then the volnoie of the 
torUB generated = 2iir^ X "R"'- 

Agwn let it be required to find the area of the circle generated by ihs 
revolution of its radius R about X, by the centrobarye method. The 
length of the revolving line is R, the distance of its centre of gi'avity from 

X, j'o =^ -„-■ Hence the surface generated =; 2i -5- X ^ ^ nli^. 

Equilibrium of .Bodies as affected by Position of Centre 
of Gravity. 

157. Case of Suspended Bodies. Since a body is 
upbeld when its centre of gravity is supported, the nature of the 
equilibrium of a body is determined by the pOBition of that point 
relatively to tlie points of Support. We consider first the cJise of 
suspended bodies. 

That any suspended body may be in equilibrium, its j)oint of 
support and centre of gravity must he in the siime vertical, be- 
cause the resultant weight is then applied directly at the point of 
suspension, and is balanced by its reaction, ITiree cases may 
arise ; 1, when tlie centre of gravit;?^ is below the point of suspen- 
sioii ; 2, when it is above . the point of suspension ; 3, when the 
centre of gravity and point of suspension coincide. 

158. Siable Equilibrium. If the centre of gravity is 
below the point of suspension, the body will return to its former 
position of equiUbriiim on being removed from it. The equilibJ 
nam in this case is therefore stable. Thus let MN, Fig. 67, be a 
body suspended at S. Let C be the position of the centre of 
gravity when removed fi-om its position of equihbrium, so that S 
and G' ai-e not in the same vertical. The total weight of the 
body acts du-ectly downward through G', and may be represented 
by O'A. This force may be resolved into two others represented 
by G^JS, (rC, the foi-mer of which simply produces pressure on 
the pivot at S, by the reaction of which it is balanced, while the 
latter produces a rotary motion about S as an axis. Hence the 
body can not come to rest until CC becomes equal to zei-o, which 
occurs when & takes the position G in the same vertical with S. 

159. Unstable Equilibrinm. Unstable equilibrium oc- 
curs when the centre of gravity is above the point of susi'dision. 
In this ease, if the bodybe moved so that the two are no longer in 
the same vertical, it will not return to its former position, but will 
revolve about the point of suspension till the centre of gravity 
reaches the lowest possible position. This will be seen by an in- 
spection of Fig, 68, in which O'A represents the weight of tlie 
body, G'£, G'O, its components as before. 

160. Neutral or Indifferent Equilibrium. A body 
BKspended at its centre of gravity will remain at rest indifferently 
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in any position, tte total weight being always applieri at the point 
of Buspension, however the body miiy be moved. Tliis is neutral 
equUibriuin. 

The various conditions of eqnilibrium may be illustrated ex- 
perimentally by suspending a wheel successively on axes passing 
above, below and through its centre. 

161. Slxperimentcd Method of finding Position of Centre 
of Gravity. From what pretedua it appears! that the equilibrium of any 
anspenlled body ia stable only when the centre of gravity is at the ioweet 
possible point, so that if any body be snepended freely its centre of frrarity 
will HBBume tlila position. We are thus ftirnislied with a metliod of finding 
the centre of gravity by experiment. For example, suppoae it is required 
to find this point in the ease of a thia sheet of metal MN, Fig. 69. If it 
be suspended from a point S the centre of gravity will aasome the lowest 
■possible position. Hence if a pltimb-line SB also bo hung from S the cen- 
tre of gravity of the surface of MN must be somewliera on the line ST. 
Marking this line on MN, let the body be suspended from some other 
point, aa jS. The centre of gravity of the surftco will now be on SB, and 
as it is also on ST, it will be at G, the intersection of these two lines. The 
centre of gravity of the plate must tlierefore be on a perpendicular to tlie 
surface passing through G, at a depth equal to half the thickness of the 

162. Measure of Stability of Suspended Bodies. 

The stability of any suspended boily is measured by the force re- 
quired to hold it in an inclined position, which is equal to the force 
with which it tends to reassume its position of stable equilibrium. 
The stability is proportioned to the weight of the hody multiplied 
by the distance of the centre of gravity below the axis of suspm- 
sion. Let MN', Fig. 70, be the body under consideration. G its 
centre of ^-avity, and S the axis of suspension. The total foi-ce 
tending to move it is the moment of its weight, or WX SP. If 
now we suppoae the centre of gi-avity to be lowered to 6'', and the 
weight to be changed to TTCthe new moment = W X SP". 
HcLioe calling Jfand M' the stabihties in the two cases, we have 
M -.M' : W X SP: W X SP', or d^i SP : SP' : : 8G ; SG\ . 
M:M'::WXSG:W'XSG'. (100.) 

163. Equilibrium of Bodies resting on a Hori- 
zontal Plane. A body resting upon a horizontal plane is in 
equilibrium whenever the vertical passing through the centre of 
gi-avity falls within the b^e, as in that case the weight is directly 
opposed by the reaction of the supporting surface. Thus if G be 
the centT'e of gravity of AB, Fig. 71, the body will stand, as GM 
falls within the base ; but if it be raised to (? by the addition of 
the piece AC, the body will be overturned aa (fM' fiills without 
the base. The veitical through the centre of gravity is often 
called tlie line of direction. The truth of this proposition may be 
verified by suspending a plumb-line fiorn G and G". If the base 
of the body be curved, the line of direction must evidently pa^ 
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thvough the point in which this base touches the plnne on which 
it rests ; otherwise the body will roll until that position is as- 
sumed. 

The base of a body i-estiug upon a point is evidently that point ; 
if the body is sapported by two points, the hne joinhig them may 
be considered as the base ; if on three or moi'e points, the base is 
the polygon inclosed between the lines joining the pointe of sup- 
port. 

184- lUustcatioHS and Applications. So Ions as the vertical 
through G litis withiu tlm liaee the boily is secure. Thus the leaning 
toivera of Pisa and Bologna liave etooil for oeiitui'ies, because alchoiigb t.licy 
deytatB from the perpendiculttT by a, eousideciible amount, Uio line of dii^'i;- 
tion still falls so far witiia their bases that no ordinary shot'k ttduIiI be s if- 
fioient to overthrow them, JiTie height of the tower at Pina (whieh is ihe 
cmttpanile or bcU-tower of the cathedrai) is in round nninburs 87 m., anJ, 
the diameter of its base is 17 m. It is Inulinud 4.7 m. ftvm the perfeodic- 
ular, but the vertiufd through the centre of gravity fallB 3 m. within lie 
We. The leaning tovirer of Asinelli at Bolc^na is 100 m. in height, nith 
an inclination of 1 m. 'Bm Garisenda to^yt■r in the same city is 63 m.high. 
with an inclination of 3 iiv.i 

The principle explMned in tlie first part of § 163 furniahes anotlier ex- 
perimental method of obtftining tiie centre of gravity of a body. Iliis 
may be done by balancing it on its edge, in which case the centre of 
gravity must lie ia the vertical plane passing through that edge. Balanc- 
ing a body in three different positions determines its centre of gravity, 
which must he the point of intersection of three vertical plae 



■ough the edge ia tliree successive poeilioiiB of the Bupported body. 

The equilibrium of a body bounded by plane sur&ces is stable when the 
body reets upon a side, and unstable wue»i it rests upon an angle. If a 
bod; be rolled it assumes positioDiS of stable and unEtabU equilibrium alter- 
nately. The equilibrium of a body resting op a borticmtat surface is evi- 
dently indifferent so for as motion in a horizontal plane is concerned. 

105. Body with curved Surface. — njetacenter. 

The nature of the equilibiium of a body ha\ing a cni^ved sai'fiice 
is tietei-mined by the i-elative position of the ceiitre of griivity and 
a point known as the metacenter. Let ACD., Fig. 72, be a solid 
bonniled by a ouiTed sui-faoe, and resting on a plane MQ. , That 
it may be in eqailibrifim the axis A.B must be vertical, as only in 
th;it position will the line of direction fiill within the base. Sup- 
pose tiow thiit the body be moved slightly to eotne new position 
ill wliieh AJi is not vertieal. It will then be acted upon by two 
foi'ces, the resultant weight acting downward through G, and the 
reaction of the eurface MQ acting upward along the line PM. 
The point M, m which AB and PM intersect, ia called the meta- 
center of the body. 

The forces through G and Jifforvn a coiiple, na iri'licated by the 
arrows, the tendency of wbicb ia to make ACD return to its orig- 
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inal position, so long as the centre of gravity is beSow M. If it 
assumes the position &, above M,^ the tendency of the coii|ile is 
to overturn tne body, and the equilibrium of tlie body in its oi^gi- 
nal position is unstable. If M and G coincide, tlie body i-eniains 
at rest in any position. 

Hence the equilibrium is stable, unstaMe or indifferent, accord- 
ing as the centre of gi'avity is below, above oi- coincident with the 
metacenter, or, in general, the equilibrium of a body with a 
curved surface is the same as if it were suspended at its meta- 
center. 

166. Equilibrium of a Body resting on Inclined 
Plane. Under these circumstances there is equilibrium when 
the line of direction falls within the base, precisely as in the case 
of a body resting on a horizontal surface. 

167. General Criterion of Eqtdlibrium. The dif- 
erent conditions of eqiiilibi-ium demonstrated in the preceding 
paragraphs may all be comprehended in a single proposition, 
as follows : — Tn whatever manner a body is supported, the 
equilibrium is stable when on moving it the centre of gravity 
ascends, unstable when the centre of gravity descends, and in- 
different if it neither ascends nor descends. 

This will be seen to be tnie of snspenfleil bodies by a pimple inspection of 
Kkp- 07. 68. In the cnee of a. body ri-Pting on a baee, as AB, K^. 71, O 
will evidently rise if AB is slightly rotated abont eitlner eilgts of its hone. 
If AB rested on an angle, na B, tlo equilibrium would be nnftable, and 
G would then occupy its higlieet possible position, eo that on disturbin^r the 
body O would move in a deseending curve. A con fidt ration of Kg. 72 
will show that when a body rests on a curved base, if the Geotre of gravity 
be below M, as at G, it moves in an ascending cnrve on disturbing the hody, 
while if it is at G' above M. it moves in a descending curve, And if at M 
tlie motion is in a horizontal line. 

If tlie surface of the body possesses a different curvature in different 
planes, the body may be in stable, unstable, or indifferent equilibrium, ae- 
eording to the portion of its suiface on which it rests. Thus an ellipsoid of 
revolution is ia unstable eqnllibrium with regai-d to motion in any plane If 
placed on either extremity of its longer axis, wliile if placed on its shorter 
axis its equilibrium is stable widi regarrl to motion in the vertical plane 
passing through its major axis, and indifferent with regard to any plane at 
right angles to this. 

168. Experimental lUustrationS. The preceding principles ex- 
plain the rleportment of the toys so frequently seen, wliich represent a gro- 
tesque human figure mounted on a curved base^, Tlie figure persistently 
rfsmnes its upright position when laid upon its side. This is expiained by 
tlie form of the curved surface constituting the base, which ia so constructed 
that the centre of gravity shall be in its lowest possible position when the 
figare is upright. A method sometimea used to cause an ef^ to stand on 
one end is. also capable of a nimilar explanation. The yolk of an egg ia 
eontaineJ in a sac nearly coneentriu with the white, and is soiiieiyhat 
denser than the latter. By a vigorous shaking the yolk-sac may be broken, 
and the heavy liquid then falls to the lower end of the egg when tijis ia 
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set upvight, thus bringing tlie centre of gravity to a point so low that nn_y 
motion rf die e^ tends to raise it. Another esporiment often shown is 
that of causing a wooden cylinder to roll up an inclined plane. 'Oils is 
done by weighting a portion of the cylinder witli lead, so that Uie centre of 
gravity does not coincide with the centre of magnitude. The cylinder 
can easily be so placed that the rotation produced bv the tendency of the 
centre of gravity to assume the lowest possible position at the same time 
causes the body to ascend the plane. The slope of the plane must of 
coarse be so small that the rise of the centre of grarity caused by the as- 
cent of tlie plane shall be less than the fall due to the rotation of uie cylin- 
der. A similar explanation applies to the esse of two cones nnit«(l at tlicir 
bases, which can bo made to roll tip two inclined planes set at a suitable 
angle. lu this case, aa in the last, the centre of gravity really falls, ainee 
the rise caused by the rolling of ttie cones up the plane is less than the fall 
produced by the slinnltaneous approach of the points of support to their 

X69. Practical Illustrations of Equilibrium. AH the attitudes 
and movements of animals are regulated with regard to the position of the 
centre of gravity of their bodies. In man, when erect tlie centre of grav- 
ity is about in the median line of the body, but its place chMiges with 
every change of position. The whole art in feats of posturing consists in 
keeping the line of direction within the base formed by the feet. If a limb 
be estended in any direction tiie centre of gravity moves in the same di- 
rection, but if some Bther portion of the body be thrown toward the oppo- 
site side the equilibrium is preserved. When a porter canies a load upon 
his back he must bend fbrwanl, while a nurse carryii^ a child in her anus 
leans backward, otherwise the line of direction falls in one case behind the 
heels, in the other in front of the foes. Fur a like reason when climbing a 
steep hill we bend forward, and on ^BBceiidiog it we lean backward. The 
ai't of walking on stilts depends on the ability to keep the centre of gravity 
directly over the narrow base formed by them. The same Is true of the 
art of walking or dancing on the tight rope. In this case the pcrfonnur 
generally carries a heavy pole, by moving which In any direction he t-an 
more readily bring the centre of gravity to the desired position, thus mak- 
ing his feats far easier and more graceful than if on:iSiiated by this aid. 
When a (luadrupel progresses it never raises both feet on one side simul- 
taneously, for iu that case the centre of gravity wonld be unsupported, but 
the fore foot on one side and the hind foot onrthe other are lifted together 
in trotting, the foi-e foot a little in ailvance in walking, or else, as in gallop- 
ing, the two ibre lei>s are lifted, and the bo ly projected forward by the 
spring of the hind le^s. The principles of equilibriuni eicpliun the differ- 
ent feata of balancing long poles, swords, etc., in an upright pwition upon 
the hand. Feats of thisltind are made much easier if a horizontal rota* 
tion is given to the body which is b ilanced, because the centre of gravity 
describes a small circle about a fixed potut. so that even if it is not directly 
over the baiie the ilirection in which it tends to fall ia constantly ehangin";, 
causing a preservation of equilibrium. It is thus that a top remains verti- 
cal when spinning rapidly, but falls wlien at rest. Tlie same explanation 
applies to the common experiment of balancing a plitte upon the point of a 
sword. Tills is Impassible if the plutc is at rust, but If it be uuule Co whirl 
rapidly no dilHculty is experienced. 
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170. Measure of the Stability of Bodies restinir 

on a Plane. — Statical Stability. We may consider the 
Bt^ibility of a body iitidor two nspects ; let, in relation to tlie force 
necessary to move it from its position of equilibrium ; 2d, in rela- 
tion to the foi-ce -required to completely overturn it. The forces 
eserted iti these two eases determine the statical and dynamical 
stability of a body. 

Statical Stability. This is measni-ed by the force necessary to 
begin rotation about on angle of the body. Let MN, Fig, 73, be 
a mass resting on a hoi^ontal plane, and suppose a force ^ to be 
applied along the line OF. If any obstacle be placed at 2^, so 
that JOTcaiinot slide along the plane, j^ will tend to rotate jJOT" 
about W. The raomeut of ff relatively to an axis through N is 
F X -ON. The moment of the weight W of the body tending 
to prevent motion is TF" X PN'. When motion begins, F X .DJST 
— TT X PN. Hence W X PJ^ mensnres the statical stability of - 
jtfiV^ and this is jointly proportional to the weight of the body 
and to the distance of the foot, the vertical through its centre of 

gavity from the axis about which rotation tends to take place, 
ence the greater the weight and the bi-oader the base the greater 
tlie statical stability of a body, which is, howevei', independent of 
the heiglit of the centre of gravity. If the distance ■PA'' is differ- 
ent in diffei'ent directions, the stability of MN varies according to 
the direction of tlie force IF. 

The product WX PN'is called the moment of stability of the 
body MM 

171. Dynamical Stability. The dynamical stabilitj;of 
a body is measured by the moving force expended in overtumirtg 
it. To accomplish this in the liase of any mass JlfiV^ Fig. 74, it 
must be revolved about one of its angles iVJ until the centre of 
gravity, which desci-ibes the curve GJI, reaches its highest point £(J 
after which the action of gravity will complete the overt nming. 
Hence the *^hole force is expended in raising G through the vertir 
Cid height S^L. The power reqiiii'ed to do this must be propor- 
tional to the weiglit Wot the body, and also to the height MZ, 
through which this weight is raised ; hence it is nieusured by their 
product W X IIL. If the centre of gi-avity occupies a more 
ele*'ated position G', the distiinoe S'Ij' will be less than JIL, 
hence less power will in that case be required to overturn the 
body. Therefore the dynamical stability of a body increases with 
its weight, and diminishes with the elevation of its centre of 
gravity. 

172. Practical Illustrations of Stability. Many illustriitions of 
the tivo Icinda of stability iiiay be i/ltwl. A pyraroii! otcbs its great firmnuEB 
to tliu bi'Uiullli of its base anil tlm low pOBitiim of the centri; of gravity. 
Walls are often strenjithened ivith. small txpeiirlituro oi mstiM'inl by build- 
ing offliuts or by balterm/ tlio side towaril whitb the furcua tending to 
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overturn them are diructed. A high, carriage is upset much more readily 
than a low one, because tlie centre of graviC)- is higher, bo that a smaller 
horizontal foree ovei-comes ita dynamiual stabilitj', and also if the road ia 
sloping a ieaa inclination is requir<jd to throw the line of direction outside of 
the base. For thia reasou wagons intended for (carrying heavy loads ai'e gen- 
erally made so aa to have the greater part of the load lower than the axles 
of the wheels. Quadrupeds have a m'lcb greater stability than man, be- 
cause of the broader base formed by their feet, hence their young acquire 
the art of walking far more rapidly than a child, which must first learn the 
art of balancing itself on its legs. The human figure ia moat stable when 
the feet are so placed as. to make the base as lai^ as poasiblo. If the 
heels are in contact tliis occurs when the angle of the feet is 90°. If the 
heels are separated bv an amount equal to the length of the foot, thijii' an- 
gle should he 60°. 



CHAPTEK X. 



Mec-hanicai. rowEiM. 

173. Ds^aitioi. Tiia forces subject to our use i.'.aii be 
applied only by meaiia of machinery of greater or lees complexity. 
Macliinus are either simple or compound. The tilementaiy ma- 
ehinea to which all , systems may be reduced are called the 
mechanical powers. They ai-e seven in number, viz.: — the feu er, 
whsd and axle, cord, pulley, inclined plane, wedge, and screw. 
These may again, in principle, be reduced to three, the leoer, cord 
and inclined plane, the iirst of these comprehending the lever and 
wheel and axle, the second the cord and pulley, the third the in- 
clined plane, the wedge and the screw. 

The force applied to a machine is criUeil the power ; the oiiposi- 
tion wliiuh it is to overcome is the weight oi' resistance. 

I. Lever. 

174. Definition. A ^euec is a rod either crooked or 
straight, moving about a fixed point called the fulcrum. The 
theoretical lever, which we proceed to consider, is supposed to be 
without weight, and absolutely infle.tible. 

For convenience of description, levei^ are divided into tlii-ee 
classes, according to tlie relative position of the power, weight 
and fulcrum. WTien the fulcrum is between the power and the 
wdght, the lever is said to be of the first order, Fig. 75 ; if the 
weight is between the power and fulcrum, the lever ia of the sec- 
ond order, Fig. 76 ; and if the power is between the weight ajid 
ftdcrum the lever is of the tUird order. Fig. 77. In the two laat 
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oiassea the power ami weight act in o|))X)site tlirectioiis ; in tlie 
firet they act in the same dii'ectiou. 

175. Conditions of Equilibrium. There is eqnilih- 
liura with the lever when the moments of the power and of the 
weight relatively to tlie falonim are equal. Thus in the levera 
I'epresentetl in Fijrs. 75, 76, 77, 78, equilihrinm occurs when 
P X AF= W X SF, or when P : W::BF: AF. (101.) 

AF 
From (101) it follows that W = P ^jr. (102,), whioh shows 

that there is, in general, a nieohanicnl a<lvanta^ sained in em- 
ploying level's of the iii'st and second orders, while in those of the 
third order the power acts at a disadvant^re. 

When the lever j« atraight^ and the forct'S act at right angles to 
it, as in Figs. 75, 76. 77, tho amis of the foi'ces evidently coincide 
with the portions of the lever lying between them and the fnl- 

If any numhei- of forces act upon a leoer there will be equilib- 
rium when the cdgehraie sum of thnr noments relatively to the 
fulcrum if zero} 

176. Fressof e upon the I'ulcrum. P unA W h>An% baiani;e<i 
about the fulcrnm, thin must auetam a certain pnii=ini, ihie to their coinci- 
dent action. Fram § lOR (p. 59) it appears tlijit whtn P and W are in 
ef|nilibrium their resultant must pass through F, and the raasmtude and 
direction of this resultant, which is the preRsme un F, i an be dettitnined, 
Bs shown in § 106 (p. 59). If the tbroes act in parallel directionp, the 
preaaure on the fiilcvum in thai rfi'-ecfiim erjuals their alwbraic BQm. The 
pressure upon the fiilcrum in any o her diri ction can he found hy refiolving 
the resultant of P and W into two comporents, one in the required direc- 
tion, the other at light-angles to it. In east several ftircua aef upon a lever, 
the preasure on the fulcrnm equals Jie resi. Itaiit of nil of them. 

177. Fa.m.lLiar Examples. As fairiliar examples of the dilTen'nt 
kinds of levera, ive mention the foliowino;; 1x1 Order. A crowbar used to 
raise a weight, a hammer applied U' draw a nail, and the handle of a com- 
mon pump. Soiasws, pincers, etc., arecompoaed of two levers of the first 
order, the pivot being flie fulcrum, and the substance to be cut the resis- 
tance. Sd Order. An oar is a lever of the second kind, the water serving 
for the fulcrum, the hnnt heing the weight, and the muscular force of the 
arm the power. Tlie common vertical hay-cutter, and the machine used 
hy apothecaries for eompreasing corke, are additional examplea. So also 

aon wheel-barrow, the wheel being the fulcrum, and the load the 
d Order. In levers of this class the power is always greater than 
the weigiit, since its arm is less than the weight-arm. The treadle of a 
turning-laliiej or of a tsrinilstoae, is a good example. Tongs are also levers 
of the third order. VVe have another illustration in the use of a fishing- 
rod, the fish being the weight, tiie hand raisiua the rod the power, and the 
other hand the fulcrum. The mechanical disa/lvantage of this kind of 
lever is wall scan in the caaH of & man raisin;;; a lon:^ ladder againat the 

1 IntliypiBaeiit eliti|jter the Tomes iro nil "uppo^ert t" lie iu tlie fatna plana perpeu- 
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sidu of a buililiag. Tlie foot of the ladder is the fulcrum, and the weight 
laay be supposed to be eoncentratiiil at its centre of gravity; as the power 
must bo applied near the base, it must exceed the weight of the ladder 
unfil the inellaation of the latter becomes very sUght. 

178. Relative Velocity of Power and Weight. 

A consiflerittion of Figs. 75, 76, 77, 78, will show that if motion 
ensues aboiit the AilGriim, 

Velocity of P : VelocUu of W'- ■ AF: Ji^ :: iT : P. (103.) 
Hence the power moves throngl'i a proportionally greater distance 
than the weight in the fii-st two classes of lev era, while in the thii-d 
class a smnll motion of the power causes a proportionally large 
motion of the weight. 

The lat^r principle Le beautifullj' applied in the human system. Thus it 
is nenessavy to be able to move the hand over a considerable distance wiCli 
(he elbow-joint as a centre of motion, and this must be done by a compara- 
tively sli'^nt contraction of the flexor muscle of the fore-arm. One of the 
extremllj.es of this musule is attaehed to the upper part of the humerus, 
the other to one of the bones of the fore-arm, at a point very near the 
elbow-joint. Henee when the muscle contracts, the extremity of the arm 
is earned over a distance greater than the amount of the muscular con- 
traction, in proportion as its length is greater than the distance from the 
joint to the point of attachment of the muscle. There are also several 
examples of levers of the first and second classes in the human 'skeleton. 

179. Compound Lever. The compound lerer isaays^ 
tern of simple levers, so arranged as to act upon one another suc- 
cessively, as shown in Fig. 79. The power, _P, being applied at 
the extremity of the arm i of the flret lever, the arm I acts upon 
i' of the second lever, f in its time acta upon Z", and so on. The 
weight is applied at the extremity of I". Supposing the forces to 
act at right angles to X, I", the efiScienoy of the compound lever 
may be found aa follows : The pressure acting on I, =^ P, whence 
by (102.), p. 88, it follows that the pressui'e acting on X' or W =: 

P-f- Inlikemanner, thepi-eseure oni"^= Tf"=^ ^^^^^■^"7'"'y' 
In the same way we find ,the pressure exerted by I" to sustain the 
weight IF", is W" = W'^ = p~-^ -^ (104.), whence 
Px LXZ' X 1,"=^ W" XlXl' XV. (105.) 
If the forces do not all act at rightrangles to the levers, L, L\ 
U\l,V,l" vsiv&X, be considered as. the arwis of the forces P, W, 
W', TF". that is, the peipendiculars from J", F', F", dropped 
upon their lines of action. It is evident that the above demon- 
stration applies equally to all three orders of levers. Hence iAere 
is equilibrium wilA a compound leoer when the power multiplied 
hy the conUnited product of the power-arms is equal to the weight 
TJiuUiplied by the continued product of the weight-arms. 
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180. Effect of Weight of Lever. Hitherto we have neglected 
the weight of the lovoi- ftltos-ethei-. whU'h it is not genemlly ftdmlssiblo to 
do in practice. It remains, therefore, to explain the method of taking this 
into account. The we^ht of the lever may always be regarded as an 
additional force applied at its centre of gravity and acting vertically down- 
ward. Por prisniatie and cylindrical levera, the formnlie may be de- 
dueed in the foliowing manner. Call to the weight of the levei- in all 
cases. As this acts through ff, the middle point of the iever, the conditions 
of equilibrinm are that the algebraic aura of the moments of P, W, and «i, 
relatively to F, shall be zero. Calling the power-iirm L, the weight-arm 
I, and denoting right-handed moments by -(-■, left-handed by ™, the alge- 
braie expression of these conditions for levers of the first order is, 

—PL —y> ^(L — ly + Wl= 0, whence W = ' "^ '"f- — =-' (lOG.) 
For levers of the 9d order, 

PL — {Wl-\-w \L) = 0, whence II 
and for levers of the M order. 

Pi — (ir; + «)^ — 0, whence T 

181. Body resting on Props. An important application of the 
principle of the lever is the determination of the presBure sustained by 
each of two or more props supporting a loaded beam. Let AB, Fig. 80, 
be a beam resting on two props, A, B, and eustwning a weight W. Sop- 
pose B to be a fulcrum, about which W tends to turn the beam AB. The 
pressure exerted on A will be equal to the power which must he applied at 
.d to hold IT in equilibrium. Call this power P. Then from (101.), 

P : W :: BC -. AB, whence Pressure ob ^ = P = W^^^- <109.) 
In like manner, supposing .^ to be the fulcrum, the pressure on B, (J") is 
found from the equation, 

P' : W :: AC ■.AB,-yih&iv:ii Pressure (mB = P' = W -^. (110.) 

as might be inferred from the laws of parallel forces. 

In this demonstration we have not taken into account the weight of the 
beam AB. When this is necessary equation (107) may be used by consid- 
ering a power (P) applied at A ana B successively, to balance W -\-te, 
and solving relatively to P. 

182. Balance with Equal Arms. 

the applications of the lever are the vario«a ft 
used for weighing, as the common balance, steelyard, platform- 
scales, etc. We proceed to explain the most important of these. 

The common balance conasts essentially of a lever of the first 
order, AB, Fig. 81, supported at its middle point Fhy means of 

ilsitivelv to f . ^iitnB^KAB=iHAF+FB) 

■' =inL + i}—t^mL—i). 
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a knife-edge, and having two scale-pans G, D, suspended from its 
extremities. In one of these pans is placed the substance to be 
weighed, in the other the standard weight necessaiy to balance it. 
The lever AB is called the beam of tiie balance, #the fiitcrum, 
and A, S, the points of suspension of the pans. An index J is 
generally attached to show when the beam is hoiizontal, 

183. Characteristics of a good Balance. A good 
balance must possess the following characteiistios : 1, truth, that 
is, it must be so actuated that the beam shall be horizontal when 
the weights in the two pans are equ^ ; 2, stability, the beam 
should tend to ratum to its horizontal position when deflected fiom 
it; 8, sensibility, the be£un should be deviated from its horizontal 
position by a very slight excess of weight in either pan, and the 

freater the devhtlion with a g^ven weight, the greater the sensi- 
ility. 

To ensure tndh (1), the two arms of the balance must be of ex- 
actly the same length and weight, otherwise the weights in the 
pane would be unequal when the beam is horizontal. To find 
whether this condition is fulfilled, a body is placed ia one pan, 
and in the other the weight necessary to balance it. The contents 
of the pans are tlien transposed, and if the arms are equal tiie 
equilibnum ia still maintained. (2.) The scale-pans should evi- 
dently be of the same weight, so that the beam may be horizontal 
when they are empty, (3.) All the parts of the balance should 
be symmetrical about two planes passing through the centre of 
gravity of the beam; one of these planes coiitmning the longer 
axis of the beam, the other being at light angles to it. 

To ensure stability, the fulcrum J^, Fig, 82, and the ceiitrc of 
gravity of the beam G, should n<rt coincide, but should both lie in 
the ssmie perpeadieular Ji"*?, to the line AS joining the points of 
suspension, the centre of gi'avity being below; the fulcrum, (1.) G 
should not coincide with i'', ibr if this were the case the equilib- 
rium of the be£un would be indiSerent, and hence when inclined 
it would remain in that position, with no tendency to retuin to 
homout:tlity. (2.) df and T'' should be in the same pei-pendicu'lar 
to AB, for otherwise the centre of gravity would not oiicupy its 
lowest position when the beam is homontal. (3.) G should be 
beloto J^, for if it were above, the equilibrium would be unst.'ible, 
!md the beam would overturn on being deflected from horizontality. 

As the sensibility of a balance depends upon the weight neces- 
sary to deflect the beam through a g^ven angle, it is evidently 
increased by everything which diminishes the friction at the 
fulcrum and points of suspension. Hence for iine balinces it is 
customary to make the fulcrum F of hard polished steel, having a 
sharp knife-edge, and supported upon a plane surface of agate. 
The points of suspendon are also made of wedges of steel. The 
three knife-edges should be placed so as to be horizontal, Mid per- 
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peiidicular to the plane of the beam. They shoaM also lie in the 
same straight line AB, for the weights of the bodies iJaced in the 
scale-pans may be considered as applied at A and B, and if. the 
centre of these equal and parallel forces ie at F, they ■will produce 
no tendency to motion about that point, whatever may .be the 
position of the beam, so that the sensibility will be indepeadent 
of tiie weights in tlie pans. J% however, F is above the lia'e..^.£> 
the centre of the forces will be below i', and hence will tend to 
keep the beam horizontal, thus diniinishimg the sensibility of the 
balance in proportion to their magnitude. If F were below AB, 
the eqiiilibrinm wonld be unstable when any considerable weight' 
was coQtiuned in the pans. 

The other conditions of sensibility may be deduced as follows : 
Suppose weights i*, $, to be placed in the scale-pans, .^ being 
greater than Q. The beam is deflected in the direction 'of the 
greater weight, assuming an inclined position, as shown, in the 
tigure. (Fig. 82.) There is now equilibriutn between the moment 
of the deflecting force P, — ■ Q (the excess of weight iu, the left 
hand pan) applied at A, and the weight of the beam, w, applied at 
G, and tending to restore the beam to hoi-izontality. Hence when 
the beam comes to rest in an inclined position, the moments of 
these forces i-elatively to .Pmust be equal; that is, 

{F—Q)XCF = wX mFi 

Denote the angle QFA = mGF hy «. Then CF = AF cos a, 

mF = OF sin a. Sul:«tituting these values in the above equation, 

(_P — §) X ^-Fcos a =:w X GF%va o, whence 

_ {P-Qyx.AF 

*^"S " = -mXGF ■ t"0-) 

Now the angle a, through which the beam is inclined by a given 
excess of weight F — §, measures the sensibility, which therefore 
increases as tang a increases; that is, (1.) as the ann AF is 

freater, that is, as the beam is longer ;. (ii.) as the weight of the 
earn M is less; (3.) as the distance of the centre of gi-avity of 
the beam below the fulcrum {FG) is lees. 

Practically these conditions are true only within certain limits. 
If the beam is too light, or if the arms ai-e very long, they bend 
under the action of the weights in the pans, thus bringing the 
centre of , these forces below P, and so diminishing the sensibiUty. 
Also if (?,' isi too near F, a light weight deflects the beam by an 
inconveniently large amount. 

184> Measure of the Sensibility of a Balance. 
The sensibility of. balances maybe compared by obseiTing ■ the 
angle through which their beams are inclined by a weight placed 
in either pan. Thus if a weight of 1 mgr. incline one balance 
through half a degree, and another through 1 degi-ee, the second is 
twice as sensitive as the first. An easier method is by determin- 
ing the smallest additional weight that will turn the balance per- 
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ccptibly when tliis is loaded by a given amouBt. For example, if 
a balance carries a load of 1 kgr. in each pan, and the smallest 
weight capable of deflecting itsoeam is 1 mgi-.,, the balance is said 
to be sensible to TuuJ-yTfTF of tbat load ; that is, with such a bal- 
ance the weight of 1 kgi-, can be determined within 1 mgi-. The- 
oretically, the sensibility of a balance constructed as described, la 
independent of the load, but practically it diminishes -as the. load 
increases, because (1.) a slight ben<3»ug of the beam occurs; (2.) 
,th^ Motion between the kuite-edges and their supjiorts is increased 
by the addition^ pressure.;- and (3.)'' it ip practically impossi- 
ble to get the three knife-edges exactly in liiie. For these reasons 
the weight with which the balance is loaded must always be stated 
when the sensibility is eatimated by this method. 

Still another way of determining sensibility is by observing the 
iinmber of oscillations made by the beam in a ^ven time. When- 
ever the beam is removed from its position of equilibrium, it per- 
forms a series of osciliations about that position before coming tio 
rest. The slower these oscillations the greater the sensibility of 
the balance. The reason of thi^will be seen from Fig. 82. Sup- 
pose the pans of the balance to be empty, and let the beam be 
moved from its horizontal positioiii.nntil it- occupies the inclined 
position ^.S. The moment of the weight of the beam, which is 
w X GfF sin a, will now be exerted, to caiise it to return to hori- 
Bontality, and it wili vibrate" about the line CD in gradually 
diminishing ares, finally coming to rest with its axis coincident 
with that line. Now it is evident that the less the moment of the 
impelling force, that is, the less the value of io and G^, and hence 
greater the sensibility, the slower the oseillations. 

A good chemical balance should weigh to •^ mgr. when each 
pan is loaded with 60 gramnres. The best balances detect a dif- 
ference of load of 1 mgi'. with a wraght of 2 kgi-s, in eadi pan, a 
sensibility of smjiinnr inder.that load. A large balance con- 
structed by Saxton, of Washingtiji, and exhibited at the Paris 
Univeraal Exposition of 1867, turijed on the addition of a weight 
of 1 mgr. when loaded with 20 kgrs. in each pan, a ratio of turn- 
ing-weight to load of ^511^51511111 3»<1 ^ lai^e Ameiicnn balance in 
the Conservatoire des Arts et Metiers at Paris, detects a varia- 
tion of J. tngr, when loaded with 25.kgi's.' 

185. Construction of delicate Balances. Fig. 83 
represents a delicate chemical balance. The' beam A£ is of brass, 
and of such a form as to combine' sti-eiigtii with lightness. The 
fulcrum, ^,.is a knife-edge of hai-deueil, steel, resting upon a hori- 
zontal plate of agate firmly fixed to the column CD, sustaining 
the balance, A long index attached to AJB and moving before a 
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graduated scale G, sei-vea to detect the sligliteat inclination of the 
beam. The pans P, P\ are suspended from delicate knife-edges, 
A, B, and so adjusted as to bnng the centre of gravity of each 
pan- directly benenth the point of support. The beam is also fiir- 
nished with a vertical adjusting screw, M, by means of wliich the 
centie of gravity can be brought as neai- to the ftdcnim as is 
dewred, thus regulating the senability according to the delicacy 
de^redin any partioular case. To prevent unnecessary wear of 
the knife-edge forming the fulcrum, the balance is arranged so that 
by turning the screw, 0, the beam is lifted, and the fulcrum no 
longer rests upon the agate plate, in which position it is allowed 
to remain when not in use. A similar device is sometimes adapted 
to the wedges supporting the scale-pans. To screen the instru- 
ment from currents of air it is customary to inclose it in a glass 
case which is furniehed with leveling-screws V, V, in oi'der that 
the ftdcum upon which the beam rests may always be brought to 
a hoim^ntal position. 

186. Construction of Weights and Method of Weighing. 

The lar^e weights used with delicate balances (1 gramme and upwards) 
are generally made of brass, those of lesser denominations of sheet plati- 
num. The orass weights are carefully turned and adjusted by filing ; the 
smaller ones are made by cutting out a rectangular sheet of platinum of a 

' 'ei^t, as 1 gramme, and dividing this mto equal paHs, 10 for deci- 

weights, 100 for centierainiiiea, and so on. Occasionally platinum 

-..e is used mstead of sheet platinum. As very small weigbts are incon- 
venient to use, iDilligrauimes aaA fractions of a miiUgramme are frequently 
estimated by a different inetliod. Onearmof the scale-beam is divided into 
a scaleuf equal parts, and a small U-shaped bit of wire of known weight, 
called a rider, is placed upon it. The rider balances a greater or less weight 
in the<^positepiu) acuordinvtoits portion on the beam. The beam is read- 
ily graduated as IbUovrs. The rider weighing 1 cgr. ia placed upon it and 
moved until it just balances a half eenligrMnme weight, placed in the oppo- 
site pan. This point is marked, the weight removed from the scale pan, 
and replaced by a milligramme weight. The rider is now moved tovfards 
the fulcrum, until equilibrium is restored, and this point is also marked. 
Evidentiy when at the latter mark, the rider has the same effect as a weight 
of 1 mgr. in the a<yacent pan, and when at the first made mark it corres- 
ponds to a wei^t of 6 mgr. If now the space between these be divided 
into 40 equal parts, and the division continued towards the extremity of the 
beam, each divJMon will correspond to -^ mgr. 

The An- of Predion of Gallois has recently been substituted for the 
method of weighing by the rider, by several of the best French and Ger- 
man makers, " This is an expedient for making delicate determinations of 
fractional weights, by deflecting more or teas to the right or lefl an index 
needle attached to the beam of the balance beneath the centre of gravity. 
When this index points directly downward like the ordinary fixed needle of 
tiie balance, its effects upon the equilibrium of the balance is of course zero. 
When deflected so as to (brm an oblique angle with the horizontal asis of 
the beam, it contributes a poriion of its weight, dependant on the amount 
of deflection, to th« side toward which it Is mclined. When, in the process 



:yGoogIe 



METHOD OF DOUBLE WEIGHING. VO 

of weiffhing, a position of the needie has been found which produces equilib- 
rium, thu fractional wei};ht contributed by thp needle is read upon ft fircu- 
Inr arc, which is situated iminediately behind it, and suitably dirideil. 
The division, of course, must be made experimen tally at the time of the 
construction the balance."'- This method is more rapid than'thc ordinaiy 
process. Which is the more accurate, remains to be determined by experi- 

1B7. Weighing with a False Balance. If one of the arms of a 
balance is longer than tic other, the weights required in each pan to pro- 
duce equilibrium will be inversely proportional to the length erf (he adja- 
cent arm (Eq. 101, p. 88). A given weight in one nan may tlierefore be 
made to counterpoise a greater weight in the oth<'r by simply lengthening 
the arm of the balance to which it is applied. The dishonest dealer is thus 
furnished with a ready method of defrauding liis customers, hv placing, the 
goods to be sold in the pan suspended from the longer arm. Suc-h a decep- 
tion may be detected by transferring the goods to the opposite |jan, and 
replacing them by wei^ts which previously balanced tliem, in which. case 
the eqtiflibriam will no longer be sustained. It is possible, however, to 
weigh truly with such a felse balance. Let the article be weiijhed succes- 
sively in each pan, the apparent weights thus found biding /', /", respec- 
tively. Call X the true weight, and A L', the arms of the beam. Then 

L : L' : : X : P, Bad L : U_^ P' : x\ 
whence x : P :: V : x,qvx = ^PP". (112.) 

The true weight is therefore a mean proportional between the apparent 
weights. 

188. Method of Double Weighing. Another means of accom- 
plishing the same end is the following. The body to be weighed is 
placed in cither of the scale-pans, and accurately balant-ed by means of 
fine shot or sand. It is then removed, and weights substituted for it until 
equilibrium is made with the shot or sand tised as a eounteriwise. The 
weights thus added evidently equal the weight of the body, as both have 
been applied at the extremity of the same arm to counterpoise a constant 
weight. As no balance ean be made with absolutely equal arms, it is 
advisable to use the present method whenever great acfuracy it required. 

The process which we have just explained is commonly known as Bm-da'$ 
Method of Dovble Weighing, after the physicist of that name who has gen- 
erally received the credit of having invented it. That distinction, how- 
ever, pnyieriy belongs to Ffere Amiot, who made use of it some time pre- 
vious to Borda. 

189. Roberval's Balance. Fig. 84 represents a section of a form 
of balance often used where only a moderate degree of aeeuracy is 
required. The pans are attached to the vertical bars AC, BC which are 
fastened by pivots to the extremities of the horizontal beams AB, A' IC, so 
that whether the pans ri3eorfall,^(7ftnd BC remain vertical. An index / 
serves to show wlien equilibrium is attained. 

Ill this apparatus it is indifferent on what part of the pan the weights at^ 
placed. For let P, P' be the w^glits placed so as to act at clilTerent dis- 
tances from the ftdcrums J", J". Imaghie two equal and opposite forces, P", 
P"', each equal to P, applied at C, Uie centre of the pan on which P rests. 
Also two equal and opposite forces P"', P", each equal to P' applied at 
C. The addition of these does not alter the equilibrium of PyP'. The 
balance is now acted upon by two equal tbrces P", P', applied at C, C, 

^Bepwlif U. S. Commri. to FarUUmj>ersalE3positHm of iS^b; Vol. in., p. 461. 
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whicli balanoe eauli otJier, and also by the couples P — /"", T" — P', 
Hliith tsinl to produce I'otatioii of the whole systeia of iuvois. The cU'ei't 
of these couples is balanced by the resistance of the pivots, hence the final 
result Is the same aa if P, P' were transferred to C, C, the centn^s of the 
scale-pane. 

190. Steelyard. Another instrument adapted to the weighing of artj- 
tlea of raoderatts size is the common steelyard, the use of which QateH hack to 
the time of the.ancient Eoniilhs. It consists of an iron bar ^ C) Fig. 85, nenp 
one extremity of which arB;.two hookaresting upon pivots at^,£. The 
instrument is suspended by the hook H, and the article to be weighed, W, ia 
hung upon the other hook. Wis balanced by a small counterpoise P, which 
is movable along the beami The greater the distance BD, the greater will 
bo the weight balanced by P. The beam ia furnished with a scale which is 
gradnated in the following manner. If the hook B is placed at the eciitre 
of gravity of the beam, the graduation is etfeeted by the process described 
in the explanation of the use of the rider (g 182 p 94) More commonly, 

. however, tiie centre of gravity ia at. some point aa G, bejond B. In this 
case, let E be a point Irom which the countu poise must bt suspended to 
just balance the beam when no weight is •tu'iptnded tJora A. E is thu 
zero of the scale. Tor calling ib tlie weiglit of the beam, w X GB :r= 
P X EB. Let a weight W, be applied at A and suppose P to balance 
this when at M. Then, 

W XAB=K XBG-\-P XBM = PXEB+PXBM=PXEM. 
If now a weight, W, be suspended irom A, and Z> bi: the position of P 
when W is countei-poieed by it, 

W'x AB^P XEB-\- PX BD^P X P-D- 

In these equations AB and P arc constant, whence 
W: W'::EM -.ED, (113.) 
Or the weMit balanced by P is proportional to the distance of P from E. 
Hence if Ir be taken. as 1 kgr., and W aa 20 kgrs., and the spa«e BD 
divided into 20 equal parts, each of these will correspond to 1 kgr. 

When P is placed at the extremity of the arm A C, it denotes the maxi- 
mum weight wliich the instrument ia capable of measuring, but the same 
beam may be used to determine greater weights by using a heavier coun- 
terpoise, or by suspending the weight W from a pivot nearer B, in which, 
case a correspond! ngigraduation is made on the other side of BC. 

In the Danish Bfilm^e^ Fig-.fiB, the counterpoiae ia fixed at one end of 
the beam, the article lio be weighed suspended from the otlier end, and the 
beam is balanced upon a movable knife-edge fiilcrum, from the position of 
i^hich when equilibrium occurs, the suspended weight is determined. 

191. Bent Lever Balance. 'Diis form of balance coo^te of a 
bent lever ABC, Fig. 87, moving upon a pivot at B. At one end is a 
hook A, to which a scale-pan is attached, and at the oilier a fixed counter- 
jioise C. Let us denote the total weight of the beam and pan by w, their 
common centre of gravity being at G. On placing a weight Win the pan, 
its effect is to riuse the arm RG. But as BC rwes, the leverage of C ia 
increased, while the leverage, of W^is at the same time diminished. Hence 
the annjBC ascends until wX £M—'TF X -B-i- A circular scale Pii is' 
attached to the balance. It is best graduated experimentally by placing 
weights of 1, 2, 3 kgrs. in. the pan euccessii'ely, and marking tne point de- 
noted by the index with coireaponding numbers. 

192. Platform Balance. The various forms of machinea used for 
weighing bodies of considerable magnitude depend upon the principle of the 
compound lever. Fig. 88 showa the construction of one of the most com- 
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mon forms. It consists of two V-shaped levers AIB, CID, resting upon 
fulerums A, B, C, D, fastened at / to a fourtli lever FE. A vertical rod 
EH conneets FE with the balance-beam HG. MN is a platform on which 
the article to be weighed is placed. This platform ia furnished with four 
steel legs, a' V r^ df, which when in place rest upon the levers AI, BI, CT, DI, 
at the points a, b, c, d. The pressure upon the platform is communicated to 
EF by means of the four lower levers, and thence hy the vertical connect- 
ing-rod to GH, where it is balanced by a movable weight P, as in the steel- 
yard. The V-ehaped levers are used instead of connecting ihe platform 
directly with /, in order to render the effect of the masa weighed the same 
on whatever part of the platform it may rest. To compute the ratio of the 
pressure W, on the platform to the counterpoise O, we may consider the 
whole pressure as applied to either one of the four arms AI, BI, CI or DI. 
Suppose it tu be applied at o. Then by the principle of the compound 
lever (Eq. 105, p. 39), the power multiphed by the continued product of 
the power-arms is equid to flie weight multiplied by the continued product 
of the weigh^iffms. That is, P X GF' X EF X AI =W X HF' X 
IF X Aa. Thus if the lei^of .4/ = 20, Aa = i,EF ~ 20, IF ^ 5, 
GF' 7= 10, HF' = 1, GxiOX20X10='fFX]X5X4; whence 
2000G =20W,OT W = lOOG. A weight of 1 kilogramme at G will 
therefore sustain a mass of tOO kilogrammes upon the platform. An addi- 
tional counterpoise P, is also furnished, (iie arm HG being graduated in 
the manner described in the case of the steelyard. 

II. Wheel and Axle. 

1Q3. Wheel and Axle. — Laws of Equilibrium. 

The taheel and axle consiste of a cylinder or axle tnrning on gudg- 
eons, to which is attached a lai'ger cylinder, called the wheisl, as 
shown in section in Fig. 89. The power is applied at the circum- 
ference of the wheel, the weight at the cireumfereiice of the axle, 



in anch a manner that they tend to produce rotation in oppos 
directions. The power and weight are generally parallel, and 
applied along tangents to the sections of the wheel and of the axle 
respectively. 

To ascertain the law of equilibrium, it is to be recollected that 
the momentofthe power and weight i-elatively to the axis through 
C, must be equal. Hence calling P the power, W the weight, Ji 
the radius of the wheel, r the radius of the axle, 

PXA0= WxSCotPS— Wt\ 
whence P -.Wwr: S. (114.) ; 
that is, there is equilibrium with the wheel and axle when 
power : weight : i radius of aide : radius of wheel. 

From (114.) it follows that W=^ pf. (115.) 

If the power does not act tangentiaJlv, but has an oblique direction, aa 
AP, Fig. 90, we have for equilibrium, P X CD^ W X r, or calling a the 
angle made by AP with the tangent AD, P X ^ cos o == IP X r. 

when tli,e... power and weight are applied by means of a rope the half- 
thlekneas of the rope must be added to the radii R and r to obtain a cor- 
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S'O WHEEL AND AXLE. 

rect theoretical re.=nlt. In ill's cafe, calliai; 1! thp. lIiicknepB, ive phnuW have 
^%^ + iO = >" 0'.+ 10- (!'"■) I'rsclital!)', hoivuvH-, lliis corrcclion is 
nnneci SKaiy, as it k lufS tlian llio dovialion lixim ihenry prtxluuLil bj- frie- 
tion, I'iftiility of corilaau, ttc. Tin: total priiepiu'e on tlie piTOts siiBtaiuiiig 
tlie ranthine =: P -\-W,if theBo JbrceB twu paralli'l. 

194. ITje chief advantagB of tho ivlitel nnil nxlu lies in Ihe power it 
givcB uH of continning the motion iviiicli raii-ea (hu weiuht. fo Ihfit wiLb a 
niatMne of moderate size we emi rai^'e a heavy weight llironoh any re- 
i)iiiL'ud distance. Pi'actical applicalions ai'e t>ten in the common windlaes, 
crane and uflpatan. 

The wheel and axle may evidently ho considered as a lever, of whith 
R, !■ lire 111.* arniB. 

196. Ghiness Capsten. Since tht? weight is gi'cater 1han Ihe power 
in lUu I'atiu of lliu radius of the wheel to the radius of llie axle, iha weiijlit 
Bustainod by a pveii fon-e may bu incruaKeil, cillier by inci'CHfing tho riico 
of the whetd, or iliuiLiiiching the dze of the axle. Praclicslly, however, it 
is ineODvcnient to nse (I very large wheel, while a, FmaU Mxle doiis not pos- 
seBB Ihe nccesKBry strennlli. In the machine known as the Cbinese ('^ 
Stan, Fig. 91, this ilifficuLty is overeonie in the following maiintT. The 
asle is made in two pans, D anil C, one of which has a greater ilismeter 
than the other. ITio rope sustaininn Ihe wei-ht H' is wound about th^s 
axle, BO tliat its two sections. ED, FC, tend to produce motion about (he 
axis AP in dilVurunt directiocs. To find the conditions of eqnilibrium, 
call ;' ll\e radius of the larger a.xle, ?■' Ihal of the smaller one. Ilie weight 
W is sustained by ihe cords Eii, FC, each of which thereforo extrts a. 
force \W tangential to the axis about which it is wound. Hence that por- 
tion 01 the weight KuatBined by CF teiida tn produce inolion In the direc- 
tio I of the arrow, having a nioment =r \Wi'', and seling in the fame 
dii'eclion as the powi-r P, while the jiortion suptainal by Ei) tends to 
produce molion in- as opposite direction, havinn a moment :^ -J Wt. Hence 
eimllibriiun ensues when P/i -f- IW,-' = iWi; or PR =^\Wir — i-'), 
whence P:W:: \(,r — r'):R. ( i 1 7.) The efficiency of this machine 
thoreibro depends not upon the absolute size of the axles, but nu-rely upon 
tlie difference botwcJin thi?ir radii, to tliat they may be made as large as is 
neeessary to bear the Eti'Hin put ujhiii tlicm without diminishing the me- 
ch:bnieal advanta'/e. 

196. Combined Wheels and Axlea. It is often necessary to 
cocnb'ne whi:ula and axles, and when ihe object is to g^in an iDL-iease of 
power, the method most commonly adi ptjcl i« that of toothed wheels. 'Ihe 
tieth Of the wheels whiih gear inio each other being made of suitable 
form, motion is coniiiiunicated by ihe ])ressur© of tho teelli of the fii'st 
wjieel, or i/rirei; as it is ealk-il, upon tliote of tUo second wheel, or jMiiwer. 

'ITiu conditions of etjuilibrium may be ibund thus. Let A B. A'B", Pig. 
92, be two toggod-wheels having their cenlres at C, C. Call B. II'. the 
radii of the wheels, r, i' Ihe radii ol' (heir axles, upon wh'i-h P and W act. 
If P and IK are supposed to be in eqnillbrinni, the force at Z> communi- 
cated from P by means of tho wheel AB, and tending to produce a right- 
handed i-otalion in A'S. must be bahineed by an etjual force acting in an 
opposite direction, communicated from W by means of the wheel A' li', 
and tending to produce a i-ijihl-handeil rotation in Ah. Calling this ibvee 
F, tlicn in the wheel A IJ. FR = Pr, and in A'B', l<Ji' = W/. 'I'o esti- 
mate the effect of the c(^ged- wheels plcne, tui'poie the axles to hhve 
equal radii, that is / == r. Then irom the preceding equations, 
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TBAINH OF WHEtLS, Ws 

P : iJ : : F : r, and W : W : : F :r, whence P : W : : R : R' (I IS.), 
that ia, piitaer i^ <o ireiijht an l/ie riifliii.i of l/ie co/jiieil-u'lieel on w/'ici' P twix, in 
in Ihe. riiiliin iifthe w/ieei acted ujioit lnj W. Am llie ciruuiiiterences of AB, 
-4'S', aro proport'ontil to tUdr railiE, proportion (118) may be writtpn 
P : W :: inrcamfsrfiii:e of AB : cby:wiifire>ice of A'B' ; at since the teeih 
are equal in size, tlie nuiiibfr of Ihum contaiuud in tlio drtnmfiireni'ea if 
AB. A'B', aru pi'OporLioiial to tliosu yircumftvuntef, and wu may write tins 
eqll^tiol> of uqiiililn'iuni as follows, denoting by n, ji', (he numbei' of t«etli 
iathe driver anil follower reBneetivdy, P : H' : : n : n'. (HS.) 

197. System of any S'aniber of Wheels. To find tho condi- 
tions of 0(111 ilihrium in a aystein of any number of wheels in wliioh pow'cr 
is traofniitUad by uiuans of coge, as in Fig. 93, in nhich Iho teeth id each 
■wheel are put in motion by the teetli of a pinion attached (o tho [jreceding 
wheLd,' wo proceed as follows : Lot R, R' It", bu the radii of (he wheels, 
r. !■', ;■", (liu rikiiii of the com'sponilin^ piniuna. Denotiii': by P, /'", 
F", etc,, the powers applieil by the pinions at the cimimlerence of flie 
wheels ^B, A-B\ A"B". we have, by the toun-e of reafonln^ a|jplieti in 
tho procedin' pariuraph, PM = Fr, FR' = F'r', F'ii" — Wi^. Hunce 

P: W::tX^ Xi" : R X R' X R"- (120.) 
That is, power is to weight an the cnnliniieil pro'lact of the ruilii of Ihe phiiims 
w In the conllniiEil jn-nihicl nf the riiilii of ihe^rheeh. 

198. Bpur, Crown and Bevel Wheels. A wheel in which tlie 
teeth xrc raised ii|K)11 tliu uirc-uinfen'iiee as in Fig. 03, ip called u fpur-Kheel. 
If tho teeth are raiaed upon the side of the wheel, and parallel to tlie axis 
as 111 Fi^. 3 1, it is a ciit'Bn.-wheel. and if they am rai«;d upon a mr^n-a in- 
clined to tlwplane of tlie wlieel (Fin;. 9S), it is known ae a lieei^lkil-irhed. 
An hi»iiectioii of the fiirmva will show that 4(pui'-w/;^rfj'«iHiinunic':ne motidii 
in their omi planes, while a crown-wheel engaging wiflt a spur p'liiijn (F g. 
Ol), causes n inoHin of the [atf ir ahout.an axia at Hj;ht an'jk'H to it? own. 
Bevelled wheels are funned of fi-ustra of cones, and connuuniiatc ii^otKiii 
fi'oiii one axis to another, inclined at any angle to it. Wlien a piiiinn works 
in a (itViUglit bar. Laving teetii raised upon it, tlio eombinattou is known as a 
Tack 'iiiiJ m"<on. 

199. Porm of Teetli. I« combinations of circular wheels, llic teeth 
slioiild be fo cnt thnt a pei'fectiy uidtbrm motion may be traiisiiiittc*l fi'om 
one wheel to the other. Thus the two eo^-wheeln reproseiitetl in Fig. SIC, 
should iii.ive with the smic relKtive velot'itice that would tjnsuc if the two 
circle," AH. A 'iJ', called the 7«''cA-c(rc/Hsot'lhe wheels wcjx'jnaiki to roll upon 
uMcli oiiluT, That this may be Ui«, ease, it is noi-i'ssary tlist MS, tlir y.i-r- 
pciKliciil.u- to tlui surfaces of contact of tho teeth at any moiiKiir ni iln; 
rcv'oliiLiou shall pass tlirongh iJ, the point of contact of tlie iiiltli-cin li ^. 
To deiniiiistrate this, snppufe tho eiitlo AB to roll upon Ab'. Tins jutind 
linear velocity of any point lis D in the ciri'innferonci* of tho ciic'lee, mupt 
be the same in each, by the comtitions of the mutiiin. Denote liy " tint an^le 
thiMUgh which AB revolves in an eloineiit of tjiiio, aivl bv i-' that pa,fwd 
through bv ^'fi ; n and a' are called the iini/ul/iri-e'm-iipxat'AB. A 'If. The 
len;;!!is of' the arcs DK, DK' ;-nbtendii^g these aiiirles, mn^r he e.|n!il. Now 
as «re = oiigfe X rai/iu^. DK = CD X ". 0'<-' = C'D X «, whence CD 
X a~VD Xa'ora : u' ;: CD: CD. (12!.) 

' When teoth nre cut upon an axle It is callodfL pinion. 
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Suppose now that the wheels are furnished wilh teeth. To fulfil the 
required eondilion ..proportion (121) must still hold. Consider the wheels as 
revolving, and let M be the point of contact of two teeth. The pressure of 
the driving tooth upon the following one causes motJon, the teeth being in 
what is known as sliding-conlact. By the conditions of the motion, the tw9 
teeth must at tlie moment considered, have equal velocities in the direction 
MS. The space passed over hy the tooth K m an element of time = CM 
X a, that passed over by the tooth K' = CN X "', and as these spaces are 
equal a : e' : : CN : CM(_122). If the values of the angular velocities in 
the ease of mofion communicated by tcelb are supposed equal to those 
obtained by the rolling of the pitch-circles upon each other, a comparison 
of proportions (121) (122), gives CD: CD : : CN: CM, (123), a con- 
dition which can hold only -wlien the triangles CDM^ C'DN are similar, in 
which ease MN must pass tbrough Z>, the point of contact of the piteh- 
(Ureles . 

200. In all well-constructed paring the teeth of the wljeels are so cut 
as to fulfil this condition. Great ingenuity has been spent in devising the 
forms of teeth suitable in different cases . For the details of such invest!' 
gations, the student is referred to any of the standard treatises on Mechan- 
ism. It may be stated in general terms that it follows from the preceding 
demonstration, that the teewi should have the form of epicycloids, generated 
by the rolling of a circle of diameter determined by the a/e of the teeth, 
upon the pitch-circles of the wheels. 

III. Cord. 

201. Case of Forces applied at different points 
of a Cord. The forces acting at various points qf a cord are 
in equilibrium when they bear the same relations to each other in 
magnitude and direction, as if they were in equilibrium about a 
single point. 

Let us first take the case of thi'ee forces. AS, Fig. 97, is a 
rope, at one extremity of which are applied forces, i*, jP', and at 
the other a force P". To find their relations when in equilibrium, 
lay off AP, AF', representing P, P' respectively, and complete 
the paralieiogram APJtP. Ji, represented by AB, is their re- 
sultant. Now the rope bdng flexible it must assume such a direc- 
tion that the directions of M and the remaining foree P" shall be 
in the same straight "line, £P". Hence the force P" required to 
balance Ji, must be equal to M, and the forces P, P, P", arc rep- 
resented in magnitude and direction by the three sides, AP, PR, 
SA of the triangle APR, in which case they would also be in 
equilibrium if applied at a single point. 

The same theorem holds for any number of forees. "LetASCD, 
Fig. 98, be a cord with forces Pj, P^, P^, P„ P^, P^, P,, P„ applied as 
there shown, and repreiiented in magnitude and direction by the 
lines AP^, AP^ SP„ £P„ etc The resultant of P„ Pj (R,), 
takes the direction AR^, which must lie in the prolongation of -B.-4, 
and hence may be transferred to R without alteration of its effi- 
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mency (§ 105, p. 58). In like manner, the resultant S^ of 5„ P„ 
Pi, must lie in the prolongation of (JJi, and hence may bo trans- 
ferred to C The resultant S^ of B^, Pj, P^, must lie in the 
prolongation of J) C, and may be transferred to D without altera- 
tion of the eqailibrium. I^ then, there is equilibrium, the result- 
ant Ri arising from the combination of /*„ Pj, P3, P4, Pj, Pj, must 
be equal and opposite the resultant, S, of P7, Pa, which would also 
be the case if all the forces under consideration were appUed at a 
single point. 

In this demonstration the cords are supposed to be perfectly 
flexible and destitute of weight. 

203. Illustrations. The cord ia extremelj' useful in changing the 
direction of the motion, but as the tension is the sanie throughout its whole 
extent, there ia no mechanical advantage gained . Most interesting examples 
of the employment of the cord for thie parpoae, occur among the mnsclea of 
the Imman hody. The tendon of the muscle raising the eyelid (Fig, 99,) 
runs through a loop A , so that the contraction of the muscle in the direction 
£^, moves the lid in the direction CA. Similar examples may be seen in the 
tendons of the fingers and toes. 

203. Weight Supported by Segments of a Cord. If aweight 
W be attached to a cord in the manner represented in Fig. 100, the forces 
TT' which must bo exerted at EF, to sustain it, may be found from equa- 

tions (27), (28), T^ W-£^> r = W^^-gg|. If we suppose 
BAC=DAC, V — T. In this case, denoting BAD by Za, T= T = 

sin a sin a W 

^S5^ ~ 1 ^2 sin a cos ~ ^ cos a " ^^^*"^ '^^ magnitude of the 
forces T, T', which measure the tension of the rope, is evidently inversely 
proportional to the cosine of half the angle made by the segments of the 
rope (cos o). If these segments iure paralld, in which case a =: 0, T r= 

That the si^menta of the cord may be in the same straight line, that ii, 
that the rope may become horizontal, the angle BAD most z:z 180°, That 

WW 
is, a = 90°, in which cweT=T = ^-^^^ — -^ =: t». That U, A re- 
quires an infinite power to came loaded cord to become horizontal. Stjl! fur- 
ther, as the whole weight of any material cord may be considered to be 
concentrated in its centre of gravity, and to act Tertically downward through 
that point, t( is impossiWe to stretch anj)maleri!il cord into a horizontal position.'' 

It is also evident Irom the preceding demonstration, that lie smallesC 
power can be so applied as to produce an unlimited amount of force. 

204. Funicnlar Folygon, The principles of the transmission of 
pressure by a cord, determine the position taken by a rope when acted upon 
by a number of forces applied at diEFerent points, as represented in Fig, 101. 
The figure ABCDEF, formed by the segments of the roj>e, is known as 
the funicular polygon. A similar figure is assumed by a seriea of beams 
united at their extremities by pivots and suspended as shown in Fig. 103. 
The forces acting upon the polygon in this case, are evidently the weights of 

" Compare case ol ToggU Jaal, % 91 p. £3. 
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the wpirate piece? A n. BC, CD. BE. ivhlch may be consMered iiB eniieen- 
trrttoi! at tlH'iriTjpcftivo ci-iitiva ofjmniiy. Itisfomul (Iml if llic fmiieii- 
Jiiv pol_v;ioti be ini'Hi'teil {sis s:.own by tbi? ilottuil liniss of tliu (ij;iiiv). it is 
tlie stliiitircitit fiircii ill n-bi(-]i il ^ivcii iinriiliur of bu.tiiia citii bii united to 
rual«t prnwuiM', ii I'.ict of iaipoi'tance in tbo art iif coiisti'in-tiuii. 

203. Catenary. If the mimbLT of tlie piwi.'a- AB^ BC, etc., bu in- 
crK'Hiiiil iiiiluJiii'.ttily tbii funicular pi>lv<rtin has an infinite iiuiiibuv uf fiilt-f, 
anil becnnieH a curvu {"Sl^. 103). wliJuli is knawii a» (he mfemifg. An iin- 
lo'vled fonl, or a tlialn corapo'eii of ii grtiHt many links, ivliL-n siiFptiiili/il hy 
both anilH, is an examiile of this curre. A knowlttlgii of fho | ru|HTtii's of 
thi! untcnnrv is of this [i:r(!Htiii<t value in ihe constnictiou of snspuiit^ion 
brlilses, wluch are simply brirlees suspended from two pai-allul chjinji, 
fnatBnitrieB) stretL-hntlaiTOBsariver. ]f thepoEition of the extremilitH AB, 
the total len^h of tlie catenary ACS, anil its weight ai'e known, it is pos- 
pihle from annlytital iionstriiclion, to delermlne tlie tension at niiy jMiiiit of 
the ctirvo, bolh when unloaded and wlii-n loaded wiih a given weijibi, so 
that till? Btrenjlh necessary to l>e priven lo the chain-eables of aueh a bridgu 
to enable them to rusist the strain brought lo bear ujjon tlieiii, c-an ea^ily bo 
calculated. 

Thi' inverted catenary is used in tlve construetion of domes and arches 
of masonry. 

IV. J^uUe;/. 

206. Pulley. Tho pulley wmsists of n circular fliso, AB, 
Fig. 104, niovhifc ii|ion ^n ""is iit O, mid hnvin-^ a t.'Ovd or biiud to 
wliidi the poww nml wei.srJit are applied, Liid i)i a gYoiixa running 
ovfr its circmiifcreiice. The axle aHpportiiifj the machine ni:iy l>e 
fixed or otherwise. In the fii-st ci^se, the pulley is said to hi^ fixed, 
Fig. 104, in the socond moviiMe, F'i*;. 105. 

a07. Conditions of Equilibrium in Fixed Fulley. 
The power being applied at P, and the weight at W, those tend to 
rotate (he pulley in opposite diR'ctlouH; lience, for equilibrium, 
their moments must be eqnnl; that ii*, WX CB = PX AC, or 
as AC= OB, both being radii of the same circle, W= P. (125.) 
Hence, with a fiend j/uJleij there is equUH/iwrn when ths power 
aj?plied is equai to the weAy/tt. 

208. Conditions of Equilibrium in Movable Pul- 
ley. Case I. When the Segments of the Cord are paralkK 
Fig. 105 represents snoh a pulley, with the power i* applied at -A, 
and the weight W snspended tVoin the axis G. W and P ej'.eh 
tend to rotite the pulley about B, but in opjiosite directions, and 
for equilibi-ium their moments mu,st be equal; that is, WX BO 
= P X AB. But AB = 'IBO, as AB is the diameter of the 
pulley, hence WXBO^-PX 'IBO, or W — 'IP. {Vm.) That 
IS, wkli a sitiglo movidilo pulley, if the seguieiits of tlie cord 
iire piM-iilIe!, thert is equilibrium lahen the weight equals twice the 
power. 

Case IT. Wien the Segments of the Cord are hot parallel. 
Fig. 106 represents a pulley in wliioli the segments of the cord are 
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COMlilNATlOWa OF PULLEYS. Ivo 

oiillqi-0. SiirpoFG Ilie rower P U) he rjj'Mi-d .-^li n^ llu^ lino PA, 

iii;i<lo i>j- tlio «o,L'TiifHts of the <-«rd l.y 2/. TFaiKi P lend to r.i- 
(iite llie jHilley in o|i]><)Kite (liii'CtiiiiiN i.bort i', the iii>t yohit of 
«:ont,;(;t of tlic cord wilh the pulley. Tlie monicnt of W = 

W X H3f, that of P = FX BD, SD W\wx dv;nvi. tiviin _B pi-r- 
ixnidiciiliic to PA iirodnccd. Ht-iitf, for equilibniini, W X liM 
= PX BD. But BM= BNnxx MNM = B^ h» -.,' r.nd BD 
= BJValu BND = BN «in ANB — BJSf sin *2-/. Houce TF x 
BN ein a — P X -Bi\^8in ^v, <>r W sin « — /■ wii 2«, «lirafe 

■R^sin « = P :i sin « eos o, and TT — 2 P cts «. (127.) Ttv.t is, 
if the sesmeiitM of tlie coi-ii jii'e oblique, (Awe is equilibrium w/iea 
the weiffM equals, twice the power into the cosine of Ittttf itte aiigla 
made by the segments. 

Ifliic se^ents become p^j-alld, in wliiut vam 2 a =: 0°, ainl eos a 
= i,W =: i 1', as deiiionBlrateil inidcL- Care J. ' '1 hat the segnicuiK mayiio 
in lliu same str,ii«lit liiiu, 2 n must bftome 180°, in wliw!ic-as(?,t;cjsa:^ Oand 

W 
P = - • = cc, as in tlie tnse cf tLe toril undur eim.lar i-ondilions. 

209. Pressure on Support. Witli a fixed pulley in wJiicli the 
EUgiiii'iits uf tim uuril are pai'^ilul, the pi'cssuro on tliu axis uf tliu pulloy 
eviduntiy rz:i*-|-!lV, Willi a movable piilli'y and parallel sugiin'iita oi <;oiv!, 
the ]ii-(!»nii'i; OH tliB book i/ = ^ If = -P, an th« weiglit is siistiiiiieil hy the 
two I'tsgiiieDts AP, JiH. Whuji iho BeguientB make an oblique an<;k', lliu 
piiiSBure i.>xtirti:(i tipoii the liook in any ^ven diruutiun may iie L-aicnlatud 
by uiuansof the tii.m^lo of tbituc. 

210. CombiDatiocB of Pulleys.— Block and Taokle. Condii- 
liatiulls of pulluyil aru enip oyud in tbe euiniiiun /•lack iim! ivckle, and iti 
various ollitT furins.of buintjnj; iu:ic-biiie:i. Tliuve are suvoriU ivayn of 
nrraiij^inj^ tliu pulleys eoni]iOHin;r tlie fiystein, tbe most important of ivbieh 
we proci.'ed to eoni^i lei'. 'IVo ouitiiiiuii loi'ins of liolHting pulley;, known its 
tbe blOL-k and taekle, are sliown in Tiff. 107, lOH, In wLich eye^teuis tlie 
Kinio rope ruiisover nil tliepidlfys. In both fi;;urcs .4 , B, are fixed, and C, D, 
movable pulleye. Since the wi'ii;lit W is HUpporteil by tlie united aetioii of 
the at^nienta of the eui-ds, A C, C'li, BD, DE, uauli ot iLusu must Enstaia an 

equal strain. If tliei'e are n segments, each will hear — th of tlio whole 
weiffht, and as the tension of Uie (.-ord ia the same throughout its whole ex- 

W 
tent, tlio power P'requii-ed to balance If ia — . Ilenee T^^ n P (128.) 

I'liat is, in any couihinalion of pulieys in which one rape run.i ihvugh the 
inho!e si/Kleiii, ihe vieijjhl is equal I'l the power mullijilied bs the tiumbe}- tif scg- 
miats (if Ihe coiU. 

'ilio downward pressui'e at 7i :^ W -\- P ^ n P -\~ P ^= 1' (n -^ 1 ,^ 
(129). 

211. OeometricBl Pulley. Tlie s™w.'m represented in Fi;;. 109, 
is kuuivn a-i the tJemiKlrkul Puaey. In it there are as many separate i-opes 
as there are movable pnlleyg. The relation of weigiit to poi^er may be 

' P is supposed to be so applied that HNC, CNP ate eqmU. 
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found as foUowa. If a power P be applied to the pulley A by means of a 
rope running over a fixeci pulley S, we find from the law of tbe movable 
puiley, that die upward force exerted by A upon iJ=::3P:=PX2. 
Since tbis force 2Pbecomesanewpowerapplied to themovable pulley C, we 
have Upwxird Force exerted by B upon C ^iz A P ^=P X 2'' In lite manner. 
Upward Force exerted by C itpon D :=S P = P X 2*. Hence the weight 
■which JD can uphold = IS P = P X 2*. In the same manner for any 
number of pulleys as n, we should And that W = P X 2°, (130), so that 
with this arrangement the weight is equal to the power exerted, mvlhplied by 2 
raised to that power who^^e exponent is the number of movable pulleys. 

The pressures upon the hooks are as follows : — 

Pressure on JV = -i W^^P X 2°— P X 2°-' 

Pressure on M^i Pressure exerted 6a JJ on C = i Pressure on N ^i 
P X 2— "nz P + 2—^ 

Pressure on i =i J Pressure exerted by C on B ^=\ Pressure on M=^^ P 
X2'-' = P X 2°-' 

Pressure on H^ ^ Pressure exerted by B on A r=^ Pressure on L = ^ 
PX 2°-» = P X 2'-* 

212. Another system of polleya is shown in Fig. 110. The power 
applied at P produces by moans of tho rope PAH an upward pull at II =i 
P. The rope ABG exerts an upward pull at ff — 2 P, the rope BCF 
exerts an upward pull at, F^:i P, and the rope CDE exerts an upward 
pull at E = 8 P. Hence, the total force exerted on W, =: P 4- 2 P -\- i 
P-f-8P = 15PorH', = PX 2°-' (131), ifn = numbeT of movable pulleys. 

The pressure upon the hook JS: = P-fW = P-\-P (2°-') = 2° P. 

213< Tbe relalion of weight to power in the various oombinatiocs of 
these systems frequently occurring in practice may easily be calculated by 
a process similar to that bv which the preceding formul* were obtained. 
For example, let us take the arrangement of pulleys shown in Fig. 111. 
The power P is applied to a cord runnin^over the pulley A, which alone 
would cause an upward force on .B ^ 2 P. The tension of the oord mn- 
ningfrom-4 over the fixed pulley Z>^^ 2 P. This force is also communicated 
to S, as the cord is fastened to the axis of that pulley, causing the total 
upward pull exerted by £ to be 4 P. Hence in this case W r^i P. 

In a similar manner it may be shown that with tbe combination repre- 
sented in Fig. 11 2, ly = 6 P. 

214. Differential Pulley. The liability of a system consisting of a 
large number of pullej-s to get out of order, and the great length of rope 
required for such combinations, together with a number of other practical 
difficulties, render them undesirable for ordinary use. The device known 
as tbe DifferetUial Pulley (Fig.113), remedies some of these difficulties. 
Its principle is similar to Uiat of (Ae Chinese Caption described on p. 98. The 
upper pulley, AE h fixed, the lower one FG, is movable. AE k composed 
of two pieces virtually forming two pulleys EB, AD, firmly connected, and 
moving about a comuion centre C. An endless chain BPDAGE runs 
over both pulleys as indicated by the arrows in the figure. The weight is 
hung from the axis of the movable pulley. To find the conditions of 
equilibrium in this machine, call P the power, W the weight, r the radius of 
££, r' tiie radius of ^ C. Then the fixed pulley is acted upon by three 
forces as follows. P, acting with an arm CB {r), and \ W with an arm AC 
(r'), both of whiuh tend to produce a right-handed rotation ; and 1- W with 
an arm EC (R), tending to produce a lefl>handed rotation. For equi- 
librium the opposite moments of these forces must be equal, that is. 
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INCLINED PLANE. lUO 

(132) The ifiiLitney of tins loriii of piiliey thei-ekie d*^pejiila simply 
upou the diflfeience lietwteii tUc ladii oi the two pojtions of the fixed 
pullp.y 

The friction of the (hfferential puUev is enormoui, but a practicnl ad- 
vantage IS gained thereby, trom tlie IjLt thit it «ill not lun down when the 
power P 13 rt,moied, the weight w not being suflicient to overcome this 



215. Efifeot of Weight of Pulleys. In tlie fbiH^oitig discussions 
we have not taken the weight of tiie pulleys into Htcount, which is 
necessary in practice, aa tliey are frequently vniy heavy. With syBtems of 
movable pulleys this weight generslly acta in oppoHtion to the power, ren- 
dering a cotiHiderable portion of the applied force practically useless. A 
still greatei- loss of power oeeurs Ijccaiise of the friction and rigidity of fJie 
cordage employed, bo (hat a very largo percentage of the power is lost. The 
different veloeities with which the various pulleys composing a system move, 
is also a source of practical difficulty. For these reasons complicated sys- 
tems of movable pulleys are rarely used. The greatest value of the pulley 
is to change the direction in which the power acts. 

V. Inclined Plane. 

216. Definition; Conditions of Squilibrium. The 

inclined plane is considered aa a perfectly hard and inilexible 
plane, inclined at an angle to the horizon. 

To find the couditione of eqniUbrium, suppose W to be the 
■weight of a body resting upon the iiiclmed plane of which JfiV is 
the vertical projection. Let the power balancing it be denoted by 
Fi aotinw in the line AF^ and making an angle tf with the inclined 
plane. Denote the inclination of M]^ by u. The weight, IP", of 
the body acts vertically downwai-d along the line A W. Let A W 
repi'esent the magnitude of this foi-ce, and resolve it into two 
components, P and _E, one of which is perpendicular to the plane 
JKA^ and the other parallel and opposite to the force i^. These 
components ai'e rejii-esented by AP, P W, respectively. The total 
force of the component P is exerted in producing a pressure npon 
the inclined plane MN, to which it is perpendiciilar, and is wholly 
balanced by the reaction produced ; hence it is merely, necessary 
that the remaiuitig component It shall be balanced by the power 
J", in order that the weight may be supported ; that is, for equi- 
librium, the force JP must be equal to the component^. If this 
is the case, the three sides, A W, WP, PA, of the triangle A WP, 
taken in oi'der, will i-epresent the three forces, W, F, P, under 
whose united action the weight is sustained. Hence, for equi- 
librium, F:W::WP:WA:: sin WAP : sin APW. 
But WAP = a, APW =90'- + ^, hence 
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106 IHCUNED PLANE. 

F: W:: sin a : sm 90° + |?, or ^: W: : sin « : coa §. (133.) 
That is, w*(/* the irtclined plane there is eqttilibri'mn when power is (o 
weight as the sine of the angle of inclination of the plane is to the 
cosine of the angle made hy the power u-ith the plane. 

217. Pressure on Plane. The pressure ou the plane, 
P, is represented by AP, and may he determined fi-om the pro- 

^°' '™ P: W::AP:AW::siTiAWP:eiTyAPW:: 
sin (90° — a — fi) ; sin (90° + fl), or 
P : Ft : cos (a + ff) : cos |3 (134.), 
a propoiiion from which the pressure ou the plane may te eom- 
ptited in terms of the weight of the body considered. 

By combining pi-opoitions (188), (134), we obtain the following : 
P : 75" : : cos (« + i^) : sin «. (135.) 

218. Special Cases. Proportion (1B3) is much simpli- 
fied, when the power F acts either parallel to the plane, or 
horizontally. In the former case, FA and WP become piirallel to 
M]Sr, consequently ^ = 0°. Thereibre, (133), (134), (135), as- 

Fi W: : sin « : cos 0° ; : sjn a : 1. (136.) 

P: ?F::cos«:cosO°r:co8a:l. (137.) 

P : J" : : cos « : sin a : : 1 1 tang a. (1380 

Denote the length of the inclined plane, MJV, by Z, the heiglit, 

iVO, by ff, and the base, MO, by B. Then 

S B H 

sm« = ■£, cos« = J, tang«-^_g. 

By substituting these values for sin »,co8 «,tang i?,iu (13C>), (137), 
(138), the following pi'oportions are obtained. 

F: TT : : sin « L 1 : : 2 : h whence F:W:: II: L. (139.) 

P : r 1 : cos a : 1 : : 2 : 1, whence P : W::B:L. (140.) 

P : P : : 1 : tang a::l : -g, whence P : F : : B : H. (141.) 

That is, when the direction of the power is parallel to the plane, 

I. Power is to weight as the height of the plane is to its length. 

II. Pressure on plane is to weight as base of plane is to its length. 

III. Pressure on plane is to power as base of plane is to its height. 

If F is parallel to the base of the pLme, ^ = — «, in which 
case proportions (183), (134), (135), assume the following forme: 

P" : JT: : sin o : cos ( — «) ; : sin a : cos « : : j- : y, whence 
F: W::S:B. (142.) 
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P : i^ : : COS 0° r sin -7 : 1 : sin a : 1 : j, whence 
P:F::L:n. (144,) 
That is, ivlieji tlie direction of the power is partillel to the base of 
the pinne, 
I. Power is to weight as height of plane is to base. 
TI. Pressure on plane is to weight as length of plane is to base. 
III. Pressure on plane is to power as length of plane is to height. 

219. Direetion of Power for Maximum Weight and JPree- 

aure. Solving (133) relatively to W, we have W^ F'^S^, a quantity 
wliicli for any giTen Inclmed pliine is proportional t« cos ;S, and therefore 
has its inaximutu value when ,8 ^r O^aiidcos j^^^ 1. lieace a gicen pemer 
will sustain the greatest weight lohen it acts pnratlel to the plane. 

The greateft pressure upon the plane produced when a given weight is rest- 
ing in e<iy,ilibrium. npon il oecurs when the poivsr is parallel to the base of the 

plane. For from (135) P ^: F \ , a quantity proportional to 

cos (a -\- /5), and wliieh is frreatest wlien cos (a -J- ^) ;rz 1, in wliieh case 
/J z= — a, and F is parallel to tlie base of tlie plane. 

The maximum pressure is therefore P ^^ -^- — 

In the foregoing demonstrations, no account whatever has been taken of 
friction, an element which causes a gi'cat variation from the preceding 
results. Its effect will be discuEsed in a succeeding chapter. The me- 
cLanical advantage of the inclined plane lius in the fact tiiat a portion of 
the weight ia snpportcd by the plane itself. 

220. Ckindltions of Equilibrium of Bodies Besting on Oon- 
tigUOUB Planes. Suppose two bodies, A, B, of weights W, W respec- 
tively, to rest on two contiguous planes of the same height as shown in Fig. 
115, B iaconneetudwith^ by means of a cord passing over a pulley at N. ft 
is required to find the relation of the weights W, W' that tJie sj-atem may 
be in eiiuilibrium. 

Call P the power parallel t 
to MN required to sustain W,' 
As tlic power in both cases is parallel to the piai: 

P : W -.-.H : L, whence F — Wj^- 

P':W'::H:L', whence P' = W ^. 

But that W and W may be in equilibrium P must be equal to P', in 

whith case W^= TF'^, or W : W : : L : L', (146) that is, tie 

weights must be to each other as the lengths of the planes in wMck ikey rest. 

221. Fraotioal Example. I'he best examples of inclined planes are 
seen on roads loading over hills, the power required to draw a yphicle over 
theui increaang with their steepness. In passing over a level road, the 
horse has merely to overcome the friciion of the wheels, but on an inclined 
plane he has in addition toliit a fraction of the load, the magnitude of which 
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depends upon the steepness. Thus if the rise is I m. in 20 m., ^ of ihe 
lofidmust be lifted, for 1 m. in 40 m., Aof the load, and soon. 

Interestinj; illustrations alfo ocunr in tne various inount-ain railways wtk-h 
have recently been constiiic.ted both in tiia country and in Enrope. The 
fipet of these in date of construction is the Mt. Wasbinffton Railroad, 
which was hegnn in May, 1866, and finished in July, 1869. The road starta 
from a point on tlie west side of the mountain, 813 m. above the level of 
the Pea. and aacends with an average grade of 1 m. in 4 m. to the summit, 
which lies at an elevation, 191S m., making the vertical height of the inclined 
plane equal to 1106 m. The grade being far too steep to be ascended by 
an otdinnry locomotive, which acts solely by the friction of the wheels on 
the railw, a third rail is introduced, lying midway between tie other two, 
and furnished with cc^ Tb.^ ini<idlo rail is in feet a rack. A strong 
ct^ged-wheel driven by tlie locomotive works in this rack, and thus causisi 
the locomotive and attached car to ascend. The steepest grade upon the 
road is 375 mm. per metre., or a little over 1 m. in 3 m. There are nine 
curves with radii varying from 151 m. to 288 m., and the road passes at one 
point over a trestle-work bridge 9.2 m. in height, and with an inclination 
of over 1 ra, in 8 m. 

The locomotive at present used weighs 6900 kgr. The carriages for pas- 
sengers resemble a horse car, and seat 48 persons. The locomotive is always 
below the car whether ascending or descending. The actual time of ascent 
is BO minutes, a rate of over 3 km. perhoni'; the time of descent is some- 
what shorter, and the descent is accomplished by means of ^avity alone. 
The arran^ments for controlling the motion are excellent, consisting of (1) a 
form of irietion-brake attached to the driving-wheels, (2) the power of 
reTersing the dnving-wheels, and (S) an atmospheric brake attached to the 
care. The road is kept open from the middle of June to the first of October, 
and is well patronized during the season of summer travel. The inventor 
of the peculiar form of locomotive and riuls need in its construction is Mr. 
Sylvestur Marsh, to whose energy the road owes its existence. 

Another very remarkable mountain railway is that of Mt. Rhigi, in 
Switzerland, which was constructed by lUggenbach, upon the same general 
plan as the one at Mt. Washington. It was begun in Nov., 1868. and fin- 
ished late in the summer of 1870. The vertical height of Mt. Bhigi above 
the sea is 1800 m., and above Lake Lucerne ISSO m. The road is 5S40 m. 
in lengtli, with a total ascent of a little over 1200 m., an average slope of 
over 220 mm. per metre. There are several curves, all of which have a 
radius of 180 m. At one part of its course lie rwlroad passes through a 
tunnel 80 m. long, and sli/rtly after emerging from this crosses (t ravine 
2S m. deep, upon a bridge 76 m. in length, and having an inclination of 
260 mm, jMir metre. The wei;;ht of the locomotive when ready for nee is 
about 12,500 kgr., being much lai^^er than those used in this country. The 
■velocity attained is 6.4 km. per hour, so tliat the ascent occupies only about 
that time. The passenger ceu^ seat 64 persons, and when empty weigh 
3970 kgi'S. It is customary to have a man walk beibre the engine to clear 
the road of any obstructions that may occui'. 

The mountam raiiroad leading from Ostermuodingen to connect with the 
railroad to Berne, is also of importance. It was constructed by Ki^en- 
bach. Unlike tlie two roads already mentioned, it was built, not for the 

Eurpose of carrying tourists to the mountaiii-sunimitB, but to transport the 
uililing stones quarried at Ostermundingen to a plate from which they 
could be taken by the ordinary railroads. It is composed of two nearly 
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PRACTICAL EXAMPLES. lOU 

level portioDE united by a grade of 100 mm, per metre, which is half a 
kilometre ia length. The total leiifjth of the road is a little over 2 km. 
The existence of both IbtoIs and incl!ne3 upon the roati, rendered neeefisary 
a modifjcation of tlie Bhigi locomotive, as tlie eogged-nheel and rail are 
unnecessary upon the leveia. Hence ijie ml'ldle raiE is made Eeveral ceu- 
timetrea higher than the exterior ones, and is omitted upon thelerel por- 
tions of the road, so that the cogged-wheel engaging in it has sa[;h an 
elevation above the ground, that it does not at ail interfere with the work- 
in" of the locomotive when upon the level. 

The nulroad up Mt. Cenis is perhaps more widely known than any of 
the precuding. Tlie break in railroad connections (77 km.) from St. 
Michel to SuBa led the government of Sardinia to undertake the construc- 
tion of a tunnel through the mountain, in order to secure a continuous line 
of rail from France to Italy, llie extreme length of the tunnel (12,220 in.) 
caused its pro^resa to he vary slow, and while the excavation was going on, 

Mr. J. B. Fell, an English engineer, proponed to construct a line over the 
mountain, ufirig a peculiar system of^rails. and locomotive. Pi'eliniinary 
trials of the system were made in England, and a line was aiWwards built 
up the side of Mt. Ceiiia. The length of this railroad is 19S0 m., and its 
vertical ascent is 151 m. The line begins at a height of 1622 m., and 
terminates at a height of 1773 m. above the sea-level. Its mean grade is 
1 m. in 13 ni. (77 mm. per metre), and ihe maximum is 1 m. in 12 m. 
(83 mm. per metre). There are a number of curves witli radii of from 
40 m. to 300 m. The device for enabling ths locomotive to climb the steep 
({rade is somewhat different from those in use on the railroads at Mt. Wash- 
ington and Mt. Bhigi. It consista of a middle rail, whiuh is finnly em- 
braced by two horizontal drivers, which furnish the necessary friction. 
There are also four vertical drivers of the ordinary form, which are used 
alone when the grade is less than 40 mm, per metre. 

Another railway upon the Fell system is now in process of construction 
in Brazil. It is designed to convey the coffee r^sed in the elevated district 
of Cantagallo over tiio Organ Mountains to the lowlands. The length of 
the railway is about 12,600 m., and its gauge is t.l ra., which is identical 
with that of the Mt. Cenis road. Tbe average grade is about 77 mm. per 
metre, and tlie curves have a radius of 40 m. The centre rail will be used 
only on the st«ep inclines, which is also tbe case on the Mt. Cenis road. 

Still another celebrated example of the mechanical power under con- 
sideration is the T^mher Slide of Alpnach. This is a gigantic inclined 
plane about 14,000 m. in length, leading from the forests on the summit of 
Mt. Pilatus, one of the Swiss Alps, to the borders of the Lake of Lucerne. 
It was constructed in 1812, to convey the fir-trees from the mountain-ibrests 
to the lake, from which they could easUy be carried to the Hhine. The 
mean inclination ia 3° 14' 20", the greatest slope being 22° 30'. It is nec- 
essarily somewhat circuitous, owing to the unevenness of the ground. Tbe 
trees, with their branehra lopped off and divested of Ihwr bark, are placed 
in tlie trough of tlie slide, and descending by their own gravity, ai;quire a 
velocity so great that they reach the lower end in a very few minutes. 

VI. Wedffe. 

232. Explanation of Action. If we suppose the power 
/*, to be applied to ONI as represented in Fig. 116, pushing the 
inclined plane in tlie direction OM, and thus raising W, we have 
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the mechanical power, known as the wedge. The relation hetween 
P and W may be estimiited as follows : — Since the effect of a 
hoiizoiital force in moving the plane is tlie same at whatever point 
of N~0 it may be applied, suppose it to act along FM, a horizontal 
line passinw through A, the point of contact of JfiVwith the verti- 
cal througli the centre of gravity of the body resting upon it. 
Draw AB, BG^ parjillel to the directions of P and W, respec- 
tively, and complete the tri:iiigle ABO by drawing ^6' pei-pen- 
dicnlar to MN, aa the reaction of the plane {It) assumes that 
direction. Then P, TTand ^, are represented in magnitude and 
direction by BC, AB.. A C, respectively. Hence 

P: W : : BO : AB: : JSrO : MO, ov P : W i-.S-.B. (146.) 
Also P : B :: BC : AU :: JfO : MJSr, or P : R :: M : L. (147.) 
That is, power is to weight as the back of the wedge is to its hase, and 
power is to reaction on face as the hack of the wedge is to the length of 
itsfaee. 

223. Common form of Wedge. The most common 
foi'm of ivedge consists of two inclined planes nioaiited base to 
base, as shown in Fig. 117. Suppose the power 2P to be applied 
at the middle of the bact, and to act along the line DA, which 
bisects the angle BAO. The advance of the wedge is opposed by 
pressures M, B^, at right-angles to the faces AB, AG, and if there 
is equilibrium the directions of 2P, B, K, must meet at some 
point, as M. Let the forces R, B", be resolved into two rectangu- 
lai- components, respectively parallel and perpendicular to AB. 
The components pei-pendicular t-o AB are B cos a, B' cos a, which 
are equal to each other if the wedge is isosceles, and hence bal- 
ance. The sum of those components of the resistances which 
are parallel to BA, must be equal to 2 P; that is, for equi- 
librium, 

2 P — 2^ sin a, or P — B sin a (148) ; whence 
P:B:: sin a : 1 : .BB : AB. (149.) 
Hence there is equilibiium with the wedge whenpoweris to weight 
as half the back is to the fave of the wedge. 

224. Practical ApplicatioUB. The wedge is generally- used for 
purposes of ukavage, as in splitting timber. A cleft is inaiie, into which 
the edge of the wedge is introduced, and the blows of a maliet are applied 
to drive it forward. As the tlieoreins which have just been given apply to 
the case of equilibiium- under pressures, while the wedge is Ufiunlly driven 
by pereuision. they are of very limited use, and hence of little practical 
use. Were it not for friction, which is not taken into account in their 
doducljon, the wedge would lose most of its value. In fact, all that can be 
said is that the cleaving power of the wedge increases as itB angle dinuii- 

Most of our cutting instruments are applications of the wedge, as the 
chisel, saw, knife, razor, etc. The angle of the instrument depends upon 
the tenacity of tha substance which is to be cut, as the diminution of the 
angle must practically be limited by the eoiresponding decrease of strength 
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in the tool itself. Hunce the harder the BubBtamce on whith the tool ia to 
he used, tlie less atiite ia the auyle. Tliim thhels fur eiiiliiig wood have an 
fliiylc of about 30°, tor iron an angle ol' from 50° to 60°, and Ibi- brass ti-om 
SO" to 90=. 

VII. Screw. 

225. Construction of the Screw. The scrwo is fomied 
by winding a naiTow inclined plane about a cylinder, as shown in 
Fig. 118. . The spiral ABGDEF foi-rued by the plane is called the 
thread of the scieiv, and works in a similHv thread cut on the in- 
terior of a block called a nut, PQ, Fig. 119, On taming the screw 
around, it is forced to advance or i-ecede in the nwt, according to 
the direction of the motion. The power is generally applied at the 
extremity of a lever AB, Fig. 119, which is attached to the head of 
the sci'ew. To find the relation between the power and the pi'CBsnre 
exerted by the screw, we have simply to consider the case of a 
body Jj, Fig. 118, resting on an inclined plane. On turning the 
screw, X will be poshed up the plane with a certain ibrce wbich 
is evidently equal to the force witli which tiie screw will descend if 
X is flsted. This last supposition is evidently precisely the case of 
a BCi'ew with a flsed nut, for L may be supposed to embrace a 
considerable portion of the thread. The power P turning the 
screw is applied parallel to the base of the plane, hence from (142) 
P: W:: S: B. Now, considering only a single turn of the thread, 
this foiTiis an inclined plane of which the base is the circumference 
of the cylinder on which the thi-ead is fwmed, and the heigbt is 
the distance between the threads. Hence, CHlling I" the power 
applied, W the pressure exerted by the screw, d the distance be- 
tween the threads, and r the radius of the oylliidei-, P" : W:: d: 
2nr, (1'I9). Propoi-tion (149) supposes the power to be applied at 
sui-tace ot the cjl-itider. If the lever C^(Fig. 120) be attached, 
a force P acting at ^wiU produce a preasui'e P" at M, which may 
be determined fi'oin the law of moments. If H be the radius CN', 
r the radiua GM of the cylinder, we have PM = P'r, whence 

P'=P—. Substituting this value ofi*" in (149) we have P- 

: W:: d: 2.rr or P : Wr. d: QiiJi (150J. That is, with the 
screw there is equilibrium when the power applied to the lever ia to 
the pressure produced hythe screw as the distance between the threads of 
the screw is to the circumference described hj that portion of the lever 
arm to which the power is applied. 

Fi-om (150) we obtain the equation W— P ~- (151). The 

effect would evidently be the same if the screw were fixed and the 
nut movable, so that the proposition ia general. 

The preceding theorem is incorrect in practice, owing to 
friction produced by the threads. 
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226. Definitions. It will be siien tliat at <!aoh turn of the fcrew it 
moves over a spiitB equal to tbe ilistiincii between the tlii-ynils. This <!is- 
taiice is knoivn as the pilch of the screw. It is generally determined by 
noticing tho number of ridges ocuiirring in an inSi of the length of tlie 
Bcrew. The angle made with a horizontal line by a tangent to the thread 
of the screw is the angle of the screw. A strew generated by the revolution 
of a. single band around a cylinder, as aheadv described, is sM.d to be single' 
threaded. To increase the strength of the inetrument, it is not uncommoD 
to form the screw by cutting two parallel threads side 1^ side, making a 
douUe-thTeaded screw. This increase in the number of threads does r 



alter the piteh, which is dependent only on the angle of the screw and the 
aze of the cylinder upon which it is cut. Two fonna of screw-thread are 
nsed in practice, the square thread, Kg. 121, and the V thread, Fig. 122. 
The snuare tlu'oad is the most powerful because the reaction of its surface 
RR, fig. 121, is parallel to the elements of the cyUnder of the screw, so 
tliat the total force applied acts to overcome the resistance, while with the 
V thread these reactions are oblique to the elements of tike cylinder, and 
hence a portion of the applied force is uselessly exerted in producing a pres- 
sure tending to burst the nut. The V thread is, however, stronger, because 
there is less material cut away in forming it. A deep screw is evidently 
less strong than a shallow one, but it is more durable, as the greater amount 
of bearing surface prevents it from wearing away so easily. 

Screws are used in practice whenever it is necessary to esert a great 
pressure tbongh a small space, as in pressing books, extracting oO from 
seeds, rmsing Buildings, and the like. Boring instruments as augers, gimlets, 
and corkscrews, are additional examples. 

227. Differential Screv. Equation (ifil) shows that the mechanical 
advantage of a scfew may be increased in two ways ; (1) by increasing the 
length of the lever arm, and (2) hy diminishing the distance between the 
threads. The firat of these methods gieatly increases the size of the ma^ 
chine, while the second is practically limited, owing to the weakness 
of extremely fine threads. The difficulties are avoided in the inacliine 
known as the differeniial screw, oi Hunter's screw, oaboi the forms of which is 
shown in Fig. 123.'- Two screws AB, CD, are cut upon a single cylinder, 
the pitch of AB being greater than that of CB. AB works in a nut EF, 
and CP enters a second nut, which is capable of a vertical motion between 
the guides DEFG, and is prevented irom turning around with the screw. 
To understand its working, suppose the pitch of jIB to be J of an incli, and 
that if CD to be ^ of an inch. On turnin" AB once around, it advances 
through a spaiv, of | of an inch. The smSler screw CD at the same time 
turns in the nut GR, and by its motion as it enters the nut draws this 
towards EF by an amount of 4 of an inch. Hence by a single turn GHis 
moved away from EF ^ of an inch by the motion o! AB, while it is moved 
towards EF i of an inch at each turn, and hence the same effect is pro- 
duced as if there were a single screw with a pitch of ^ of an inch, tlie 
difference between the pitch of AB and that of CD. The differentia! 
screw is therefore in equihbrium when yoiaer is to pressure produced aa the 
differences of the pitches of the tvx parts of tlie screw is to the circumference 
described by the power. 

Since tbe effect is dependent merely on the difference of the pitch and not 
' ' ' i value, the ratio of pressure to power may evidently be in- 

or, John Iluiiter, tha celebrntad surgeon. 
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creased to any desired extent withoTit (iiniinishing the strength of the appa^ 
ratus. Suppose, fur example, ths pitch of AB to be ^ in., and tliat ot CD 
5>5 in., and lot the end of the leverrarm describe a eircumfei-ence of 10 
Luehes. A power of 10 Iba. applied at the extremity of the lever will cause 
a pressure of (10 X 50) -f- ( ^ — -jV) = 30,000 [bs. 

228. Endless Screw. Fig. 12S represents what is known as an 
endless screw. It consists of a wheel AB, called a vxirm-wbeel, fitmished 
with oblique teeth whicb eng^e in the thread of the screw CD, which is 
known as the worm. If the screw is sinrfe-threaded, the wheel advances by 
a single t(X)th for each revolution of CD- If there are two, three or more 
threads, a coirespoiiding number of teeth pass at each revolution. The 
reduction of velocity taking place in the transfer of motion from the screw 
to tiie wheel, renders this contrivance useful for registering the number of 
revolutions of an axis. Thus if the wheel ^B'haa 50 teeth, it will make but 
1 revolution, while tiie screw makes 50. If, now, the axis AB. carry a 
pinion acting in its turn on a cc^god-wheel, the velocity of the revolution 
may be reduced to any dc^ed extent. For instance, if tiie pinion has S 
teeth and the wheel 100, the scryw will revolve 1000 times while the cogged- 
wheel revolvea once. The number of revolntions of the screw-axis is read 
by means of an index attai:hed to the axis of the last wheel. 

When any considerable force is to be transmitted by the endless screw, 
the screw is made to drive the wheel, because the friction would prevent 
the wheel Irora driving the screw, in addition to the fact that such a com- 
bination would involve a mechanical disadvantage. In light machinery, 
however, where there is little friction, the wheel may be made the driver. 
This coLnbination is frequentiy used to regulate the velocity of a train of 
wheels by connecting the axis of the screw with a fan-wheel, the motion of 
whose wings is so much resisted by the aiv as to keep the velocity within 
suitable limits. 

229. Micrometer Screw. By means of the screw w« 
are enabled to measure small linear distances with great acenracy. 
When the screw is turned, the space passed over by its extremity is 
known immediately from the number of revolntions, provided that 
we know the pitch, and if a graduated circle is attiiched to the 
screw-head a minute fraction of a turn oaii easily be measured. 
Suppose, for example, tliat a drcle divided at its circumference into 
100 parts be thus attached to a nicely-made screw having a pitch 
of 1 millimetre. If the screw makes one complete i-evolution, it 
will advance 1 millimetre, hence for yjjj of a revolution, the length 
of one of the divisions of the graduated , circle, it will advance 
-[Jg^ mm., which distance therefore coiTesponds to one of the scale- 
divisions. With a tii-st-chisa micrometer sci-ew we can measure a 
length within y^ji of a millimetre. 

230. Sheet Metal Ctan^e. A practical application of this principle 
is shown in the gauge used for measuring the thickneaa of sheets of metals, 
paper, etc.. Fig. 134. " The piece in the form of the letter U has a pro- 
jecting hub. a, on one end. Through tiia two ends are tapped holes, in 
one of which is an adjusting screw, B, and in the other the gauge-screw, C. 
Attached to the screw C is a thimble, D, which fits over the exterior of the 
hub. a. Tile end of this thimble is beveled, and the beveled edge graduated 
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into 25 parts, ami figiiral 0, 5, 10, 15, 20. A line of gradaationa 40 to the 
incli is also made iipuii tile outside oi' the liub a, the tine of these diTisiona 
runBing parallel with the centre at tlie screw C, while the graduationa on 
tlw tliinible are c-ircular. The pitch of the screw C bein" 40 to the ineh, 
one reTolution of the thimble opeos the gauge -^ or -^\r of an inch. The 
diyisioDB on the thimble are then reatt off for any additional part of a 
revolution of the thimble, and the number of euch diTislons is added to the 
turn or turns already made by the ttiimbte, allowing y^k^ for eaeh gradua- 
tion on the hub «. For example, suppose the thimbie to have made 4 
revolutions and one-fitUi. It will then be noticed that the beveled edge 
has passed four of the graduations on the hub a, and opposite the line of 
graduation will be found on the thimble the line marked 6. Add this 
number to the amount of the four graduations which is ^^, and equals 
A^, whluh is the measurement shown by the gauge.^" To show the method 
of using the inatninient, suppose we have to det^rmiiie the thickness of a 
sheet of metal EF. We first turn the screw till the ends B and C are in 
contact. The reading on the scale should then be 0. Then turning the 
screw till the sheet will pass hetween B and C, we place it as shown in the 
figure, and ^ain revolve the screw until the end just touches the metal, 
taking the reading of the scale as before. The second reading evidently 
shows the numOer of revolutions made by the screw in passing over a 
linear distance equal to the thickness of the sheet of metal, and this multi- 
plied by the pitch of the screw is the thickness sought. If the material of 
the sheet is very soft, it is placed between two plates of glass, the reading 
being taken when the metal is in place and after it has been removed. The 
difference of the readings gives the thickness sought. 

231. Dividing Engine. The micrometer eorew is also 
applied in the ooQstruction of the engines used for dividing linear 
scales. The principle of the instu-ument is as follows. A dia- 
mond, or other graver, ia attached to an arm, which is connected 
with the nut of a carefully-made screw, so as to be carried forward 
when this is revolved. liii-ectly tinder the graver, and parallel to 
the line of its motion, is placed the bar to be divided. The' grad- 
uated head of the screw is turned through a certain number of 
divisions con'esponding to the spaces to be marked off upon the 
bar. A movement is then given to the graver, cutting a line upon 
the bar, the screw is ae^n revolved, and thus the process is con- 
tinned. The best dividing en^nes have devices for rendering the 
whole action automatic, and also for making every fifth and tenth 
mark on the scale larger than the intei-mediate ones. Oftentimes 
the graver is stationaiy, and the bar to be graduated is moved by 
the aci-ew. A aitnilar device ia used in the simplest method of 
dividing circles. The plate to be graduated is attached concen- 
trieally to a heavy circular wheel, to which a tangential microme- 
ter screw of known pitch {tangemUscrem) ia fitted. The rotation 
of the tangent-screw through a single tui'n con'esponds to the 
rotation of the ■wheel and the attached plate through a certain 
fiaction of a degree. At each turn of the screw a mark is made 

1 Cnliilogue of Darling, Brown and Shai-pe. 



:yGoogIe 



APn-ICATION OF VIRTUAL YELOCITIKS. 115 

upon the plate by the graver, and the pi-oct'ss is continued nntil 
the whole circumference ha.s been traversert and cmipletcly jrrad- 
nated. Additional examples of the use of the micrometer screw 
g-microscopes, the spider4ine micrometer, etc. 



232. Combinations of the Meohanieal Powers. The mechan- 
ical powers may be combined in various ways. The mechanical advai»tan;e 
g^ned by any particular combination may be determined bv estimating the 
effect of its component parts separately. For example. Fig, 125 repre- 
sents a form of machine sometimes used for raising ships from the water. 
The vessel is draim up au inclined plane by means of the wheel and axle 
(capstan) HG, acting upon the system of movable pulleys EF. If we sup- 
pose the radii GH, Gl, to be 2 metres and one-fourth metre respectively, 
and the slope of J. C to be 1 metre in 10. the power exerted at K. on ap- 
plying at ff a force of tOOO It^rs., will be 32,000 kgrs.. which would be 
Bufflcient to draw a vessel weighing 320,000 kgrs. upthe plane AC, suppos- 
ing no power to be lost by friction . 

VIII. Application of the Principle of Virtual Velocities to the 
Mechanical Powers. 

233. General Principles. In the use of the various mechanical 
powers there is no absolute gain of force. For it will be recollected that 
the force of motion of any body is eijual to its mass raulliphed by its ve- 
locity, and it is found that if the power and weight are in equilibrium, and 
a motion is impressal upon the machine in the direction of either of those 
forces, the power multiplied by its velocity equals the weight multiplied by 
Its velocity ; or, calling P the power. W the weight, V, V their respective 
velocities.' Pr= WV (15-2), whence P : W: : V : V. (153.) Hence, 
the velocity of the weight when compared with that of the power, is di- 
miniehed in the same ratio as the weight balanced by that poiver is in- 
creased by the use of the machine, or as it is generally expressed, tohat is 

iionstra 

■'nof T , ,v • . - 

5 mechanical powers in order. Our method of proof w 

bIiow that assuming the principle of virtual velocities, the law of eqnilib- 

riiun a? deduceil for each power follows. 

234. Application to Iiover. Let m take the case of a bent lever, 
AFB. Fi^. i 26. P being the power, and W the weight balancing it. Sup- 
pose iKiw tliat a slight displacement be given to the machine, so that A 
takes tlie position A', and B moves to B*. Tlie power now acta along A'l", 
the weight ahaaffW. Draw X'm perpendicular to -4 P, and B'n per- 
pendicular to the prolongation of WB. Am and — Bn are the virtual 
velocities of P and W, Am being positive, as it is laid off in the direction 
of the action of P, and Bn negative, because it is laid off opposite to the 
direction of the action of Tl^. Tlie arcs A A', BB', being very small, may bo 
considered as straight lines perpendicular Xa AF and BF, respectively. By 
the principle of virtual velocities, 

PX Am~WxB>i = f). (154.) 
Now Am = AA' cos mAA', also arc AA' ^ AF X angle A FA', and 
cos mAA' = cos (PAF — 90") = sm PAF. Hence Am^AFX angle 
AFA' X sia PAF. 



:yGoogIe 



116 APPLICATION OF VIRTUAL VELOCITIEa. 

In like manner, B» = BB' cos nBB'. But BB' = BF X an-le SFB', 
and cos nBB' = coa (WBF — DO") — sin WBF. Hence Bnt=BF X 
angle SFB" X sin WBF. Substitutinji these values in equation (154), 
P X AF X angle AFA' X «n PAF — W X BF X angle BFB' X 
sin WBF = ii. (155.) 

But AFA' — BFB', from the conditions of motion, whence P X AF X 
Bin PAF —WxBFX^m WBF — (156), or 

F iW-.-.BFsm WBF : AF mn PAF (157), 
which is the condition of enuilibrmm, as deduced for the lever in propor- 
tion (101), p. 88, a8 AF sin PAF, BF sin WBF, are the arms of die 
forces P and W. 

235. Application to Wheel and Axle. Let ACB, F^. 127, 
represetjt a wheel and axle. The forces applied are P and W, acting ver- 
tically downwards, and the upward reaction iJ = P -|- W, at C The 
machine being rigid, the forces may be considered as applied in the same 
plane. The virtual velocity of Ji = 0, as the wheel and axle revolve 
about C. Suppose a motion impressed upon the machine so that P moves 
to P', thus raising W to W. The ori^nal point of contact of the rope P 
is A , and tlie wheel mores from A to A', and the original point of contact 
of the rope Wis B, and the asle moves from S to B'. PP' = AA' is the 
virtual velocity of P. and — WW' = — BB', tliat of IF. For equilibrium, 

P XAA'—WXBB' — O. (158.) 
But ^^' = ACX angle ACA'. and BB' = BC X angle BCB', or. call- 
ing R, T the radii of the wheel and axle, AA' ^ R X angle ACA', 
BB" = r X angle SCB'. Substituting these values in (158), 
P X RX angle J C^' —WX^X angle BOS' = 0, or, as the anglea 
ACA' BCB-, a.re equal, PXR—WXr = 0, or P: W::r:R (159), 
the condition of equilibrium di^monstrated in § IDS, p. 97. 

236. Applioation to Pulley. With a fixed pulley and parallel 
cords, the truth of the principle is evident, as the power and weight move 
over equal distances. 

The most general case of the movable pulley is that in which the cords 
are inclined, as represented in Fig. 128. Let C, P,_Tr, be the original 
positions of the pulley, power and weight. On irapressinf; a slight motion 
upon P, so Uiat it moves to P-, C rises to (7. and JT to TT. so that WW 
= CC Pp- is the virtual velocity of P.-^WW that of W. Draw Cm, 
Cn, circular arcs having their centres at M and H. When the displace- 
ment is very small these become straiglit lines perpendicular to Hn, Hm. 
In thatease Cm = C«=CC cos fiCC = CC eosi/iCjl/= CC" cos n, 
nsing the notation of S 208, p. 102. Since tlie shortening of the whole of 
the cord MCH, is equal to the lengthening of AfP, PP'=mC+nC — 
2CCcoafi. For equiUbrium, P X-PP'— l^'X C'C- = 0. (IBO.) Sub- 
stituting the above value of PP', 

P X ^C'C COS o = TF X CC, whence 
TF3z2Pcoso (161), which is identical with equation (127), p. 103. 

237. Application to Inclined Plane. Let A. Fig. 129, be the 
original position of the point of apfilication of F and W, and suppose it to 
be displaced along the line AB to the point B. Then Aia is the vu-tual 
velocity of F, and —Bi) that of W. For equilibrium, F X AM — W X 
Bn — 0, (IG2.) But Am -sz. AB am B, and Bn = AB sin n ; hence, sub- 
stituting these values in (162). 

F X AB eoa B — W X AB iiTL a — 0, or 
F : IP :: sin : cos B (163), as demonstrated in § 213, p. 106. 
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238. Application to Wedge. Calling 2P the powev, and if, R', 
tlie ef[ual reactions, we have in the case of a small displacement of the 
wedge from the position ABC to A'S'C, Fig. ISO, virtual velocity of P =1 
mm' =T AA', virtual velocity of R ■^^ — nn' = — ip If there is equilih- 
rium, P X AA' ~-R xAP = (i (164) or 

P : R :: Ap: Ai But 

Ap : AA' : : SN : BA, whence PR BN B i (165), 

which is identical with tlie conditions of equilibnum demonsti ited in 

§223. p. no. 

239. Application to Screw. The ipplication of the theorem to 
the screw m obvious, since the power must mo>e ttirough the (jrcumference 
whose radius is the lever-arm, while the weight moves ovi-r a distance 
equal to the pitch of the screw. For any small displacement the virtual 
velocities would be in this ratio, whence 

P : W : : d : inR (ISG), as already demonstrated. 

240. Velooit7-Batio. jHie ratio of the virtual velocities of the 

V 
power and weight, 7^, is cdled the vehcUy-ratio of those forces. From 

what has already been demonstrated, will he seen that in all cases (fe me- 
chaniced ailvantage gained by the use of any machine is expressed by the veloc- 
ity-ratio of the power and ioelght. This theorem gives a simple method of 
determining the theoretical efficiency of any combination of the mechanical 
powers. 
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l-Lo D'i'NAMICS. 

CHAPTER XI, 
Uniforji and Unifokmly Variable Motion. 

241. Definitions. 'Dynamics treats "of the relations be- 
tween the motions of bodies and the forces acting amongst them." ' 
It differs from JCinematics in that the latter subject considers only 
the relations of the motions to each otlier, independently of their 
causes. 

Motion is of two kimls: (1) motion of translation, in whioh 
the moving body simply passes fiom point to point, the paths of 
all the particles composing it lying in parallel lines, and (2) motion 
of rotation, in which the body under consideration revolves about 
an axis. These two varieties of motion frequently exist in com-, 
bination. A motion of translation may be rectilinear, in which 
case the pathof the moving body ia a straight line ; or curvilinear, 
when the path is any curve. 

All motion is either uniform or variahk. In uniform motion 
equal spaces are described m equal times; in variable motion un- 
equal spaces are described in equal times. 

242. ITniform Motion: Formulae. Since a body hav- 
ing a unifoi'm motion idescribes equal spaces in equal times, if in. a 
unit of time it degcribea a apace V, in '2 units it describes a space 
2 V, and in ( units a space [ V. Hence, denoting by 8 the whole 
space passed over by the body in ( units of time, with a constant 
velocity V, we have, 

S — n (167), whence t = y- (168), and V= -j (169), 
the forniulie for uniform motion. 

243. Causes producing Uniform Motion. There 
are two cases in which unifoiTo motion may occur. (1.) If a body 
were projectci with a definite velocity, in the absence of all dis- 
turbing forces, it would proceed indefinitely with a unifoim mo- 
tion, by virtue of its inertia. Practically, these conditions can 
never be exactly fulfilled, but as they are approximately realized, 
uniformity of motion is also approached. (2.) When the result- 
ant of all the forces acting upon the moving body ia zero, thatr is, 
when the magnitude of the impelling forces equals the magnitude 
of the resisting foreea, the motion is also uniform. For an exam- 
ple, let us take the case of a train of cars. Here the train is 
moved onward by the impelling foree of the locomotive, while the 
friction of the wheels ia a constant retarding force. Suppose the 
train to be in motion. Were there no retarding force, its inertia 

' Eaiikine, Aji^kd Mechanici, p. 476. 
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wouli^ carry it onwai-d with nndiminished velocity. Biit tiie ti-ic- 
tion on tlie rails, and other i-esistanees, desti-oj- ;i [■ortiori of the 
motion in eacli unit of time, and if acting alone woiihi tin;illy con- 
sume the whole motion, when the train would come to rest. The 
locomotive, however, gives a constant impelling foi-ce, and if this 
is made just eqnal to the resistance, the loss of motion by the lat- 
ter is compensated by the gain from the foi-mer, aod tlie velocity 
of the train is nnaltered. 

A body thus movmg uniformly under the action of balanced 
forces is said to be in dyrutmioid equilibrium. 

244. Uniformly Accelerated and Uniformly Re- 
tarded Motion, and their Causes. When the spaces 
travereed in successive equal times increase, the motion is said to be 
accelerated ; when they dewease it is sdd to be retarded. If the in- 
crements or decTcments of motion are equal in equal times, we have 
•uniformly accelerated or unifomdy retarded motion^ When a 
moving body is acted upon by any force exterior to itselij its motion 
is caused to vaiy. If this foree acts in the dii'ection in wliich tlie 
body is movina;, the velocity will be increased, thus pixtducing ac- 
celerated motion ; if the three is opposed to the motion of the 
body, the velocity will be decreased, producing retai-ded motion. 
If the force acting upon the body is constant, equal increments or 
decrements of motion will be generated or destroyed in equal 
times, causing uniformly accelerated or uniformly retarded motion. 

245. Definition of Velocity. In uniformly accelerated 
or retarded motion the velocity of the moving body is constantly 
vai-ying. The velocity at any instant may therefore be defined as 
the space over which the body would move in a unit of time were 
the accelerating or retarding force to cease its action. 

In unifoi-mly accelerated motion the increment i;f velocity in a 
unit of time is called the acceleration. In uniformly retarded 
motion the decrement of velocity iu a nnit of time is called the 
retardation. The unit of time generally adopted is the second. 

246. Laws of Uniformly Accelerated Motion. 
Formula. I. The velocity acquired by a body moving ivith a uni- 
formly accelerated motion is proportional to the time. For by the 
detinition of this kind of motion, the increments of motion are 
equal in equal times. Therefore if a body under the action of 
any force acquires a velocity, ra, in 1 second, in 2 seconds it will 
acquire twice that velocity, or 2a, and in t seconds t times a. 
Hence calling a the acceleration, ( the time, and v the velocity at 
the end of that time, we have v = at (170), a formula giving the 
relation between the acceleration, time and velocity, and showing 
that the velocity varies directly as the time. 

II, 3%e sticoegsive spaces traversed by a body movintf with a uni- 
formly accelerated motion ore proportional to the squares of the time 
occupied in passing over them. The space traversed by a body dur- 
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ing an extremely small interval of time maybe regarded ng moved 
over with a uniform motion. Let t be the time which the body 
oconpies in passing over a space s, and let that time be divided into 
n equal parts, w being a very lai'ge number. Each one of these 

parts will equal -, Calling a the acceleration, the velocities after 

successive int^irvals of time, --, 'Z-, 3-, n- will be, ae- 

( ( ( t , 

cordingto equation (170), «-, 2«-, 3a-, ^""n^ ^"" 

supposing the velocity to be uniform during each of these iu- 
tervala of time, the oori-esponding spaces passed over will be 



a -J, 2a -5, 3a -J, na-^, by equation (167), The space 

s traversed in time t will evidently be the sum of th^e small iu- 

t^ t^ fi ^ 

tervals, therefore s — a^ + 2«^ + Ba-^ + na^^or 

S = a— 2 (1 + 2 + 3 + n). The quantity within the 

parentheses is the sum of the terms of an arithmetical progresaon, 

^ (n + 1)« , f r(w+i>-i „_««', ««' 

and= ^, hence s = a^L ^J, or s .^ ^ + ^■ 

A consideration of the cause of unifonnly accelerated motion will 
make it evident that only when the interval of time considered is 
intinitely small, that is, when n is infinitely great, does the sup- 
position which has been made, that the spaces traversed during the 

interval — are unifoi-m, apply to the khid of motion with which 
we are now concerned. Hence, that the equation just deduced 
maybe applicable to unifonnly accelerated motion, n must be 
made — 00. Inserting this value therein, the formula becomes, 

s=:-;j- + — — -y-+0, whence s — ^at^ (171), a formula show- 
ing the relation between the ap:ice traversed, the time occupied in 
passing over it, and the acceleration, and from which it follows 
that s varies as f, or the spaces are propoi-tional to the squares of 
the times, 

III. In uniformh] accelerated motion the velocities are proportional 
to the square roots of the spaces passed over in generating ikem. For 

fi-om (170) V = at, and t = -, and fi-om (171) s = ^at", and ( = 
if —. Equating these two values of (, we have - = y'^^ ""^ 

Bolving relatively to u, u — \/iIas (172.), in which v varies as the 
square root of s. 
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IV. In imifoi-mly aecchroted mofion the sj-oces passed over in suc~ 
cessive equal intervals of time are proportional to the odd numbers, 1, 
3, 6, 7, 9, etc. Tiiia foUows ii-om foviniila (171), s — ^at^ For in 
intervals of time 1, 2,^3, 4, 5, the spaces traversed are Jo, |a, fa, 
^a, ^a. Tlie spacea ti-avelled o*er in each successive Interval 
will be found by subtracting tlieae spaces, Ja from ^a, ^a from %a, 
|a from J^a, et«,, and are respetitively equal to ^ fa, fra, Jo, ^a, 
quantities wliich ai-e to each other as 1, 8, 6, 7, 9, and the same 
reasoning CHn evidently be applied to a gi-eater number of succes- 
sive intervals. 

The same fact may also be shown to follow from a considera- 
tion of the first and second laws of motion in connection with 
formula (171). The space pHssed over in a unit of time is |a, 
and the velocity at the end of that time is a. By virtue of it« 
inertia alone, in a second unit of time the body would pass over a 
space a, while the additional space traversed, owing to the contin- 
ued action of the accelei-ating torce is ^o. Tlie total distance trav- 
elled over during the second unit of time is therefore %a. The 
velocity at the end of this secoud interval ia 2a. During a thii-d 
interval the body will pass over a space 2a, because of its inertia, 
and Jo, because of the continued action of the foi-ce, in all go. 
The same reasoning could be applied to a greater number of equal 
intei-vals, showing that in the tourth the space is 5«, in the fifth 
fa, and so on. In intervals 1, 2, 3, etc., the spaces traversed 
therefore vary as the numbers 1, 3, 5, 7, 9. 

247. Body projected in direction of Accelera- 
ting Force. If the body has an iuitial velocity, V, the veloc- 
ity at the end of time t, will be w = F + at. (ITS.) P'or by the 
second law of motion tlie accelerating force will produce the same 
effect aa if the body were at rest, hence the total velocity will be 
that due to the inertia of the body plus the velocity generated by 
the accelerating force. 

The space described in time t, will be s = Vt -\- ^a^. (174.) 
For the space traversed by virtue of the initial velocity will be Vt, 
while that described because of the acceleration is ^oiK The 
total space is therefore equal to tlie sum of these two. 

248. FormuIaB for Uniformly Retarded Motion. 
In uniformly retarded motion the constant force acts in oppo- 
sition to the original motion of the body, thereby tending to 
bring it to a state of rest. The amount of motion' destroyed in a 
unit of time by a given force acting in opposition to a preexisting 
'motioii, is equal to that which the same force would generate in a 
body starting from a state of rest under its influence. From this 
it follows that at the end of a time t, the velocity of a body mov- 
ing with a uniformly i-etnrded motion is V — at (175), ra being 
the retai'dation, and Y the initial velocity. For as a ia the quan- 
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tity of motion destroyed in 1 unit of time, the velocity, at, mnst 
be destroyed in f units. 

The space travei-sed in time (, will be s = "R — l<tf (176), 
whit-h is the distance Vt,over which the body wonld move by 
vii'tue of its inertiiil velocity T^ w-wiws the space Jai^, through 
which it would move in an opposite direction, were it solicited 
from a state of rest by the retarding force. This is a dii-eet con- 
sequence of the second law of motion. 

249. Laws of Uniformly Retarded Motion. I. From 
these fomiulfe it follows that the space described in extingmsMng a 
given veloeity is equal to that described in the generation of the same 
veJoeify under the action of the same force. For the time required to 
destroy ft given motion equals the time I'equired to genei'ate that 
motion. Let Y be the given initial Telocity, which is supposed to 
be extinguished in time t. Then V = at. By the formula (176) 
the space s ^ Yt — ^a^. Kiihstitutinf? in this the above valae of 
Y,s = a^ — laf ^= ^af, which is also the space described in 
time (, by a body starting from r^t, and moving with a uniformly 
accelerated motion. 

II. The velocity at any particular point of the space described is 
the same whether the body starts from rest and aeqmres a vehcilj/ v, or 
starts with a velocity v and is gradually brought to rest. Let AS, 
Fig. 131, be the path described with a uniformly accelerated mo- 
tion, and £A that described with a unifoi-mly retarded motion. 
When moving from B to A the velocity possessed by the body on 
arriving at any point O, is jnst sufficient to oaiTy it np to A. Fi'om 
the preceding proposition it follows that this velocity is exactly- 
equal to that which it would acquire by passing over ^C, under 
the action of the foi'ce causing the acceleration. 

250. Case of Falling Bodies. A body filling verti- 
cally through the air moves with a uniformly accelerated motion, 
as it is acted upon by a constant accelerating force, its weight, or 
gravit)', pulling it towards the earth. A body thrown vertically 
upwai'd moves with a uniformly retai-ded motion, the weight in 
this case acting io opposition to the projecting force. The accel- 
eration produced by gi-avity is 9 8 ro ind is iisuilly denoted by 
the letter g. Substituting h e n t -n se (1 0) (171) 
(172), (173), (174), (175), (176) and f w <7 
we obtain foi-mulie for the sun n m qu ns 
relative to bodies falling fi-e y un h nfl n f y s 
follows ; — 

v=V^gt (180), h=Vt-\r W ■ (181.) \ ^2^XT, J 

v= V~gt (182), h = Vt — lfff. (183.) l ^Slv^ej^ea 

251. Application of Formulas. The vanous e^pen- 
mental verifications of the laws of motion deduced in the p " 
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chnpter will lie foancl in the discussion of filling bodies, the mo- 
tion caused by gravity tieing the vut-iety of nec^lerated motion 
moat easy to deal with. The a-pplication of the preceding form- 
ulse will be made clear by the consitleratiou of the following 
numerical examples. 

1. Sappoae that !i body falls freely for 5 seoonds, and we wish 
to determine the velocity at the end of that time, and also tlie 
total space travei-sed. Substitnting in (177), g = 9.8, i = 5, we 
have, « = 9.8 X 5 33 49.0 m. Also from (178), A — i X 9.8 X 
(by =^122.5 m. Or A could be found directly from w, as v =^'^2ffh, 
whence 49 = V 2 X 9.8 X A. Solving this relatively to i, the 
same value as befoi-e, A = 122.5 m. is obtained. 

2. Snppose that the body wure projected vertically^ downward 
with a velocity of 10 m., and that we wish to know its velocity 
after 5 seconds, and the space traversed in that time. From (180) 
„— K-f ff( = 10 + 9.8 X 6 = 59in.; and from (181.), s = Vt + 
yt^ = 10 X^fiiX 9.8 X (5)^ = 172,5 m. 

3. A body is projected vertically upward with a velocity of 
10 m., and it is reqnu-ed to find the time it will be in the air, and 
the height to whion it will ascend. The time is found from (177), 
since the time occupied in destroying a velocity i; equals tliat neo- 
essaiy to generate it. Sohstituling for « and g their values, we 
liave 100 = 9.8 (, or ( = yi^ = 10.2 sec, which is the time of as- 
ce'iit, and as the times of ascent and descent are equal, twice this 
time, or 20.4 is the total time that the body remains in the air, 
Tlie heig ht is found eit herfrom (179) or (183). For v= *^2^. or 
100 = V2 X 9.8 X A, whence A = 610.2 m. Or from (183), A = 
Vt — y^, k = 100 X 10.2 — J X 9.8 X (10.2)= = 510.2 m. 

252. Qraphical Bepresentation of Motion. Curve of Spaces. 
It is otU'n convenient to study the laws of motion by the use of the Graph- 
iL^al Melhoii. 

Any ri'ttilinoar movement of a piwticle ia defined when we know its 
ilistiiicc I'lom some fixed point of reference, at eanli successive unit of 
tiriR!. ] I. ■lice we draw two rectangular axes, OS, OY, Fig. 1 92, representing 
stKJi'i'sfivi; miits of timer by equal disiances measured on OZ (abscissas), 
ami ili'.iiote by vertical lines (ordinates) the distance of the moving body 
ironi the point ot reference at tlie end of eaeh instant. By joinnig the 
extreiLiities of these onlinates we may construct a curve representing the 
motion of tlio body. For example, let us suppose that we wish to exhibit 
grapliically the law of motion of a particle vibrating to and fro about a 
poiTLt D, Fig. 183. Let the particle occupy the positions B'", B", B', B, D, 
C, C, C", C", at the expiration of sneceasive units of time, then return- 
ing through the points &", C", C C. D, and so on. We a^ume the 
middle point, D, as the point to which the motion is to be referred, ami lay 
-ff equal lengths, OB, -Bff, iJ'^',B"B'", etc., along the axis OX (Fig. 132). 
■■■■■■■"" ■■ left of a 



!, and denote Intervals of time befiire the particle reaches D\ tho-e 
n the right are positive, and denote times after tlie particle has passed D. 
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Now from eaoli of thuse points, B"\ B", B', etc., we erect ordiiiates of 
Itngtli propOL-tional to the distances I>fi'", DR", DB\ etc. (Fig. i33J, rep- 
resenting positions at the left of D by negative orilinates, ajid those at the 
right hy positive oi-dinates. Drawing a curve through the estrcniitiea of 
these ordinates, we obtain a grapliical representatiou of the motion of the 
particle. From this curve it will be seen that, for example, S units of time 
before reaching Z> the particle is distant from it by a space represented by 
B"S. The distance from D, two units after passing it, is repi'csented by 
CM, 5 units by CJV, and so on, the ordinates first increasing as the par- 
ticle recedes from D, then decreasing as it reapproaches D. and again be- 
coming negalive when D is passed, and the particle nioves from Z> towards 
B ". Having constructed the curve we can readily obtain intermediate 
values. Thus if we wish to find the distance of the particle from D at the 
end of 3i units of time, we have simply to Uy off OK ^ 3j, and ascertain 
the length of tiie corresponding ordinate KL, which represents the space 
required. 

The curve constructed as explained, is known as tlie Came of Spaces. 

253. Determination of Velocity from Curve. From the 
curve of spaces it is ca-sy to find tlie velocity possessed by the particle at 
any given distance from D in the following manner. In the case of varia- 
ble motion the velocity at anytime mav be considered as uniform, while 
the particle is passing over a very small distance. Let VW, Fig. 134, be 
a portion of the curve of spaces. Suppose B', M' to be periods of time 
taken so near together that the motion of the particle is sensibly uniform 
during tlie interval. The space traversed in this time is represented by 
OK, &e time occupied in describing it by ffM = NK. Hence the velocity 

songht, V =z -p — =: -jn^ = -wT- But NL ^ Sff represents a unit of 
time. Hence v z= TL, that is, TL is the space which the particle would 
describe in a unit of time were it to continue moving with the velocity pos- 
sessed by it at the given instant. 

Since -jff^ = tang TNT., Ike velocity at any particular time is the tangeitl 
of the angle made wtlh OX hy the geometrical tangent to the curve at the point 
correitpnnriing to that time.. 

254. Curve of Velocities. If we find the velocity corresponding 
to each successive nnit of time, we may construct a cari-e of veloclJte.i, rep- 
resenting times hy abscissas, and the corresponding velocities by ordinates, 
as in Fig. 135., Motions from left to right are positive, those from ri^t to 
left negative. 

If we have the curve of velocities rfven to construct the curve of spaces, 
this LI easily done, fi^r the change of distance of the particle from the point 
of reference during an extremely small portion of tame is CM X MN = 
Area CSMN. The same method will give the space travorsed in any 
other element of time. Hence the whole space traeei'sed by the particle in a 
given time w equal to the area of the conespoiuling portion of the curve of 
veltici/ie«. 

From the curve of velocities we can ascertain the acceleralion exactly as 
we have already ascertained the velocity icom the curve of spaces, since 
. ibe acceleration is simply the increase of Telocity in a unit of time. 

255. Appliaatiou to llnifoiTiily Aaoelerated Motion. As a 
simple appiieation of tlie preceding principles, we proceed ti:> apply them to 
the ilemonstral^on of the laws of nniibrmly accelerated motion, which we 
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have already prored bjr analytical mcithods. As the velocity is propor- 
tional to the time we construct tlie curve of velocities by laying off succes- 
sive equal distances, OA, AB. BC, etc., on OX- These represent times. 
From each of the points A, B, 0, etc., we raise perpendiunlars AA', BB', 
CC, etc., of lengths proportional to the correspondiug times', that is, we 
make AA' : BW : : OA : OB, and so with all the rest. The line OE' is 
the curve of velocities, which, in the case of uniformly accelerated motion, 
is reduced to a straight line. From what we have idready said the space 
traversed in any given time equals the correspondiaa area of the curve of 
velocities. Hence the space described in an I'nterv^ of time denoted by 
OE is equal to the area of the triangle OEE' = OE X iEE'. If OA — 
1 second, in which case AA', the velocity acquired in that time, becomes 
the acceleration, and OE = I, we have OE : OA : : EE' : AA\ or 
( : 1 : : EE' : a, whence EE' = at. Hence area OEE' = OE X \EE' 
= tX^ai = latK 

256. Comparison of Forces with Gravity. The 

a«celeriition which will be produced when any force acts upon a 
body at liberty to move ia readily found from proportion (7), (p. 35.) 
Calling "H^the weight of the body, and F the force, expressed in 
kil<^rammes, a the acceleration produced by P., and g the aecelera- 

F 
tion produced by gravity, F\ W: :a: g, whence a =^ g^ (134), 

a formula giving the acceleration when the force is known. 

For example, suppose a body weighing 20 kgrs. to be acted upon by a 
force of 10 kgrs., and it is rcqidrcd to find the acceleration. From (184) 
we have o ^ 9.8 X ^-J — 4.9 m. 

257. Motion dOTPn an Inclined Plane. >Ye now 

proceed to investigate the subject of the motion of a body rolling 
down an inclined plane. 

Let A, Fig. 137, represent any body resting upon an inclined 
plane of which iP'O — ffia the height, and MN'= L the length. 
The body presses in a vertical direction with a force equal to ~W its 
weight. Let this force be r^olved into two components P and F, 
one of which, P, is perpendicular to the plane, and can have no 
tendency to cause the body to descend, while the component _F, 
oil the other hand, is parallel to the plane, and therefore exerts its 
whole influence to generate a motion down MW. By slmilavity of 

tiiangles F: W:: NO: MJV:: JT: X whence F= "W^-^ (1S5), 
a constant force. The body must therefore descend the plane with 
a uniformly accelerated motion. We wish to find the velocity and 
space in terms of the time and acceleration. 

From (lSi)\veha,\ea = g--^, and as F — W-r,a^g-j-- 
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Sulietituting tins viilue of a in the general formal^ (ITO), (171), 
(172), we have _____ 

V = ff§ (186), . - Ig^t^ (187), v=^'Iff%s (188), 
as fomml* for motion, down inclined planes. 

Since -r — sin a, tlie above equations may be written. 



V = fft sin a (189), s = \gf sin « (190), v — V^giS sin a (191). 

258. Velocity Acquired in Rolling down Incl ined 
Plane. If we make S =: X, equation (188) becomes v ^^ 'V'lgS, 
(192), which is the velocity acquired bjf a body rolling down the 
whole length L, of the plane, and which is independent of X, aa that 
quantity does not enter into the value of w. But this is aleo the 
velocity acquii'eii by a body fiiUing vertically through the height 
S of the plane. Therefore ths velocitj/ acquired in descenmng 
any inclined plant is independent of its length, and equal to the 
velocity acquired iy falling through its vertical height. 

This proposition ia also true for any portion of the plane, as SO, 
Fig. 138, For the velocity acquired in rolling over A£, is equal 
to that gained in Mling through Am, and that acquired in rolling 
over ^ ^ to that gainedlii felling through An. Hence the velocity 
gained in passing over AC—AB:= £0,is equal to that gained in 
falling through An — Am =^ mn. 

25d. Velocity acqnlred in descending a Series 
of Inclined Planes. The velocity acquired by descendint/ a 
series of inclined planes is equal to that acquired byfaUing 
through their perpendicular height. Let A£, BG, 0J>, Pig. 139, 
be a series of inclined planes over which the body rolls from A to 
B. From what has already been shown, it la clear that the 
velocity at B is equal to that which would be acquired in falling 
through AM; in like manner the velocity acquired in rolling over 
^C is equal to that generated in falling through mn, and that 
acquired in rolling over GB to that gained in falLng through nE. 
Hence, supposing that no velocity is lost by the diange in direction 
of the motion at B and G, the whole velocity generated in passing 
over AB-^-BG-'r OB is equal to that generated in falling 
through the vertical distance Am -\- mn ■\- nE =^ ^.ff, which is 
the total lieight of the series of planes. 

260. Body descending a Curve. If the number of planes 
becomes infinite, the broken line J_BCi> becomes a curve, from 
which it follows that the velodty acquired in descending any portion 
of a curve is equal to that acquired in falling through its vertical 
height. 

261. General Proposition. Therefore in genei-al, a 
body hy descending , from a given height to a given horizontal Une will 
active ike some veheity whether the descent is made perpendicularly or 
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obliquely, over an inclined plane, a series of inclined planes, or a 
cureed surja.ee. 

262. Investigation of Loss of Velocity. The preceding dem- 
onatrations Hiippoau tliat there is no cliangc; of vfjlocity produced when the 
body passes tkini one of the plant^e to the followino: one. It is importanC 
to ascertain the conditions under which this supposition is correct Sup- 
pose the body to pass fi-oni ^B to £C, Fig. 140, and denote the an^le 
ABM by B, and the velocity on renching B by ii. Let tins velocity u De 
resolved into two components, one parallel to BV, the othti pei pendtcular 
to it, and equal to v coa fl and v sin 6, respectively The jitrpendicular 
component u sin S will totally be consumed tn pirodactng a pressuie upon. 
BC, while the motion over £Cwill be wholly due to the paiallel component 
cos 9, Hence the lots of velocity = w — u cos = ii(l — cos fl) That 
thia quantity may equal 0, ooa B must ^ 1 , in whith case fl ^^ 0" J his 
can only occur when the broken line ABC become"' a rm-vf, of whith AB 
and BC are elements. There ia always, therefore, some losaot velocity ex 
cept in the case of a boily i-ollin^ down a curved surf ilb 

263. Time of Descending an Inclined Plane The »me oc- 
cupied in passing over any inclined plane ia to ihe lime otLvpied in faUmg 
through ils vertical height, as the length m Io the height 

Let /,, t),, be the times ocoupied in falling over the length L ind the 
height if, respectively, and u the velocity acquired tbcteby Then troin 

(177) v — glu, and from (18S) v izn g j-i,. Equating these two quantities, 



= PX'" 



n whieh it follows that 



: L : H. (19S.) 



264. Time of Descent down Chorda of Circle. 

If a chord he drawn from either extremity of the vertical diameter of 
a circle, the velocity acquired in failing over it is proportional to the 
length of the chord, and the time of falUng over any such chord i» inde- 
pendent of its length and equcd to the time off<Ming through the vertical 
diameter. 

Let J) O, Fig. 141, be any chord drawn from the extremity of tlie 
vertical ilijmieter ^ C. Draw J>^ peipendicular to ^C, and join 
AD. Denote A hy D, BO hy H, and J) U by Z. The veiooity 
acquired in passing over DC is !> ^^ s/'lyH. But as ADC is a 

right-angled triangle, SC =■ a/^ '^ or JI=^-ry. Therefore y ^= 

'■ffYJ' ^''bich is propoftional to X, the length of the chord. 
Lgain equating (192) and (186), two expresKOus for (he final 
velocity v, we have \ftgH = ffj-t, whence ^ — y'WW' ^^"ti* 

^IIX .Z>, whence (^=W --^ = if — , a quantity independent 
of i and Hi This value of [ is also the time of falUng through 



^- 
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Brticai diameter £>. For, eqiinting {1T7) and (179), gt — 
, whence f ^^ \/~- If for A we svibetitute />, the diame- 



ter, we have ( : 



i/-— , tbe time of falling through that diame- 
ter which is equal to the value already obtained for the time of 
descent down the chord DG. 

ITie same method of proof can evidently be applied to any 
chord ^i> drawn from the npper extremity of the diameter ^Oi 
hence tlie proposition is genem. 

265. Properties of Cycloid. If a body be supposed to 
descend through a given vertical distance AB^ Fig. 142, by rolling 
over the paths AG, ADC, AEG, AFC successively, it is evident 
thiit while the velocity acquired on reaching would be the same 
in all cases, the time occupied in making the descent would vary. 
Hence the question lises, ovei- what path would the body descend 
most rapidly ? or, in other words, what is the cui-ve of swifteat 
descent? It was firet demonstrated by J. Bemouilli, that the 
curve known aa tJie cydoid^ possesses this pi-opeity, so that if AD G 
be a semi-cycloid having a liorizontal base, tJie body will reach C 
sooner than by any other path. Hence the cycloid is ofteii called 
the brachistoohrone. 

Another cmious property of the cycloid is that the time re- 
quired to descend to from all points on the curve ADO is the 
same. Thus the time of djescending D O will be the same as that 
occupied in describing ADO, as in the latter case, the greater 
steepness of the arc about A compensates for the increase in the 
distance traversed. This important truth was discovered by 
Hujghens. 



CHAPTER XII. 

CuBviLiNEAi: Motion. 

266. Origin of Curvilinear Motion. Any moving 
body, if leit to itself^ continues its motion in a straight line be- 
cause of its inei-tia. If any change occurs in the direction of the 
motion, it must evidently be due to some new force, whose line 
of action is inclined to the path of the body; and for each succes- 

' The oyolold is the ourve described by a point in tbe cireuniference of B circle 
rolling upon a strei^it line. Thus let !)&. Fig. 143, be a eiiole, and P « pnint in its 
circnraferenoe. If tlie circle rolls over the straight line AB, the pnint P will deacriba 
the cycloid APB. .iSlscalled thebHseof the cycloid, and from tlie mode of genera- 
tion of tiie ourvB Is evidently equal to the ciroTuotetenoe of the generaUag circle. 
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sive diange of direction a sepai-;ite impulse of tlie doHectlng force 
is necessary. A cuitb chsinges its direction at every point, there- 
fore, ill curvilinear motion, tlie number of impulses of the deflect- 
ing force in a miit of time must be infinite ; that is, the deflecting 
force mnst act constantly. For example, a body moving in the 
line j4^, Fig. 143, if uninflnenced. by any additional force, will 
move onward in the same straight line towai-ds G. If, however, 
when it arrives at Ji, it is acted upon by a force which alone 
would cause it to move over the line BD in a unit of time, nc- 
coi-ding to the law of the composition of motions it will move in 
a new line BM^ fonnd by layinj; off SJT, the distance it would 
traveree in a unit of time by virtue of its original motion, and 
drawing the diagonal jSJIf of the comideted ipaxsilMo'^nxa BJ^MD, 
The body will move in this line £M, until the deflecting foi'oe 
again acts at C, when it takes the direction OJVl At each succes- 
sive impulse of this force a change occurs in the path of the body, 
and if the number of these Impulses in a unit of time is infinitely 
gi-eat, as is the case with a constant force, the broken line ABCP 
becomes a curve, the dii'ection of which is constantly changing. 

266. Definitions and Explanations. The deflecting 
force may be constant or varying in intensity. Its lines of action 
at different points of the cni-ve may be parallel, or inclined to ench 
other. If the lines of action at all points of the ctirve meet In a 
single point, this ia called the centre of force, and the deflecting 
force is known tis the centripetal force. The momentum of the 
body, whi<'li tends to carry it on in a sirajglit line tangent to the 
curve, is called the prcyjectile or tangential force. 

A Btone projected obliquely into the air furnishes an excellent example 
of centripetal (brce. The projectile ibrce tends to cany it in a Btraight 
line, from wMi'h it ia continually deflected by a force paeeing through the 
centre of the eavtli, and is tlius caused to move in a curve. 

267. Relation between Centripetal and Centri- 
fugal Forces. Tfie centripetal force at any point of the euroe 
is equal to that component of th£ ■prcgeetile force which is di- 
rectly opposed to it, and which tends to carry the body away from 
the centre of force. 

Let I'K^Fig. 144, be an element of the cun-e. As the arc I'.K 
coincides with the chbrd P^ for infinitesimal lengths, the body at 
a given instant may be considered as moi'ing along that ohortl, 
which will therefoi-e represent in magnitude and direction the re- 
sultant of the pi-ojectile and deflecting foreea acting upon the body 
in question. Decompose this force into two othei^s, represented by 
PM, tangent to the arc at JP, and PQ, lying in the direction of 
the centre of force, both of which liuew are sides of a panillelo- 
gi-ain, of which P^ is the diagonal. PB will represent the pi-o- 
jectile, PQ the deflecting or centripetal force. Again, resolve PB 
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into two compoiieDts, PL directly opposite to P§, and PK'vn the 
lino cif motion of tlie boily, by consti'ucting tiie parallel ogriim 
PLRK. The component PL tends to oari^ the body away from 
the centre, and is opposed to PQ. But as PSKQ is a parallelo- 
gi-am, PQ and ii^are equal; and as PLRK ia a parallelogrnm, 
PL is also equal to RK. Henoe PL is equal to PQ, -which rejj- 
reseiits the centripetal foi-ce. 

That component of the projectile force, which is directly op- 
posed to the centripetal force, is called the centrifv gal force. 

268. Additional Explanations. Gui-vilinear motion 
therefore arises from the simultaneous action of two forces, the 
projectile force, tending to caiTy the body onwards in a straight 
line, and the centripetal force, continually detiecting it from that 
line. The centriftiga! force is not a power separate fi'om the pro- 
jectile force, but is only that component of it which is always 
opposite the centrifiigal force. The ptojetftile force is evidently 
tho momentum of the body. When the i-evolTing body is nie- 
chanicjilly oonnected with tlie centre of force by a rod or string, 
the eentii petal force is the tension of the particles of that rod or 
cord, caused by the centripetal force. In the case of free revolv- 
ing bodies, as tbe planets, the centripetal force is generally the at- 
traction of gravitation. 

When a body revolves about a centi-e of force, the line joining 
that centi-e to any point of the path of the body is called a radius 
vector. The cui-ve pui^ued by tlie body is known as its orbit or 
trajectory. 

26Q. Law of K<iUal Areas. Tf a particle revolves ahntt 
a centre afforee, the radtm vector describes equal areas in equal times. 

Let us first suppose that the central tbrce acts intermrtt«ntly at 
equal intervals of time. Let the particle be at the point A, Fig. 
146, moving with such veloeity as would alone carry it to the 
point R in a unit of time, during wliicJi time the deflecting force 
alone would cany it to G. Under the united action of these 
forces the particle will move in the diagonal AC of the panilielo- 
grani AGCR. On arriving at C the particle tends to move over 
Sie line CD = AC in a unit of time, tiecause of its inertia. The 
deflecting foi-ce, however, now gi^'es it ewch an impulse as alone 
would cause it to move pver CC (which may be greater or less 
than jlC) in the same time. Impelled simultsneonely by these 
two forecs, the particle will move over the diagonal VE of the 
parallelogram CQ'JED. Draw SD. The triangles 8CE, SCP, 
are equal because jSt' and PE are pamllel. The tmngles SAC, 
sen, are also equal, since AC=^ CP, and the vertex 8 is com- 
mon to both. Thei-efore SCE = SA C. In like manner, SPIS 
can be proved eqnal to 8CJE!, and so on, for all parts of the tra- 
jectory. But the preceding i-eas'ming holds, however short may 
be tlie interval betwec'n the successive iiiipulses of the deflecting 
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force; it is tlierefore true when that interval becomes infinitesimal, 
that is, when the force is constant. The lines AC, CE, EF, then 
become elements of the cui-ve in which the botly moves. Since, 
therefore, the equal elementary tiiangles iSA C, SQE, SMF, are 
described in equal times, the same is ti'ue for any equal finite 
areas, as each of these contains the same number of elements. 

270. Converse of preceding Ppopoaltion. If there 
is a point within any orMt so situated that the line connecting it with 
the revolving particle describes e^ucU areas in equal times, that point is 
the centre of force. 

Let ACEF, Fig. 145, be the orbit, and S a point so Mtuated 
that the elementary areas SAC, SCE, SEF, described in succes- 
sive elements of time are equal to each other. Then will S be 
the centre of the centripetal foi-ce acting upon the revolving body. 
Prolong jIC, mafciug GD = AC, and suppose the deflecting force 
to act intermittently, aa in the preceding proposition. GD is evi- 
dently the apace which would be traversed in the second element 
of tinie, were there no deviating force in action. But GE is the 
space actually travei-sed under the united action of both the pro- 
jectile and deviating forces. Join DE, and Complete the pai-allel- 
ogram G' GDE. G&', which ia equal and parallel to DE, evi- 
dently represents the direction and magnitude of the deflecting 
tbi-ce. To demonstrate the present pi-opoaition it la merely neces- 
sary to prove that the direcEion of this deflecting, force is toward 
S, that is. that OC lies in GS. Now the tiianglea SAC, SCE, 
are equal by hypothesis; the triangles SAG, SGI>, are alao equal, 
since they have equal bases, AC, CD, and a common vertex, ^S^. 
Hence SCI) =: SCE, and as these triangles have the same base, 
SC, their vertices nrast lie in a line paralfel to SG, that is, DE\a 
parallel to SC, and hence CQ' lies in SG. In the same manner 
It can be proved the direction of the deflecting force at al! other 
points of the orbit, as E, E, etc., is directed toward 8, hence S is 
the centi-e of force. 

The two preceding propositions, ti^^ether with the three follow- 
irig are extremely iTiiportaot fiMra an astronomical point of view, 
as will be more fully seen in the chapter upon Gravitatimi. 

271. . Velocity at different Poiats of Orbit. The 
demonstration given in § 269 furnishes a simple method of com- 
pai'ing the rehitive velocity of a body at different points of its 
orbit. 

Let V, v, be the velocities possessed by a particle at two points 
of its orbit, P, P', Fig. 146, and let SPQ, SP'Q', be equal ele- 
mentary areas described by the radius vectoi- in an infinitely short 
time. The ares PQ, P'Q' being elements of the curve, may be 
considered as being travei-sed with uniform velocities, u, v , in 
time, (, and_P§= vt,P'Q'= v't. Draw PT, P'?", tangents to 
the curve at the points P, P", and ST, ST, perpendiculars let 
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fall iipoii those tangents from S. Denote ST by A, ST' by A'. 
The triangles SPQ, SP'Q', are equiil to vt X A, v'i X A', respec- 
tively. Hence m S/'Q= SJ°'Q', v X A = v' X A', whence 

v. v' : : A' : A. (194.) 
^Mce (Ae velocities at different points of an orbit are inversely propor- 
Hanal to the perpendiculars let fall from the centre of force upon the 
tangents to the orbit drawn from t)iose points, 

272. Law of Force in Orbit. The centripetal force 
in diiferent orbits, nnA at different points of the same orbit, is pro- 
portional to the deflection of the cnrve cor responding; to arcs de- 
scribed in equal infinitely short times, since the deflection is wholly 
ciinaed by that fbi'ee, which may be conadei'ed as constant during 
the time of describing elementary arcs. We are thus famished 
with a method of comparing central foi-ces, for if we know the 
form of an orbit, and the position of the centre of force, we can 
i-eadily compnte the deflections at any point, and thence the rela- 
tive values of the centripetal foi-ce. 

273. Ealliptical Orbit. The most interesting application 
of this principle is tlie case of a par.ticle revolving in an eihptieal 
orbit abont a centre of force situated at one of tlie foci. 

Let S, Fig. 147, be that focus of the ellipse in which the centre 
of force is located, and iS'P§, SJ^Q', equal areas described in an 
infinitely short time. The deflections JiQ, R'Q', parallel to the 
radii-vectores, SP, SP", measure the intensity of the centripetal 
force at the points P, P". But by a property of the ellipse 
RQ : R'q : : SP'^ : SP^ (195), that is, when the orUt is <m el- 
lipse, with the centre of force cU one of the foci, the cen/HpelcU force at 
different points of the orbit is inversely proportioned to the square of the 
distance of the revolving particle from ike focus. 

The saine law of force can he shown to hold when the particle 
describes either a parabola or a hyperboht. 

274. Centripetal Force in Circular Orbit. The 
curvature of the circle being the same for every portion of the 
caiTe, llie centripetal foi-ce in such an orbit is of constant in- 
tensity. 

To determine its value, let (7, Fig. 148, be the centre of the circle 
in whose circumference the particle revolves, PQ an arc described 
in an infinitesimal time, PR the space ovei- which the body would 
pass in that time in virtue of the projectile force, PM = RQ, the 
space over which it would pass in virtue of the centripetal force. 
Call u the velocity of the particle, t the time of describing the are 
PQ, and R the radius of the circle. 

The arc PQ and the choi-d PQ will coincide, as the arc is an 
element of the circumfereni;e, and PQ = vt. By a property of 
the circle, PQ^ = PM X PJ>, or vH^ = PM X '2.R, whence 

PM ^ -oD Call /"the acceleration which the centripetal force 
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is capable of generating in the particle in a unit of time. Tlieii, 
by tlie laws of uiiiforinly accelerated motion, P3f= ^fi". Eqviat- 

mg this with the value of PM pi-eviously fount!, ^/t^ = ajv 

whence f =.-w (196.) That is, the acceleration which the centrip- 
etal force is capable of producing by iU unifonn action during a unit 
of time is equal to the square of (Ac velocity of revolution divided 6y 
tiie radius of the orbit. 

Knowing this acceleration we can easily ilediice the value of the 
centripetal force in units of pressure, or kilogrammes. Let F be 
the centripetal foi-ce thus estimated, anrl W the weight of the 
botly. Then, since forees are propoitional to their accelerations, 

f 
Ft W i-.f : g, whence F = W-- Substituting the value of/, 

given in (196), we have, -^ =^ ~" S (^^'^)» ^^ '''^'" ~a ^"^^*''*''t- 
ing its value, M, as given in equation (8), we have F = M-n.(lQS.) 

The centripetal force expressed in units of pressure is therefore 
equal to the mass of the particle into the square of its velocity, divided 
by the radius of the orbit. 

W 

In formula (198) if M is made equal to — , the force F is 

g^vcn in gravitation units. If Jf be made equal to the mass of 
the body in absolute units of mass, i.e., in grammes or pounds, the 

result Is expressed in absolute units of force. For — -y, being 

the number of gravitation units, ~^ "o^ 9^^ ^R' '^ ^^^ number 
of absolute units of force in F (§ 50, p. 37), in which expression 
we may write M, the mass in absolute units, instead of W. 

Tiie centripetal force of any extended body, or system of 
bodies, can be shown to be the eame as if the total mass of that 
body or system were concentrated at it« centre of gravity. Hence 
the propositions which have been demonstrated as trae for pard- 
cles, can be applied to extended masses by simply considering the 
whole mass thus concentrated. 

275. Dlffeivnt Expression for Preceding Fonra- 
Uias. Fommla (198) can be piit in another form, which is often 
of convenience. Let T be the time of revolution in the orbit. 

Then vT = 2;:^, and v = • W, Subatitiiting this value of v m 
(198), we have F= M-j^- (199.) Therefore for bodies of the 
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same mass revolving in circular orbits of different radii, the cm' 
tripetal force is proportional to the radius of the orbit, and in- 
versely as the square of the time of revolution. 

27a. Velocity in Orbit. The ttniform velodly tcilh which a bv'hj 
revolves in a circular orbit is equal to thai which the centripetal force fcmild 
generate by ila nnifomt action upon a body falling through half the radius of 
the orbit. 

For by (IB6) / =: -g, and « =: V/fl. Suppose ihe centripetal force 
to impel the body from a stat* of rest until it attains a velocity '■- Call S 
the space described. Then from (172), u= V^s. We have, thei'efore, 
V^ = VaA, whence « = -g- 

277- Body revolving in Vertioal Orbit. Tf a body held by a 
cord be made to revolve in a vertical circular orbit, it is evident tliat the 
tension of t!ie cord will vary from F — W to F -]~ W, (^F beirij; the centri- 
fiigal force, and W the weight of the body) according as the body is at itfl 
upjwrmostor lowest position. In order that a bodv may revolve in such an 
orbit, it is necessari- that the centiifbgal force shall be at least ej^nal to the 
weight of the body, aa otherwise the uppermost point of the curve could 
not be psFsed. It is easv to calculate (torn ibie the minimum velocity which 
must be eiven to the body to euiible it to perform its revolution. For, with 

thisminimum velocity, J* = TF. Heuce JF = — -,nni\v=^gK.(m.) 
278. Experimental Illustrations. The action of the centripetal 
and centrifugal forces may be iliuEtrated by tlie Whirling 7 able, oi\e i'oim 
of which is shown in Fig. 1*6. It consists essentially of a wheel A, l« 
which a rapid rotation can be imparted by means of the larper wVed B 
connected with it by a cord or train d" wheel work. If a frame EF (Fi";. 
150) be attached to the small wheel so as to revolve about the vertical axis 
^, a body If moving freely u on a horizontal wire, will show the action 
of the centrifugal force by moving towards D. The experiment may be 
made quantitatiTe, and tlie laws of central forces verified, by affixing to W 
a cord passinu over the pulleys B, C, as represented in the figure, and to 
which a weight P is attached which can he varied at will. Tlie table is 
whirled until P just Iwgins to rise because of the centrifugal force exerted 
from TV by means of tlie cord. The velocity of rotation is. noted, as well 
as the magnitudes of P and W, which data furnish a means of veritj'ing 
formula (198.) 

Many interesting experiments m^ be perthrmecl with the whirling-table. 
Fig. 151 represents a ftame CD, containing two inclined lubes pro- 
ceeding from a reservoir filled with water. On rot-ating this, the centri- 
fugal force generated, causes the water to rise in the tubes. If a biiU of 
iron, S, is placed in one tube, and a ball of cork, T, in the other, the bull 
S, being heavier than the water, will be thrown to tlie farther fxtrennity of 
the tub) on rotating the machine, while tlie lighter ball of enrk T, will 
remain at the bottom, as the greater mass of the water causes it to possess 
a greater amount of centiifugal force. 

If a glMHs of water be rotiited rapidly in a horizontal plane, the liquid is 
elevated about the borders and depi-esseil at the centre, the depression 
having a paraboloidal form. A flsKible hoop of metal fixed at the point A 
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upon a vertical asis AB, and free at C bnlges out at its eqnator on beinj^ 
rotated, and ansiiiiies tlic Ibnn reprteenl*;d by lie dcitM'd liiire. All the 
partitleB of the hoop tend to move as far as poss^ible I'rom tlm axis, in virtue 
of their ceiitrift^ral Ibrte, and this being gri'atcst at lliosi? points hming tie 
greatest railii of rotation, the particles at the (K[uator press so strongly out^ 
ward as to cauee tite hoop to become elliptical. 

The action of the centrifugal force ean also be shown, and its laws 
verified, by snspending a heav^ ball from a delicate spring balance, aa in 
the SffVK (Fig. 153), and allowing it to swing as a peuunlutn. The excess 
of the index reading when the ball is vibrating and at its lowest point, 
over the reading when it is at rest, gives the centrifufral force directly. 
By varying the weight of the ball and the length of the sustaining cord, 
foi'iiiula (19S) may bu illustrated experimentally. 

278. Fraotical Applications Eind IlluBtrations. A practical 
application of the tbregoiiig prini-i|il«s is illustrated by the machine often 
used in laundiioa feo" dpving cloths, and known as tlie liydro-exh-ador. It 
consists of a lar^ annular trough having its exterior Eurface perforated 
with holes, or made of coarse wire cloth. "Ilie wet cloths are wrunj; partially 
dry, and tlien plated in the trough, to whicli a rotation of from 1200 to 1500 
turna per minute is tlien imparted. Tha water flies away from the cloth in 
virtue of the centrifugal force generated by the rotation, rendering it almost 
dry in a few minutes. A similar machine is used in England in the opent' 
tion of sugar-refining. The syrup being boiled in vacuo, crystals of sugar 
form throughout its mass. To separate the molasses from these, the whole 
mass is poured into the trough of a mnchine resembling that already de- 
scribed. When this is revolved rapidly, the molasses llics off tlirougli the 
apertures, leaving a clear mass of soluble si^ar behind. A small jet of 
steam directed i^inst the outside of the trough prevents the expelled syrup 
from collecting there in a coating, and obstructii^ the exit of the remainder. 
The same process has also been applied quite recently, to separate the liquid 
colors urea in printing from the more solid matters with which they have 
been miaed. These colors are usually very difficnlt to strain, but the 
present process seems to have rendered the operation qnite easy. 

An interesting illustration of centriiugai force occurs in the process of 
makiiie erown^^lass. The workman first obtMns a quantity of melted glass 
upon uie extremity of a long iron tube, wluch he shapts into a bell-like 
fiirm. Then heating this s^ain until the glass is soflened, he places the 
tube horizontially upon an iron l>ar, and rotates it with great rapidity. The 
centrifugal force causes the bell to bul»:e out, and finally to become almost 
fiat and of unitbrm thicknues except at the y^ry centre, where the instrument 
is attached, and from it small sheets of extremely bnlliaut and clear ghss 
may be cut. 

The_/unn(iij'-niffl, or Umaer, used for creatjag a blast of air, and applied 
to cluanin^ grain, the ventilation of buildings, etc., is an atlditional example 
of the ap^iuation of the laws of centrifugal force. It consists of a dmm 
MM^ i'lg. 154, within which is an axis carrying several paddles or vanes, 
JV, N, is made to revolve rapidly. The centritugal force produced in the 
lur, carried round by the &ns, causes it to rush trough the tangential exit 
tube ti, in a constant stream. Fresh air is drawn in through a lai^e aperture 
near the axis of rotation. 

When the rotation of a body becomes exceedingly rapid, the centrifugal 
lorcc generated may be sufficient to overcome the cohesion of the paj'ticles 
composing it. Large millstones and fly-wheels, running at a high rate, of 
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(■ptieii, have been known to barst, the fragmenls scattering in all directions, 
anil Clausing frreat destruction,' 

280. Veliicle on Curved Soad. When a carriage moves rapidly 
npnn a curveil road, the tendency of tliu cuntrifugal force is to overturn it. 
This will be understood by a reference to F^. 155. The vthicle is acted 
upon by two forces, its weight, along the line GW, and the centrifugal force 
along GF. Sup[>ose GW, GF, to be made proportional to these forces ; 
then GB will represent their resultant, and if tbat !ine falls without the 
base formed by the wheels, it is clear that the vehicle will be overthrown. 

As the centiifugal force is proportional to -„, the greater the velocity and 
the less the radius of the curve, the greater the tendency to overtui-n. 

281. DepresBion of Inner Bail on Cnrve. In the case of railroad 
trains, the velocity Is so great as to render it necessary to counteract thb 
effect of the centiifugal force. This is done by making the inner rail lower 
than the outer one. That the stability may be unaltei-ed by the motion in 
the curve, the resultant OR, Fig. 156, of the weight of the vehicle and the 
centrifugal force must falUmidway between the wheels. To calculate the 
inclination requisite for this, let OW represent die weight of the ear, and 
GF (he centrifugal force. ITie slope of the road AM must be such that it 

is perpendicular to GR. But calling e the inclination, tang 8 = ^-mzz 

F Wv^ «' 

-jp,oras F = y ^,tangfl = p- (201.) 

To find the linear elevation necessary to make tang fl equal to this 
quantity, call A ^ BC, the elevation required, d the distance AB between 
tlic i-aila. As is very small, AB may be considered as equal to A C, in 

which case tang 6 ^= y Hence -. =: -^, and h =2 -p- (202.) In the 
formula ti is taken as the oniinary running velocity of the trains. 

2B2. Centrifugal Force at Equator of Earth. The rotation of 
the earth on its axis, carries all bodies resting upon ita surface in parajlel 
circles, tlius generating a certain amount of centrifugal force, Tlie velocity 
being greatest at the equator, the centrifugal force is greatest there. To 
calculate its amount, we must first find the velocity of a body situated at 
theequator,andsub«titute this together with tlie proper values of i; and R in 

equation (197). We have i^ ^ -b X I -y-) , in which i is the lime of 
a single i-evolutbn, or SG,I64 seconds. Assuming ii ^ 6,377,300 m., the 

W 
mean equatorial radius, and 3- 9.8087 m., ( ^ 9.8087 X 6,377,300 ^ 
/ 2 X 3.14159 X 6,377.300 y _ ^ ^ J_ 
V^ 86,164 J — fy K 2fj!]" 

The centrifugal force acting upon a body at the equator, is ilierefore 
about y|.f the weight of the bwly, and as on the equator, this weight and 
the centrLiligal force we directly opposed, the weight of a mass ia diminished 
in that ratio. 

If the earth's velocity of rotation were to inci-ea.ee, the centrifiigal force 
would grow greater and greater, till a point would be reached, when it 

t ForanuMoniitofftveryilast™ctivBiicci(leiitofthiskinil,3ee JciiirBaI^(*fiFv™^ 
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wotild exactly L-ounterbalaiice the force of gravity, and heime a body at the 

equator would lose all its weight. The velocity inquired can readily be 

Vw^ / — 

found. Tbat this may ottur, we mnat have W = — tt, or v :^z: W 'jR, 

wheni^e v = 79.09 in., or aVwiit 17 times Iheir present velouity. 

283. Variation of Centrifugal Force with Latitude. Let F 
denote the euntrifugat force of a body situated at the equatoi', Hnd F' tliat 
of a body at E CFig. 157), in latitude 6. Sinite tile revolution of the 
bodies about CD is acooinplished in equal times, the eentnfugal forces are 
proportional to tlie radii (199), that is, F r F : : CR: DE. Viat. DE =, 
CE cosUizz CRvasS. Hence F : T : : CR:CReosd t : 1 : coefl (303), 
tbat is, the centrifugal force at any place is proportional to the uosiiie of ihe 
latitude of tliat place. 

284. Effect of Centrifugal Force on Figure of Earth. The 

force F', represeiitetl by EG, Fij;. Ii57, can bo ruaoIvBil into two compo- 
nents, represented by EH, EK, the former of which is perpendicular to tlio 
sai'titce, the otlier tan>rential to it. 'Vbo tendency of the tangential com- 
ponent upon any pnrtiele at £, la to force it towards the equator, and ii 
the surface is supposed to be covei-ed wiih a liquid whose partjclos are 
free to move, they will be th-iven onwards, accumulating about the equator, 
BO tltat the niaM will no longei- be spherieal, but will assume the form 
Of an oblato spheroid. This accmnulation will go on until the reenlt- 
ant.4R (Fig. 158), of AT, the centrifugal foi-ce, and AM, the force 
of gravity, is normal to the surface of the figure, when the whole 
force acting upon the particle is exerted to push it agiiinst that surface, and 
the particle wdl evidently remain at rest. The foTLii thus assumed is called 
the spheroid of equilibrium. Geology shows that the earth was once in a 
fluid state, in which case tlic spbei-oiilnl form would necessarily be assumed. 
Knowing the velocity of rotatioa, and. the dimBDiious and wei^iiht ol the 
earth, the amount of nattening can bo ualcnlateil lipon inathemalica] princi- 

Eles. Tills subject has been investigated by Huyghens, Newton and Mae- 
turin. whose reiinlts agree, in genera].- with those ^ven by actual measure- 
ment, although li-om another cause tlie figure of the cai'th deviates slightly 
from that of a spheroid. 

The oblate spheroid is not tlie onlv form of equilibiinm which can 
exist in the case of a rotating iiqulJ mass. 'J'he general problem of 
determining the possible forms of equilibrium in such a \aaf« is extremely 
liiflicult, and its solution has scarcely been attempted. Jacobi has shown, 
however,^ that an ellipsoid of three unoqnnl ax<is. the least of which is the 
rotation-axis, is also a form compatible with equiUbrlum. 
386. Plateau's Experiment. The effect of the centrifngal force in 

firoducing the spheroidal form of the oartli can be illustrated esperimcntally 
ly a. method devised by Plateau. A sniall quantity of oil is poured into a 
mixture of alcohol and water, these liquids being combined in such propor- 
tions that the density of the nnxtnro is just equw to that of the oil, which 
is therefore relieved from the action of gravity, and has no tendency either 
to sink or to rise to the surfoce. Jt can easily be collected in a single mass, 
which assumes the spherical form because of the internal moiecnlar attrac- 
tiun acting among its particles, if niiw a vei-tical wire bearing a sniall disc 
be passed downward through the oil till the disc is at the centre of the 
sjihiire, and then made to revolve rapidly, tlii! oil l>egins tu i-evolve with it. 

I See Thorapon and Tiiit's Treaiiie on Naimal PhOoto/iliy, VoL i., p, SIT. 
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As the velocity is inerensed tlie spheroidal form !<! assumed, the b Ig n 
at the uuu.itii' biscomin;; inorii nnd move pTOJiiiiient. FIiih!!) I 
velwitj' beeumi-'S sufficiently giv.it, a liiifj of oil is iktiicl 1 i 
spheroid, and tliough entirely aepavaled from the former, o t ui 
revolve around it. 



CHAPTER XIII. 

WoKK AND ITS Measitre. — DyjsAMics of Rigid Bodies. 

286. Nature of Work. Work is perfofmed whenever a 
force produces motion in opposition to a resiEtiince; iis ivhc n a 
weight is raised in opposition to the action of gi'Hvity, when & 
force compi-esses a spring, or moves a body against the resistance 
of friction, or the resietnnoe of the air. It is propoi-tional (1) to 
the amount of the reKStaoce, and (2) to the distance through 
wliich that i-esistance is overcome ; that is, to the distance through 
which its point of application is moved. Tlius if a body be lifted, 
thei-e is work done, which is greater in proportion as the mass is 
greater, and as the distance thi-ough which it is J'aised is greater. 

Since the work done varies directly as qach of these quantities, 
it varies directly as their product, and by choosing a sulti.ble unit, 
the work performed may he snid to be equal to the product of the 
resisting force into the distance through which it is moved. That 
is, if we represent tlie rt'sistance by I', and the distance through 
which it is moved by S, tlie work _£? will be _£■= J'S. {204.) 

For example, if a weight of 100 kilogrammes be ra^ised thi-ough 
10 metres, and a weight of 10 kgrs. through 5 metres, tlie quanti- 
ties of work performed in the two cases are to each other as 1000 
to 50. 

Both these elements, motion and pressure, are necessaiy to the 
performance of work. There is no work done when a force 
merely exerts pressure against a surface without causing motion, 
as when a mass is.suppoited upon a prop. Neither Is there any 
work done when the foi'ce has no resistance to overcome. Thus a 
body moving in free S[)ace performs no work. It . is only when a 
resistance is overcome through a ceitain space that worlt ensues. 

287. Case of Oblique Force. If the point of application of the 
resistance does not move along the line of action of the force P reprcfented 
by AC, Fig. 159, but is cotistraiued to follow some other path hb AB. the 
woik done is still KqiKtlt^ the resistanee overcome into the distance through 
irtdcb'it' iB'-overconke, or if the force AC, the resistance AE, and the 
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reaction AG are balanced, the work is eqna! to ttat component of the force 
which is directly opposed to the resistance, inulliplieil by tlie distance 
through which the point of application is moved. That is, the work done 
in the case of Fig. 169 is represented by AB X AC cos ft or P cos X 
AB, which is equal ia P X AM, as AB cos fl = AM. Hence iJie work, 
done liji a» ohUque furce is equal to the moffnilude of thefmce multiplied by the 
pnijeetian of Ihe path of the point of application upon its tine of aclioa. 

388. Application to Virtual Veloqities. It is evident that if 
the distance .'IB is supposed to be very small, AM is the oirlual velociy of 
the fo«ieP,andP X j4M, which is called its eirlual mornent^vamt represent 
the elementary quantity of work done during the time corresponding to 
that displacement. 

It follows from equation (85) p. 74, that the algebraic sum of the virtual 
momenta of any nunil>er of component forces is equal to the vii-tual moment 
of their resultants Hence when moving agairat a resistance, the work 
done by any number of component forces is equal to the work done by 
their resultant. There is therefore no gain of work by the use of any 
mechanicat power, or the qaantiiy oj work which van be performed by any 
force is a canilant in whatever manner the force may be applied. 

289. Case of Variable Force. If the resisting force is variable, 
the path o( its point of application ma;? be supposed to be divided into a 
a number of equal parts so small in m^nitude tliat tlie resistance may be 
considered as constant during the time occupied in traver^ng one of tliem. 
The elementary quantity of work done in passinij over one of these spaces, 
will be equal to the resistance Into that space, and the total qnantity of work 
will be found by a summation of the elementary quantities by the processes 
of alfiiibra or the calculus. 

290. Unit of Work. The unit of work in practical use 
by engineers is the kilogramme-metre in French, and the /Jsofr- 
jooM/n? in English meiiBiires. The kilogramme-metre ia the work 
lione in moving a force eqnal to the weiglit of 1 kilogramme 
through the space of 1 metre. The foot-pound is the woi'k (tone 
in moving a foree equal to the weight of 1 pound through the 
space of 1 foot; neglecting the difference of jr between London 
and Paria, the kilogramme-inetre is equal to 7.2331 foot-pounds. 

In purely scientific investigiitions, however, these units are not 
employed. In such cases the unit of work is the work done in 
moving an absolute unit of force tlirough a unit of space. Hence 
the absolute unit of work in French measure is the work done in 
movinff a foi'ce equal to the weight of ^.g^^r grammes at Paria 
through 1 metre, and in English measure the won; done in moving 
a foree equal to the weight of s^.-^s^ pounds at London over 1 
foot. 

291. Rate of Work. The amount of work performed 
depends simply upon the foree overcome, and the distimce through 
which it is overccmie, and is totally inde]3endent of the time occu- 
pied in its peiformance. In other woi'ds, the work done is the 
same, whether it be perfoi-med moi-e or less rapidly. In practical 
calculation, however, the element of time enteni, and it iB neces- 



:yGoogIe 



140 WORK AND ITS MEASURE. 

sary to detennine tLe qnantity of work done in a given time. 
The rate of work m the work done in a unit of time, and is found 
by dividing the total work perfoviiied. by the time occupied in its 
performance. Tliat is, if PS be the work done in T seconds, 

PS 
S = -yf (206), is the rate of work. Thiis, if a force move a 

resistance of 10 units over 100 metres in 6 seconds, the rate of 

PS 
the work, that is, the quantity peiformed in 1 second is -^ =: 

10 X 100 „„„ - 
■ — -4 = 200 units. 

The standard in ordinary pnictica! use for compaiing the rates 
of work of different motors, aa eteam-enginea, witer-w heels and 
the like, is the horse-power, which is a force capibJe of peifoiming 
a work of 550 foot-pounds, or 76.0375 kilogramme meties pei sec- 
ond. A hoi'BB-power is therefore a force capable ot laising 76 0S75 
kgrs,, 1 m. per second, or 550 lbs., 1 ft, in that Ume. 

To illustrate the application of this standai'd, suppose that a steamer 
moves against a resistance of ] 0.000 kf^r. at a rate of 10 km per hour. It 
is required to find (he horse-power of an engine that ^ ill propel it with 
tills velocity. The work done per second is 27778 kdognmme metres, 
hence the required horse-power is •j%'!^^ = 365.33 hoise po\'rer 

292. Accumulated Work. Equation (204) gives the 
work done by a force when the resistance oveicome, and the 
space through which it is overcome are known. But it frequently 
happens tliat this distance, S, is .not given, Ijut instead of it the 
velocity, V, with which the body is moving, is known. , It ia 
therefore impoi-tant to Jind an exj^iression for' the work which can 
be done by the body in question, in terms of its mass and veloc- 
ity. This can readily be found by ascertaining the space over 
which the body would move with a unifonnly retiii-ded motion 
before its velocity would be wdut-ed. to zero, and substituting this 
space as expi-essed in tenns of Tin equation (204). 

If the body is moving with a velocity V, against a resistance 
P, which is capable of producing a retai-dation a. the distance S, 

over which the body will move, is '^=='n-:- Substituting this value 

V^ P W 

of ^^in (204), we have, E=PS=P-^. But - = — = M, 

whence .£'= ^jlfT^ (206). 

The work which a moving body is capable of performing ia 
therefore equai to haif the mass into the square of its velocity. 

If M is made numerically equal to -—■ . ns in the first system of the ineas- 
t of forces, the resulting valiie of E is cxpi-esscd in foot-pounds 
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or kilogramme-metres. If M is made equal t 

gi'SEQinea or pounds, as in the second system, the work E is expressed in 

absolute Dnits. 

The quantity iMF^ is known as the vis-viva, or lioinf/ force of tlie body.' 
Work thus stored up in a body is often callud accamalaled work. 

To illustrate this by an example, let it be required to find the amount 
of work in kilogramme-metres wlijch must be exerted to bring to rest a 
cannoD-ball weighing 15 k^rs., and moving with a velocity of 400 m. per 
second. The work required must equal the vis-viva of the ball, that is, jE 
= J MV^ = i X f.BWr X (400)^ = 122,340 kilogramme-metres. 

293. Energy. — Kinetic Energy. Mnergry is the-pover 
of doing work, ana k either Kinetic or Potential. 

Kinetic energy is the power possessecT by a body of doing work 
in virtue of its force of motion, and is i-epresenled by tlie equa- 
tion (206), B — ^MF", in which E'\% the kinetic energy. The 
tenn kinetic enei^y was first introduced by Thomson and Tail. 
The term actttal energy has also been applied to this kind of en- 
er^ by Rankine. 

If an unbalanced force acts upon a mass in motion, it is con- 
sumed in addinit to the kinetic energy of that mass by continually 
inci-eawng its velocity. The inci-ement of enei^y during a given 
time, that- ia, the work stored up, is -^ = fs3f( V,^ — V^) (207), in 
which V, V,, are the velocities at the be^nning and end of the 
time considered. If the mass in motion moves against a resist- 
ance it evidently does work, which work ia measured by the de- 
crease of kinetic enei^y, that is, by K= iM( V^ — F,^ (208). 

The storing up of energy may ije illustrated by reference to the 
case of a cannon ball. By the continued action of the confined 
gases genei'ated by the burning powdei-, the ball is moved along 
the bore of the gun with a continually accelerated motion, thus 
stoting up a large amount of work, or, in other language, becom- 
ing possessed of a great amount of kinetic enei^y. This is gi'ad- 
uaTly diminished by the resistance of the rdr, and finally, on 
striking any obstacle, 9& a wall, or an iron armoi--plate, the ball 
penetrates until it has expended all its enei^y, when it comes to 
rest. The total work done is expressed bj- equation (206). Or, 
again, a stream of water, by running down its bed, acquires a con- 
siderable velocity, thus generating kinetic en ei^y, which may bo 
employed in ruiming a water-wheel gainst which it impinges, and 
so carry niMohinery. The amount of work which this machinery 
can do in grinding corn, or rolling iron, or in any other species of 
work, is (after deducting the loss by friction, and in other ways) 
exactly equal to the kinetic energy of the moving water. Ihe 
same is true of a windmill moved by air, and of any other form of 
motor. 

sitter it us ide.iticul v 
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284. Fotential EnergT> This kind of energy is the 
power of rtoing w<irli possesaefl by a mass in virtue of its position. 
if" a body is so ait^l.^ted that it is acted upon by a force which will 
pi'odiiee motion in it, na soon as some reatraiuing foi'ce is removed, 
and thence generate kinetic energy, it ia said to liave potential 
energy. Thus, a weight suspended nt an elevation will fall as aoon 
as the cord anetaining it is cut. The potential energy of a mass la 
expressed by the amount of kinetic eneigy which would be devel- 
oped in it under the unimpeded action of the forces soliciting it. 
For example, the potential energy with regai-d to the snrfUce of 
the eai-th, of such a body aa we have supposed austained at :m 
elevation, is ^= P&, if /* Is the weight, and 5 the elevation, or 
£!= )iMV% if Fis the velocity which would be developed by the 
motion of the body until stopped by coming in contact with the 
earth. Aa other illustrations of potential enemy, we may nientiou 
the case of a stretched apiing, which is capame of doing work in 
returning to its noiinal state, and that of a head of watei-, which 
is capable of doing work by the kinetic enei^y acquired vvhen it is 
allowed to flow fi-eely under the action of gravity. The term 
potential energy was first used by Raiikine. Helmholta hiid pre- 
viously applied to it the title sum of the tetiaiona, and Thomson 
had called it statical energy. 

295. Conserration of Energy. An examination of 
the examples adduced will show that mere is a close i-eiation be- 
tween these two kinds of energy. We hin-e seen how potential 
is converted into kinetic enei'gy. liCt us now consider the 
convei-se case, in which kinetic is Converted into potential enei^y. 
Tlie most fiuniliar instance which can be addnced is the case of a 
body thrown into the air with a certain velocity. It possesses a 
definite amount of Idnetio energy, which will be expended in 
raising the mass against the action of gravity, and will cany it to 
a certain height. Suppose the body to be stopped wliiie at this 
uppermost point of its coui-se. 'fhe amount of kinetic cnei'^y 
then possessed is evidently zero, while the amount of potential 
energy is exactly equal to the kinetic enei^v which it had on 
leaving the eaitli, as the velocity which it would acquire by feUing 
freely from the point now occupied if equal to that with which it 
was originally projected upward. It is clear that the amount of 
potential energy developed here is equal to the amount of kinetic 
energy consumed in developing it. 

Next let us consider the case of the body afler it has begun to 
descend. As it fells its kinetic enei-gy becomes greater with the 
increaae in its velocity, while its potential enei^y becomes less, 
since it is continually approaching the ground. It will also be 
seen that for all points of its downward path the sum of its kine- 
tic and potential energy must be a constant. For the potential 
energy at' any point supposed will be that due to its distance from 
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the ground, and the kinetic energy that ilne to its velocity ac- 
quireii by faUing from the highest point of its path. Hence, trail- 
ing S the total height readied by the body, S" the height consirl- 
ered, S — S" will be the distance of the boily from the most ele- 
vated point reached by it. Now the kinetic energy is measui'ed 
by the qnantity ^' = F{S — S'), and the potential energy hy the 
quantity JE=F^ ; and the sum of these two expressions will be 
Been to be a constant, eqnal to PS. Or expressing the same fad 
by means of the equation for accumulated work, £!' = JJI/"F'^ and 
^ =: ^M{ V — F*,) whence the sum of these is a constant equal to 
^MVK The same equations are evidently tine for the ascending 
motion of the body, 

A similar coni'se of reasoning can evidently be applied^ to the 
case of a stretched spiing, or of a head of water. Hence in all of 
these cases we see that the sum of the potential and kinetic ener- 
gies possessed by a mass is a constant. 

The preceding propositions are capable of being extended to a 
fai- more general form. M can be shown thai in any syst&n not acted 
upon hy external forces, and the masses composing which act upon each 
other along the lins joining their centres of mass, with forces dependent 
only apon their iimtual distance, amd in mi way upon their relative 
tMlocities, the sum of ihepotential and kinetic energies is a constant. 

This is a genei^il statement of the fundamental principle of 
the Conservation of Energy. We shall see hereafter that there 
are various other foi-ms of enei^y besides mechanical motion, into 
any of which such motion may be transformed. 

The student will ask what becomes of the mechanical energy of 
a body stopped by fiiction, or the resistance of the air, or by being 
brought to I'est on striking the gi'ound. In all these cases kinetic 
enei'gy disappears, and the body comes to rest, and yet there is ap- 
parently no potential enei^y developed in it. There is bei-e a lose 
of mechanical motion, but it is transformed into another fonn of 
enei'gy : viz., Aeaf, which, as we shall see hereafter, is itself capa- 
ble of developing mechanical enei^ under proper conditions, and 
the heat produced is an exact mechanical equivalent of the kin- 
etic enei^y disappearing in the mass. 

296. Energy of Rotating Bodies. Hitherto we 
have considered only the question of the accumulation of work in 
bodies liaving a translatory motion. In practice, Jiowever, it is 
frequently necessary to make use of the enei^y stored in a rotat- 
ing body, as a fly-wheel. We proceed to consider the question of 
the d etc i-mi nation of the kinetic energy of such a body. 

297. Angular Velocity. — Angular Acceleration. 
In this investigation we shall make use of the angvlar velocity of 
the body, which is measui'ed by the angle through which it ro- 
tates in a unit of time, and is the linear velocity of any point 
situated at a distance from the a}i:is of rotation equal to unity^ 
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Angular acceleratioii is the acceleration impresaerl in a unit of 
time upon such a point. The lineai- velocity of any point in a 
rotating body is equal to the angular velocity multiplied by its 
distance from the axis of rotation. 

298. Determination of Enerp;y. Let ABI>. Vig. 
160, be a body i-otating about an axis through C, and at light 
angles to the plane of the paper. Suppose m to be the masa of a 
particle of the body situated at a distance r, fi-om the axis of ro- 
tation. Let <o be the angular velocity of the mass. The kinetic 
energy, k, of the particle is ^mv\ or aa y ^= ro,, k ^= ^r^wK 
Tlie energy of any other particle of mass m', and situated at a 
distance /^ from the axis, is A' =; gmV^m". For other particles of 
masses, m'\ m", sitnated with radii of rotation r", r", k' ^ 
^m"r"^iu"'\ i" = yrri°T°^<^^ and similar expressions may be obtained 
for all the particles of the body. The total kinetic enei^ of the 
body is E, which is equal to the anna of theenergiea of its parti- 
cles, that ia, E = ^mr^to^ + JwjV'^u." + im"r"^w^ + ^m"r"V^ or 
denoting by I^mr^ the sums of the products of the mass of each 
particle into the square of its radius of rotation, 

£! = i»3 Ilmr' (209), 
which expresses the amount of work which the body can perform 
before being brought to rest. 

299. Moment of Inertia. The expression JTjMr" is of 
very frequent oecun-ence in ti-eatises on dynamics, and is known as 
the moment of inertia of the body considered. We shall, in 
general, denote it by I. Hence .i'mr' =^ J (210). Equation 
(209) may evidently be written JE ^ J-w'X (211). The kinetic 
energy of a rotating body is therefore equal to its moment of inertia 
multiplied hy hedf the square of its regular velocity. 

The moment of inei-tia evidently varies with the form of the 
body, its mass and the position of the axis of rotation. 

For continuous bodies equation (110) must be changed bo as to 
consider the ainsses m, m', etc., aa infinitesimal mass- elements, in 
which case we should have I^=Jr^m (212). 

300. Determination of Angnlar Velocity. Equa- 
tion (211) furnishes a means of determining the angular velocity 
generated in a body by the expenditure of a given amount of 
energy. Thua suppose a cord, with a weight at one end, to be 
wound round a wheel, and to put this wheel in isolation lay un- 
winding under the action of gravity. The angular velocity 
produced by the descent of the weight through a vertical height 
A', is to be detei-mined. Let P be the magnitude of the weight, 
and / the moment of inertia of the wheel. The energy consumed 
in accelerating the wheel is P^S, and the kinetic enei^y generated 

in the wheel is i<-'^I. Hence PS = ^«>% and w = \J —[-, which 
is the angular velocity required. 
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301. Moment of Inertia about any Axis. If the 

moim^nt of inevti;i of any body is known with regji'iil to on axis 
passing throiigli tlie centre of griivity, the moment of inertia rela- 
tively to any other axis can be found by means of the following 
demonstration. 

Tlte moment of inertia with respect to any axis is equal to its mo- 
ment of inertia with respect to an axis passing ihraugh its centre of 
graei^ plus the mass of the iody into the square of the distance be- 
tween the tico axes. 

Let A£, Fig. 161, be any body, G its centre of gravity, and O 
the point in which tlie axis of rotation outs the plane of the paper, 
and let m be any element of mass. Call the distance 6')? between 
the two axes d, and denote the distances Gm, Cm. by I, r, respec- 
tively. Then by trigonometry, 

(7m= = Gm''+ GG^-\-2GGX Gm cos CGm; 
or, substituting for Cm, Gm, CG, etc., their values, and noticing 
that cos CGm — cos JPGm, r'' = P + d^-^ 2dl cos I'Om. The 
moment of inertia of this particle relatively to 6' is nir" = mP -J- 
md''-\-2dml 008 J'Gm. As similar equations hold for each ele- 
ment of mass, we have 

I = Z^nr"- — ZmP -f 2md^ -f 2^2^™; cos PQm, 
or 38 (/ is a constant, 

I = ^wir' =! Xmi' + <P2^w = IdSml cos PQm. 
But J^m = Jl^ the mass of the body, and ral cos PGm, ia the stat- 
ical moment of a particle relative to the centre of gravity G, since 
I cos PGm. — GP, hence £ml cos GPm ™ 0. Also ^wP is 
the moment of inertia relative to ff, which we will oall J^. Sub- 
stituting these values in the preceding equation, we have 

i = 4+Mip. ms.) 

302. Radius of Gyration. The i-adius of gyration is a 
radius at whose estremity the whole mass of a rotating body may 
be supposed to be concentrated without altering its moment of 
inertia. That is, if p be that radius, and jlf the mass of the body, 

Mi>^ = I, whence p^~-^and p — \^- (214)- That is, the 
radius of gyration of a body is eqwd to ike square root of the quotient 
arising from dividing its moment of inertia by its mass. 

The following table, abridged from Rankine's Appikd Mechankn,^ gives 
tlie niomfint of inertia and radius of gyration of a number of bodies rala- 
tive to aa asis passing through the centre of gravity. 
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TABLE. 



Boay. 


Axis. 


Wi^ght. 
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Sphere (if rndiu>', r. 
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tian—polar-'emi- 
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ijiwar^ 


nwcn" 


\r^ ^ 


Do. 


Travi'Ver c 
Diameter. 


i.-ww'' 


\„wor-'{Sr^J^i,fi) 


i + ? 












-~iliinensioiis 2u, 










2h, 20. 


Axia 3i( 


Swilhr 


|».fc(i^ + .=) 


Yc'^o") 



303. Fly-Wbeels. A knowledgi^ of (lie subject of moments of iner- 
tia is of ft grcftt pim-lital inipoi-tance in tlie eoBKtniftiou of Jill kimls of 
miH'iinon- wiiieli posatps I'otarj- motions. As a sinyle uxaniple of the 
priice lii!;^ pdnwplw, !ut us consider Ihdr application in tSie ease of fly- 
In all mafliinee in ivliiih ihcre is any vai-istlon in the n:»<;uitiiilo, cithtT 
of the inipeilinK -. nwuv, or of tlio iteiBlnuctt oppoMid, tljcre must evidently 
be :\. HiK-tuation in s|>i'u.l, iiiid it is ^ener.illy the ease in mHt-hiniathHt during 
siio.u'^ivc iiitfivu?!- uC tiuie, Ihe variiilion In jioiver uppliiid and resistance 
o!loi-eil i.^ mth tlnit tlu: .energy rucdvcii ia ftlte-rnatfly (fi-eater and k'ss 
t.br.ii ibi! ivui-k to bii ])i>rlui'nit'il. Now it ia evident Uiat when there is an 
exoe.is of ciu'i'j^y I'l'cuivfd uver resistance overcome, this ivill be consHmod 
in aJdiii;j io the kinetii; ('nergy of the macMne by increasinf! its veloeity, 
and that when the energy applied is less tbau the resistBDce to be over- 
come, t!io kinetic tneifjy of tha mafhine diminishea, being cousunied in 
overaoming the cxcobs of the resistauce offeitid over the impellin!; force 
applied at thnt moment, thus slairkening tbe p])ee<l. 'iliis ultciiiate iii- 
crtase and diiiiinnjion nf speed evidently varies according to ihe Liii.ijiT of 
tlie motive power, and the work performed. Ij«t us call V, V, tlie niaxi- 
muin and minimum velocities of the driving point, or thiit pnrt oi' the insi- 
chine ap].l:ed to overcome tlio resistance, in which case the lliuri,ivi<ni of 
spi;ed ivill be rei>reseiited bv the quftntity V — F'; and let F„ he the mean 

F— V' V~ V" 
velocity, eqnal to p — . The quotient — ^ = C (215), will ex- 
press the ratio of the riuclu.itlon of velocitv to the mean vclncitv. and is 
called the viefficieii! oj fuvlun.'iim of speeff. Kow if we denote by W a 
mass which, if ^itni.tcil !it Ihi' (lri\hig-point of the eugine. vouldhave tlio 
same actual energy as ihe eutii-e maihine, the maxLnuni kinetic eiiu^v of 
iV V^ . . W V'^ 
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substituting tlie 

value of M, j^ven in (217), C= ' "^ --- = -j^'^-j. (219-) Hence the 
(loeffieipnt of fiuctmttion can evidently be ascertained by experimentally 
determining Q and r,,, if Wis known. 

Now in most raachiiiyry, if tliere were no regulating appflratus, this co- 
efficient woulil bo extremely great, as the variation of tliu relation between 
the afTectiTe forue and resiatance would render the difFerence between V 
and P* very large; the excess of ihe resiatjince over the energy applied 
might be sufficient to stop the machine, and would at any rate cause serious 
jarring. To obviate this, a fly-wheel can bo attached to ihe rotating fhaft 
of the engine. This is a wlieal witli a heavy rim, which posseaseB a great 
moment of inertia, and stores up energy when there is an exeess of driving 
power, and pve» it ont to overcome the resistance when the driving jiower 
diminishes. It is clear that tlie coefficient of llnetnation will in this way 
be greatly diminished, as F, V. will become more nearly equal. In prac- 
tice the fly-wheel is mad f 1 d" ' 1 this coefficient to 
about jlj for ordinnry i h y -^ V nachinerj'. 



follows. Let — be th ffi fl to be obtained, 
and let the an^nlav vc h tl to revolve, as de- 
termined by the kind o w b d d te b B.- Then equa- 
tion (219) becomes -^ = — 1 b h f inertia of the 

fly-wheel necessary, ad P P« i"^^ "'" ^ ''^ 

kinotiu energy, which m be tak as e( of the mass W, 

supposed to fae concent ted tl d p I ^'<^I — ^WVa', 

and irr^ = L.,«;. Substituting this value in (210), - — '^ (220), 

whence / :^ ^-g- (221), from which equation I can be detevLnined. 

Cipt. Von Scliuhers^iiy, of the Russian engineers, has proposed to fur- 
ni=h heavy ireiyht trains witJi Inrge fly-wlu'els, placed on a truck immedi- 
ately behini! the locomotive, which will store up energy while deecending 
ini'iinea, and give it out as useful driving powei' when a level or ascent is 
reached, instead of wasting it by the use of brakes.'^ 

30'1. Pressure upon AtcIs of Hevolving Body. 

When a body reviih'ea about an axis there is in a:et;i.'rnl a pressure 
jtrorliicerl upon that axis, due to the centnUignl force of the parti- 
cles composing the mass. The axia may, however, be so situated 

■ See Rtp. Commrt. In Paris Expodtioa, Vol. m., p. 153. 
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that the ceiitri(ugal foi-ce due to any particle is just hahiiieed by 
that exerted in the opposite direction by another particle, in which 
case there will evidently be no pressure upon the .nxie. 

The effect of an unbalanced centiiingal .force is twofold, tend- 
ing (1) to shift the axis of rotation as a whole, i. e., to produce a 
tran si atory motion of the axis; and (2) to change the angular 
position of the axis. To undeistand this let us consider Fig. 162, 
which represents a body ADBG, revolving about an axis AB. 
Tlie poition ^i>^, lying upon the right of the axis, evidently 
tends to nioTe it in the dii'ection EJ)^ and the portion ^CB, 
lying to the left of the axis, tends to move it in the direction EG. 
But as the centrifugal force of ADB is greater than that of A C£, 
owing to its gi-eater mass, and the greater distance of most of its 
particles from AB, there will be a resultant force, tending to shift 
the axis as a whole to some new position in space ; in the case 
represented in Fig. 162, to a line at the right of AB, and pai'allel 
with it. 

To see how the tendency to .nngular deviation is produced, let 
ns notice the body AGBH, Fig. 163, which revolves about AB 
as an axis. Now the centr-ifugal forces of AGBB, BHCA, act 
in opposite directions, and as AGJDB is greater than BHGA, 
there will be an unbalanced centriliigal force in the direction ED, 
as shown in the preceding case. Also since the mass of the body 
is not symmetrically distributed about CZ>, the centrifugal force of 
the portion AQI)EyKvaK,% that of A GM, can be represented by a 
single force F, applied at some point, aa S, within AGI>E, while 
the centrifugal foree of C'^J?^ minus that of DEB, may be rep- 
resented by a single force F" applied at T. These two iorces evi- 
dently act as a couple {centrifugal covfh) to produce rotation 
about an axis at right-angles to the plane of AB, and hence tend 
to produce an angular deviation of that axis, 

305. Free Axes and Principal Axes. A considera- 
tion of Figs. 162, 163, will show thwt if the axis of revolution 
passes through the centre of gravity of the body^^^C, the 
tendency to shifting it as a whole disappears, since the mass, and 
consequently the centrifugal force, is equally distributed on either 
side of the axis. That there may he no tendency to deviation of 
the axis, in which case the centrifugal couple must reduce to zei'o, 
the axis AB must also he an axis of symmetry of the body, since 
in this case the foi-ces F, F', will he directly opposed, as shown in 
Fig. 164. 

It is evident that if the axis of revolution, AB, is parallel to an 
axis of symmetry, without passing through the centre of gravity, 
as shown in Fig. 162, there wilt be no tendency to angular devia- 
tion, though there is a tendency to translation of the axis. 

Any axis about which a body may revolve without causing any 
icndenoy either to shift the axis as a whole, or to produce angular 
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deviation, is oalleil a free axis or pennanent CKcis, becauae if the 
ho(\y is perfectly free to moYe, the axis will not chiinge its position. 
It ia pvoved by analysis that every borly, or system of bodies, has 
at least three free axes, which are at right-arigles to each other, 
and intersect at the centre of gravity of the body or system. 

Any axis about which a body may revolve without causing any 
tendenCT to an angular deviation of the axis ia called a principal 
axis. For each point of any bocly, or system of boi3iea, there are 
at least three principal axes at right-angles to each other. For 
points on either of ihe free axes, the principal axes are parallel to 
the free axes. The latter are evidently the principal axes passing 
through the centre of gravity. It can be shown that the moment 
of ineitia of the body or system, relatively to one of its principal 
axes 18 gjeater, and relatively to another ia leas, than relatively to 
any other axis through the point considered. 

In an ellipsoid having three nnequal axes, the free axes are the 
three axes of that solid; in a right elliptical cylinder the axis of 
the cylinder, and the major and minor axes of the elliptical sec- 
tion of the cylinder at its middle point, are free axes ; any diame- 
ter of a sphere ia a free axia, also any diameter of the equator of 
an oblate or prelate spei'oid, together with its polar axis. 

306. Fraotioal Applications, la any rotating piece of machinery 
it is (lesivftble that the resultant centrifugal foi-ce be reduced as much as 
possible, since the friction and str^n of the machine arp increased thereby, 
while the continual change in tlie direction of the centrifugal force as the 
moving body rotates, may give rise to dangerous jarring of the machine. 
Henee every rapid rotatory motion should, if posKible, have ita axia coin- 
cident with the free axis of the rotating mass. 

The practical nppliuation of this is illuBtrated. in the driving-wheels of 
locomoliyeB. Aa the heavy cranks to which the connee ting-rod is at- 
tached, would, if unbalanced, produce aerions jolting of the locomotive as 
they revolve, the space between the opposite spokes of the wheel ia filled 
up solid, that die axis of revolution may be as nearly as possible a (ree 

307. Axis of Stable Rotation. Although a body re- 
volving accurately about any one of its free axes has no tendency 
to deviate from it, yet it is only in a condition of stable rotation 
when that axis is the one relatively to which the moment of in- 
ertia of the body is the gi'eatest, which is, in general, the shoi-test 
axia. It ia only in this case that it will return to its original axis 
if slightly displaced from it. To show thia, suppose CMDE, Fig. 
165, to be a body rotating about OJ), the longest of its free axes. 
So long aa the position of the body ia undiatnrbed, the revolution 
will continue unchanged, but if it is slightly displaced in any way, 
so as to assume the position C'H'B'l^, Fi^. 166, the rotation con- 
tinuing about AB will generate a centrifiigal couple F — W, which 
tends to deviate the body still more from ita original position, and 
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which will <lis;!ppoar only when the shorter nxis, E'H', coiripirlea 
with the tixie of rotiition. Hence the body is in stable eqiulibritini 
only when it is rDtatint; iiboiit its sliortest diameter, i.e., aoout thHt 
one of its five axes with regard to which the moment of inerti.i is 
the greatest possible. 

Thiia a, ring rotates in stable eqtiilibriun only when revolving 
about an axis perpeiidicalnr to its plane ; an ellipsoid of thvee nii- 
eqnal axes only when revolving about its shortest diameter, and 
an obhite spheroid when revolving about its polar axis. 

308. Oaae of the Planets. It is worthy of notice that the oblate 
Hpheroi[l having its polar axis for an axis of rotation, the form naturally 
asauiiied by the planets, is one of the very few cases in wbioh tlie axift of 
rotation is perinanimt. For in case of any external disturbs hub, producing 
a temporary a werving of the body,the tendency of the centrifugal force is to 
cause it to return to its original axis. Such perturbations Hre constantl) 
acting upcKi every planet, and were not tlio vaiiations caufiwl by them con- 
fined within very niurow liiults, they would leajl to a continual cbangi' in 
the aTcis. am! Iience to a continual vai-iation iu the seasons, and in tlie dis- 
tHbution of lam! and water. Were the earth a prolate spheroid, for esam- 
plc, tliere would bo no power to prevent the passing <tf tlie rotaljon-axis 
from on.jiosition to another, on the occurrence of any perturbation, and 
aui- mclithun^ if onuo introiluced. would go on fin-ever. 

309. Experimental lUustrationB. The sjable and unFtablu equi- 
librium of rotating bodies can be illustrated experimentally witli the appa- 
ratus represented m fig. 1G7. AB is a body auspendert by a cord, by 
means of which it can bo made to revolve very raptilly. If it be so hung 
as to rotate about any axis but its shortest one, the slight disturbance pro- 
duced by the swayinir of the string will displace it a little, and the body 
will then move until it aasumeg the position A'&. A prolnto spheroid, 
rotatii^ about its longest axis, or a ring rotating about one of its diame- 
ters, shows this very tle;irly. An oblate spheroid made to revolve about 
one of its equatorial axes, will rise untJl it involves about itn polar axis, but 
if made to revolve originally about its polar axis, the equiiibrium is seen to 
be stable. 

310. Composition of BotfitionB. When a bodj' is affected with 
two or more rotations about inclined axes, these rotations may be coui- 
hinecl precisely as we combine couples. Thus suppose a boi!y to be aetoil 
upon by two forces which separately would cause it to rotate about the axes 
AB, AC, Fig. 168, with angular-velocities a, a, respectively. To find the 
resultant axis of I'otation, we may coiisiiler the rotating forces as iiirmiiig 
two couples with inclined axes, and determine, the magnitude and direction 
of the resultant couple, which will represent the rcsurt.anli rotation in mag- 
nitude and dircciioii. Hence we simiiiy lay off on AB a distance Ab, pra- 
poi'lional to a, and on AC a distance 'Ac proportional to a', and compliite 
the parallelogram Abih, the diagonal of whicli, Ad, represents the magni- 
tude of the resultant rotation, and is also its axis.. It is clear that in the 
same manner we may combine three or more rotations about axes lying in 
the same, or in diffui-ent planes. 

311. QyroBOOpe. Tlie phenomena of the composition of rotations 
are excellently illustrated by means of the f/ffroseope. This instrument 
consists of a heavy, well balanced wheel, AB, Fig. 169, revolving with as 
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little frietlon as possible about an axis DC. Tliia axis is \iv\i\ in a liiig, 
KH, to ivhiuh is attacliud a projecting rod EF, with a pivot /i. "'bich may 
be placed in a socket G. \i a rapid rotation bo now communiL-ated lo the 
wbeel AB by unwinding a cord fnjm the axis CD, and the pivot E be 
rested in the socket (?, with the axis horizontal, tlio instrunitnt will not fall 
fi-om the support as might be expected, but will remain near!)' horizontal, 
and rotate slowly abont E, in the direction indicated by the arrow. 

To explain this action, let ua consider the molionB willi which, the wheel 
is affected. Suppose the asia of revolution to be so placed as to coincide 
with OX.Yi^. 170. Tho wheel has a rotation about CA Fig. IG9, duoto 
the original impulse. But as soon ne E is placed in G. the weight of the 
apparatus, whose centi-e of gravity is then unsupported, gives it a tendency 
to fall, lihus rotntiniT about the point E, and in the plane of CD ; that is, 
about an axis OY, Fig. 170, at right-angles, to OX. Let the anfrular veloc- 
ity of the rotation about OX be represented by Oa, that about OY by Ob. 
The direction and magnitude of the resultant rotation will be represented 
by Oc; hence this resultant motion must take place about the ajiis OX', 
and the metallic axis of the gyroscope (CD,- Fig. 168) will move so as to 
a[)proach this position, thug assuming a retrograde motion. But as the 
aais about wliiwi the rotation dne to gravity takes place is always at rlffht- 
angles to the axis of revolution of 'the wheel, OY will recede as the wheel 
moves towitrds it, and hence a continuous retrograde revolution will iah& 
place about OZ. 

But tho preceding construction is complete only for the first instant of the 



t about OZ has begun, there a 
dentiy thl'io simultaneous rotations to be compounded insteail of two. 
To ascertain the effect of these, let ua consider Fig. 171, in which Oc repre- 
sents the rotation about the axis OX', Ob that about OY, and Oe that ■ 
about OZ. Tlie resultant rotation will be represented by Of. tte diag. 
onal of the parallelepiped Ofce, ol which Oe, OS, Oe, are adjacent edges. 
Hence the instrument will move so that its axis may assume this position. 
But as this movement takes place OY evidently recedes, and so the orbital 
rotation is continuous. Abo since 0/ is Inclined above the horizontal 
plane Jf'Oy, the axis of the gyroscope tends to elevate itaelf. A* 0/fs' 
greater than either Oa or 06, the angular orbital velocity would continually 
increase, wore it not counterbalanced by friction and ti>B resistance of the 
air. The elFeet of the orbital motion is to elevate the axis of the gyroscope, 
that of gravity to depress it; hence the axis rises or tails, as one or the 
otlier of these predominates, which latter cii-curastance is dettrmined by 
the angular velocity of the whuel, and the position of the centre of gravity 
of tlie total mass of the gyroscope. 

If the instrument is balanced about E, Fig. 1GB, by suspending a weight 
from F, so that the centre of gravity is over the pivot E, there is no tend- 
ency to rotation about OY, and hence no orbital revolution. If the weight 
at F is so gr¥ttt as to bring the centre of gravity of the instrument to the 
left of E. the gyroscope tends to rise, and the orbital motion beeomes 
dh^ct. The same effect ocr'urs if the rotation of the wheel be reversed. 

if the gyroscope be held in the hands and made to rotate rapidly, on 
attempting to incline it in one or another direction, a strong resistance to 
such i;hange will be experienced by the hand. 

The gyroscope .'tlso offers an experimental illusti'ation of the aslronomical 
phenomena of the constant parallelism of tiie earth's axis to itself, lh« 
precession of the equinoxes anil nutation. 
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312. D'Alembert's Principle. When a rigi(3 body is 
caused to movti under tlie action of any external force, it generally 
occurs that some of its particles move slower, and some fester 
tlian they would move if there were no ri^d connection between 
them. Suppose, for example, that we have two balls, one of gold 
and the other of some light substance, as pith. We ^hall see 
hei'eafter that these bodies would fall through a vacuum with 
equal velocities, but that the resiataoee of the atmosphere retards 
tlie pith more than the gold ball, so that in the aiv the descent of 
tlie latter will be more rapid tJian that of the former. Suppose 
now that the two are firmly connected. It is clear that they must 
now both fall with the same velocity, and that the gold ball moves 
less rapidly than if fi-ee. A portion of the impelling force im- 
presaed on the gold ball is not expressed in its momentum, 
while the momentum expressed in the pith is in excess of that im- 
pressed upon it, this difference aiising fi'om the connection of the 
bodies. Now the total expre^ed force must be equal to the total 
impressed force, as no energy can be lost ; hence the pith ball 
must gain in momentum exactly as much as the gold ball loses. 
The same law evidently holds for all cases of motion in rigid 
bodies, whose particles tend to move with different velocities. 
Hence, in general, the resuUamt of the impressed forces mwst he equal 
to the resultant of the expTessed forces. 

This theoi-em is known as IfAlemherfs Principle, from the 
mathematician who first enunciated it before the Academy of 
Sciences of Paris, in 1742. 

313. Angular Acceleration of Body. Let^Z*, Fig. 
172, be a body capable of moving about an axis through C, at 
right-angles to the plane of the paper, and siippose it to be acted 
upon by any force £', applied at a distance JiO=:Bi fi'om G. It is 
reqmred to find tlie angular acceleration which the body assumes. 
Denote the angukr acceleration, that is, the angulai- velocity gen- 
ei'ated in 1 second by i«, and considei' first the case of a single 
particle P, of mass «i, at a distance r fl'om G. The velocity of _P 
is TBI, and its momentum msr<o. The moment of this momentum 
relatively to G is mrio X r ^ mr^ai. For other particles, m', m", m", 
at distances /, r", r", fi'om the axis, similar expressions, m'r'^io, 
m'W, ni'V^o', would be obtained, and the sum of these, or .^mr^c 
is evidently the moment of the momentum of the whole body 
relatively to G. Now the force generating this momentum is the 
moment of F relatively to C, that is, F X R, and as the total 
impressed force acting upon AD must equal the total force ea> 
pressed in its motion, according to D'Alembert's Principle, we 
have FE = i:mr^w, or FB = <»lmr' (222), as «. is a constant, 

whence w = v "M I P ^^^^' **^ "Jenotiig Smr^y which is the mo- 

FB 

mont of inertia of AD i-elativelj to ^, by ^ <« = ~y-. (224.) 
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If the force generating the motion is the weight of the bod^, 
iwitiiig through G, its centre of gravitj', the impressed force will 
he WX GC=^ Tf-Z^o, whence in tlie case supposed, 

314, Centre of Oscillation. The aogalar velocity 
which would, in the latter onse, he assumed by any one of the 
panicles of which the body AD is composed, would be found from 

the equation ("5= -f-^, in which i"^ is the angular acceleration 
which the pai-ticle tends to assume, Wp the weight of the particle, 
rp its distance from 0, and I^ its moment of inertia i-etatively to 

the axis of rotation. As Jp = m^r''g, i«p ~ ^^ = y (226), 
whence it appears that the particles most distant from C tend to 
rotate more slowly than those nearer that point. The angular 
acceleration, lu, of the whole body, will therefore be greater than 
that which would be aasumed by the partiolea farthest from 0, 
wei-e there no rigid connection, and lees than that which would be 
assumed by the nearer particles. Hence there will be a point 
somewhere upon the line JIG, which will possess the same angular 
acceleration as if it were not rigidly connected with the rest of 
the body. Let be the position of tliat point. We wish to 
determine its distance, CO — I, from the axis through C, upon 
wbicli it is suspended. The angulai- acceleration of 0, were it 

fi-ee, would he 4- (Eq. 226). This must equal a/, the anguhu' ac- 
celeration of the body AD. That is, -^ =^ —r " , or as W =^ 

Mff,j~ - ^ ■ ^ ■ '~\ whence I — -^^ (227). The point is thire- 
foTS at a distance from O equal to the moment of inertia of t/w 
hod/y rekuiody to the axis through that point, divided by the stati- 
cal moment of the weight relatioelg to the same axis. 

The point is o;illed the centre of oaeiUation of the suspended 
body AD. 

In case the body vibrates iinder tlie influence of its weiglit, it 
performs its oscillations in the same time as if tiie whole masa 
were concentrated at 0, since the angular accelerations in the two 
cases would always be the same. 

315. Convertibility of Ceatres of Suspension 
and Oscillation. A proj)ositioii of great importiUice is the 
following. The centres of suspension anA oscillation are mutually 
convertible. 

If is the eenti-e of oscillation of a body suspended at C, and 
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YibiT.tiiig nnder the influence of its weijlit, then if the body be 
suspended from its new centre of oscillation will be at C. 

To flemonstrate this, let Iq be the moment of ineitia of AD, 
Fig. 172, relatively to its centi-e of gi-avityjand Z' relatively 
to the axis of suspension through C. Then denoting the dis- 
tance from C to G hy d, that from (? to by 4\ we have 

from Eq. (213), p. 145, /' - J^ + MiP. But GO —I — j^ = 

— -^ — - = (? -f- -^3, (228.) Suppose now that the body were 
suspended at 0. C'all I' the distance from the new axis of sus- 
pen«on O, to the new centre of oscillation, and J" the moment of 
inertia of the boily relatively to the axis through O. Then I' =: 

W = ^^^r = '''+m' (229). Now from (228), as 
- j^ whence dd'=^ and (? - ^■ 
Substituting this value in (229) we have I' z=d' + d — l (230), 
whence it follows that the new centre of oscillation is at G, the 
foi-mei- point of suspension. 

316. Centre of Percussion.. The centre of oscillation 
can also be shown to be the c&itre of percussion, which is the 
point at which a body suspended from an axis may be struck by a 
blow in its plane of rotation without producing any pressuie upon 
the axis ; .ind, conversely, the point at which a body movinjj about 
an axis must stlike an obstacle, that there may be no blow com- 
municated to the axis. 

A knowledge of the position of this point is practically applied by ex- 
perienced battera, who leaiti by practice to strike tbe ball with that part of 
tbe bat in which the centi-e of oscillation of the system formed by the mov- 
ing arm and bat. ia situated. In tliis case, the whole force of tJie blow is 
spent in overcoming the motion of the ball, and no jar is sustained by the 
hand, otherwise an unpleasant stinging sensation is proilnced. 

The centres of oscillation and percussion of a straiglit rod suspended at 
one extremity lie in the axis of tlie rod at a distance from the point of sus- 

Knaion equal to two-tliirda the length. Hence if a stick held in the 
nd, and swung about the wrist, strikes an obstacle at that point, no blow 
will be felt by the hand, and at no other point will (his be the case. 

317. Axis of Spontaneous Botatioii. If a body be impelled 
by a blow acting at ita centre of gravity, it can be shown that the motion 
which it receives will be one of translation only ; bnt if it be struck at any 
other point, the body will become affected with a double motion of tranala- 
lation and rotation, receiving the same motion of translation as if the blow 
haii been delivered at its centre of gravity, and the same rotation as if the 
body had been suspended on an axis through the centre of gravity. From 
this it follows that if an impulse be communicated to a free body, the tom- 
bined translation and rotation will cause its motion to be the same as if it 
revolved about some fixed axis, this asis changing, however, from n 
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The reason of tbis will be seen if it is remembered that the 
translafory motion is enailly partaken of by all the partieles, wliile the 
rotation causes some par tieles to move backwards, and otbei'E to move for- 
wards, relatively to the direution of the tranelation, tlie rotatory velocity of 
any one particle being greater in proportioa to its distance from the centre 
of gravity. If the bncKward motion of certain particles due to the rotation 
exceeds llieir forward motion due to the translation, they will evidently 
move biickwards in space, and as the remaining partieies move forward, 
there will be same point at which the backward motion cease», and the for- 
ward b^ins. The resultant m.ation of the body is therefore the same as if 
it revolved about an axis passing through this point. The position of this 
axis changes as the body moves, because the position of the centre of grav- 
ity <^hanges. That axis about which the body tends to revolve at the first 
instant of its motion, is called the axis of spoataneins rotation, and ike suc- 
cessive axes about wliich such a bofly seems to rotate are called inslantane- 
oas aixs. The position of the axis of spontaneous rotation evidently 
depends upon the point at which the body is struck, and it can be demon- 
strated that the axis of suspension corresponding to a given centi-e of 
oscillation is the axis of spontaneous rotation for a body struck at tl)e latter 
point. Hence if a free body be ati-uek at any point, it begins to move as if 
rotating about an axis so situated that if the bod^ were suspended from that 
point, riie point stracfc would be the corresponding centre of oscillation. 

It will be seen that tills fact affords an explanation of the principle 
already explained, tliat the centres of percussion and oscillation are identi- 
cal, for if a blow be struck at the centre of oscillation, the axis of suspen- 
sion will be the. axis of spontaneous rotation, and hence no shock will be 
EUSt^ned by it. 
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CHAPTER XIV, 

GKAVITATIOir. 

318. Law of Universal Gravitation. The force of 
gravity or weight, to which we have fi-eqnertly had occjwion to 
i-efer in preceding chapters, is only a particular case of the {jeneral 
law of onivei-ssl gravitation, which we now proceed to consider. 
It is fi'equently known as Newton's Jjone, from its discoverer, and 
may be stated as follows : Soery particle ofmatt&r'in the universe 
attracts every other particle with a force varying directly inthe 
compound ratio of their masses, aiid inversely, aa the square of 
their distance. 

It follows fi-om this that if we represent by i/' the nttraetton of 
a unit of mass upon a unit of mass at a unit of distance, the 
mutual attraction, G, of two bodies of masses m, m', at a distance 

d is expressed by the formula G = ip "^ (231). For if 4' be . 
the attraction of one unit of mass u|ion another at a distance unity, 
theattractionof aunitof mass upon amass mis ^'■m.and the attrac- 
tion of a mass m' upon m is il'^m'. If the distance instead of being 
unity is equal to d, since gravitation varies inversely as the square 

of the distance, the attraction becomes 4' ''^JS~' 

319. Method of Proof of Law. This proposition was 
first enimciated by Newton, who showed it to be a dii-ect conse- 
quence of the pnnciples known as the Three Jjawa of ICepler, 
which that astronomer had established by astronomical observation. 
These are, 

I. AU the planets move in elliptical orbits, of which the sun is 

II. The radius vector of any planet describes eqtial areas in equal 
times. 

III. The squares of (he times of revolviion of the planets are pro- 
portional to the cubes of tlieir mean distances from the sun. 

The following is an outline of the course of reasoning followed 
by Newton. In the first place the proposition demonstrated in 
§270, p. 131, shows that since the radius vector of a planet describes 
equal areas in equal times, there is a deflecting fierce, which must 
pass through the centre of the sun, which last fact is also a con- 
sequence of tlie law of gravitation. For analysis pi-oves that the 
law being true, the sum of the attractions exerted upon any exter- 
nal body by the particles of matter of a sphere {and approximately 
of a sphei-oid of small eccentricity), composed of concentric homo- 
geneous layers, is the same as if the whole mass of the solid were 
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concentrated at its centre, to which centre, therefore, any body 
eubiect to the attractive influence of the sphere wonid be drawn. 

The law of the vaiiation of the foi-ce in the invei'se ratio of the 
square of the distance, follows fi-om the ellipticity of the orbits, as 
shown in the pi-oposition demonstrated in §, 273, p. 182. That poi^ 
tion of the law relating to the mass of the body also follows from 
tlie law of centripetal force in an elliptical orbit. 

To show move clearly the mathematical reiisoning employed, 
let lis demonstrate the law in the simplest ease, thsit of a planet 
moving in a circnlar orbit. As the centripetal or deflecting force 
in the c-ise of the planet is the attraction of the siin, if we denote 
by G,G', the attractions exerted by the sun upon two planets at 

distances d, d', fi'om its centre, are by § 275, -p. 133, (? ~ M-^^ 

G ' ^= M' 'rpPTi fi'oin which it follows that 

G : G' ::My2' M' ^n 
But by Kapler's 3d Law, T^ : T^ :: cl" : d'\ Hence 
M M' 

a proportion expressing Newton's Law. A similar demonstration 
can also be ^iven in the case of the ellipse, parabola or hyperbola, 
80 that under the influence of gravitation a body may move n 
either of these curves. 

Newton next verified the law of inverse squares in the case 
of the earth and moon, showing also by bis method of proof that 
the deflecting foree acting on the planets ia the same in nature as 
that which causes a body to fiill to the gronnd. 

Let AS, Fig. 172, be a portion of the moon's path, which it 
deseiibes in 1 mimtte. "Were it not for the deflecting action of 
its gravitation to the earth, it would move over the line AB in 
the same time. B£^ which is sensibly equal to I>£! for small 
arcs, is therefore the amount of its defl.ection while traversing A£!, 
that is, the amount by which it falls towards tlie eaith in one 
minute. Knowing the dimensions of the moon's orbit, and the 
velocity of describing it, tliis distance can easily be computed, and 
compared with the space through which a body, at a distance from 
the centre of the earth equal to the moon's distance, would fall, 
assaming the law to be true. The deflection of the arc A£!, from 
the tangent AJB, is found to be 4.9 m. The moon therefore ftlls 
to the earth 49 m, in 1 minute. At the surface of the earth the 
space traversed by a falling body in 1 minute is 4.9 X 3500 m. 
Since forces are pi-oportional to theii accelerations, if we call G, 
G', the force of teiTestrial gravitation at the earth's surface, and at 
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the moon, and d, d\ tlio i-adii of the earth and of the moon's orbit, 

G : G' : : 4.9 X 3600 : 4.9 : : 3600 : 1. 
But d' : d-.-.m : 1. 

Hence G : G' : : 4'^ : d\ GX G : G' :: ^ : ^a (233), 

tliat is, the force of gi'avity at the tivo points is iiiveraely as the 

square of the corresponding distance from the earth's centre. 

From the law of gravitation, in connection with the three laws 
of motion, we can deduce the laws of Kepler, and aiao compute 
Jiiathematically the amount of the pei-turbations of the various 
bodies compoeing the planetary system. 

It should be carefully borne in mind that the attraction of the 
earth is not a sinele forcej but the resultant of the separate attrac- 
tions of each of flie particles of which it is coniposed. That at- 
traction is exerted by every particle, is shown, among other ways, 
by the deviation of a plnmb-line from the vertical when near the 
side of a mountain- The iiTegularities on the earth's surface are, 
however, so small in proportion to the magnitude of the whole 
globe, that tliey may generally be neglected in astronomical calcu- 
lations, 

320. Attraction upon a Body situated on the Sur. 
face of a Sphere. The principles stated in the preceding para- 
graphs, ftu-iiish a method ot ascertaining the relative attraction of 
two spheres upon a body of given mass situated at their surface. 
Let A, B, be two spheres of equal density, with radii S, -E', 
respectively. Since the total mass of each may be imagined to be 
concentrated at its centre, calling *?, (?', their atti'actions, M, M", 

M M' 
their masses, we have, G : G' •.: -j^ : -j^^- But since the masses 

of the spheres are proportional to the cubes of their radii, 
M : M' : : M' : M". Hence 

G: e' : : ^ : ^L or e r G' : : R : Ji' (234). 
That is, the attractions of spheres of equal density on a body situated 
upon their surface are pnmoriioTtat to the radii of the spheres. 

If the densities vary, the masses of the spheres are proportional 
to the volume nmltiphed by the density, that is, M : M' : : Vd : 
V'd' :: IVd : BT'd'. Whence 

G: G' :: ~ :— :: Md: M'^. (235). 

To show the application of this proposition, suppose that it is 
required to find the relative weight of a body at the surfece of the 
earth, and at the surface of the sun. The mean radius of the earth 
is, in round numbers, 6377 km., that of the sun 709,700 km. The 
density of the sun is but one-fourth that of the earth. Hence from 
(235) denoting by G, the weight of a body at the earth's surface. 
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and by (?', its weight at the sui-face of the sun, G \ Cf :: 6377 X 
1 : 709,700 X i- : : 1 : 27.8, whence G' = 27.8 G. A body welsh- 
ing one kiJ<^i-aniTne on the eaitli's sni-fece would therefore weigh 
27.8 ligi's. if transported to the sun. 

As forces are proportional to their accelerations, a body falling 
to the sun, when near its surface, would acquii-e an acceleration of 
9.8087 X 27.8 m., or 272.68 m. per second. 

3il. Diminution of Gravity above Surface of 
Sphere. Since the resultant effect of the attriiction of nil tlie 
particles of matter composing a sphere upon a body outside of it, 
is the same as if the whole mass wei-e concentrated at the centre 
of the sphere, it follows that the attraction exerted upon any body 
varies inversely as the square of its disfcince from that centre. 

Hence if we cull G, G, the attraction upon the body at the sur- 
face of the spbere, and at a distance h from the sui'fece, G : G' :: 

M^- {Ji + kr (235), whence G' = G ^^^Jy> (236), or per- 

forming the division, we have approximately ^;= ^(1 —-» 1(237). 

Tliis formula can evidently be used to determine the weight of 
a body wlien elevated above the surface of the eailh. Thus a 
body weighing 1 kgr. at the sui-face, if canied in a balloon to the 
height of 6 km. above the surface would have for its weight 
G' = l(l-H¥7) = .998kgrs. 

The acceleration g', which a falling body would acquire at any 
given elevation, may also be found fi'om proportion {235). For 

G:G'::g:g'::^: (^+^7^ whence /- j?(^^p^ (238); 

approximately, /=^(l — -^-)(239). Also ff = ff' (l +7;)(24l)) 
approsimatel y. 

322. Gravity within Hollow Sphere. A hody 
placed anywhere in ike interior of a spherical shell of uniform thick- 
ness and density, wiU he bguaUy cifiraeted in att, directions. 

Let J* be a body placed at any point within the spherical shell 
AJiOai,aud subject only to the atti-action of the matter composing 
tiiat shell, and let ab be an element of the surface. The lines of 
attraction of the particles composing ab will be comprised within 
a cone aj'b, whose base is the element ab, and whose vertex is ^ 
and their resultant will be in the axis of the cone. The elements 
of -PoJ, if prolonged through P, will form another cone, _Pj1.B, hav- 
ing a vertex P and base AB. The lines of attraction of A£ will 
evidently lie within the cone PAJi, and their resultant will coin- 
cide with its axis, being therefore directly opposed to the resultant 
of the attraction of ab. Hence 

Attraction- of ab : Attraction of AS : : -p-^ : -p-ji- 
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But ah ; AB : : Pa^ : PA\ 

Attraction of ah : Attraction of AS : : -p-j : ■ .^ ; : 1 : 1. (241.) 
The bofly _P is therefore equally attracted towards ab and 
.towards AM. A like demonstration can be applied to every other 
element, and to any number of concentric shells ; hence the body 
is in equilibrium. 

323. Gravity below Surface of Sphere. Suppose 
a body to be situated at any point J?, below the surface of a sphere 
AFlS,Tig.lU. Denots AO hy M, £0 hy H^. The resultant 
effect of that portion of the sphere outside of MUD is zero, by the 
preceding proposition. The whole resultant attraction at -B is 
therefore that of the sphere SHD of radius J?. Bat the attrac- 
tion when at A is that of the sphere AFE, hence calling fi^, &, 
the attractions at A and S^ respectively, we have fi-om (235), 
G : Cf :: Rd : if*?, or as the densities, di (f , are the same, 
G : G' :: M : M. (242.) Hence the gravity of a body situated 
within a solid sphere is directly proportional to its distance from 
the centre. 

This proposition can not be applied to detei-mining the weight 
of a body below the surface of the eai-th, as the density varies with 
the depth. The law in this case will be explained in treating of 
the mass of the earth. 

324. Effsct of Spheroidal Form of Earth on 
Gravity. Since the earth is not perfectly spherical, but flattened 
at the poles, it is evident that its attraction upon a body will not 
be the same at eveiy portion of the suiface. Analysis shows that 
gravity increases from the equator to the poles. The loss of weight, 
due to the want of spheiicity of the earth, in the case of a 
body canied from either pole to the equator is g^^ part of the 
total amount. 

325. Effect of Centrifugal Force. The actual change 
of weight, as computed from the results of expei-iments, is much 
greater, being ^^t part of the whole weight. This is owing to the 
fact that besides the diminution explained in the preceding pain- 
graph, there is another and greater cause of decrease, owing to the 
centiifagal force due to the eaitb's rotation, one component of 
which is always opposed to the weight of teiTestiial objects, and 
which increases as the latitude decreases, 



An approximate formula, shoiving the effect of the eentrifogal force on 
the weight pan be demonstrated, from Fig. 175. Let the centrifugal force at 
R, the equator, be dtnot-ed by F, that at E, in latitude e, by F'. Tlien 
p' ^Fcose, e,a fhoivn in ^ 28S, p. 137. Let ECf represent tlio eentrifu- 
aal force F' at E. Eeaolving tliie into two components, one EH, perpen- 
dicular to the auriace of ike sphere, the other EK, tangential to it, EU ^ 
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EG COS GEU = EG cos 8, whence if the component represented by EH 
be called F", F" ^ F' (iosft = F cos^ e (243), which represents the loss 
of weight due to the centrifugal force when F is the loss tlue to that Ibrce 
at the equator. This demonstration evidently supposes the earth to he 
spherical. 

S26. Corrected value of g. It can be shown that if y he the 
aceeleration. due to ^avitj- in latitude 45°, and at the level of the sea, 
the acceleration, g", in any other latitude, Z, at the level of the sea, will be 
g' = g(l — 0.002363 eos 2L). (244.) For any slevatioii, ft, above the sea- 
level, the formula becomes / = J (1 --0.002602 006 2i)fl — w)- (245.) 

This value of j' is that which would occur jn wid-air, as in the case of a 
body let &I1 li-om a balloon. In the case of inouptaiii summits, or table- 
lands, a somewhat differeiit formula is generally used."- The existence of 
looil dUturbaaces renders it im oeeible to derive any general formula which 
will give the esaet value of o for any particular place. Hence this can 
only bo determined by direct observation by methods 1j> be detailed .shortly. 

827. Histoncal Sketcji.. The way to the discovery of the law of 
gravitation was opened by the establishment of the feet that the sun is the 
centre of the planetary ByBtem, as taught by Copernicus,* whose work, 
X>e Rei'olulionibus Orbium Cceleslmm, was publisted in the year gf his death, 
1S43, although he had promulgated his doctrines more or less extensively 
some years before. During the lattpr part of tjie 16th, and early part of 
the 17th centuries, Kepler ' discoverpd the three laws bearing his name. 
The first and second laws were made pubhc in kis work, On the Motions of 
Mars, published in 1609, the third in the Harmonioe Mundi, published in 
1GI9, though the third law was surmised long before dther of the others. 
Shortly after, Galileo * discovered the laws of iponientum, and by observa- 
tions with the newly invented telescope, added fi'e^ confinnation to the 
truth of the Copemiean SyBtepi. 

From the three laws of Kepler, ip. eonnetttou wjth tlie laws of momen- 
tum; Kewfon * BBtahlished tha law of universal gravitation, as already de- 
scribed, during the j^ears between 1666 and 1GS7. I^ie vai-ious facts es- 
tablished by Newton in completing his theory are ae follows:" — 

1. The force by which the (ftj?eren( planets are attracted to the sun is in 
the inverse proportion to the squares of their diatanueB. 

This was shown to result from the third Jjaw of Kepler.. 

2, The force by which the aajne planet is attracted to the sun in differ- 
ent parts of its orbit, is also in the inverse prpportjon to the square of the 
distances. 

This proposition follows from (he fii-st and second iaws of Kepler, as 
shown in §273. 

S. The earth also escrta such a force on the i^oon, ajjij this force is 
identical with the force of (/rojjSj/. (See § 3i3.) 

' See Chapter ou Pendidmn. 
3 Born nt Thoru, PrHSsin, in 1473; died, 15}S, 
* Bom at Magatatt, Wurtemberg, 1671 ; died, 1630, 
* Bom at Pisa, in 1564-, died, 1642, 
» Born at Woolethorpe, 1643; died, 1727. 

'Whewell's ffisto™ of the Indacdre Sdmces, Vol. i, p. '.KO. (Annlbton's Edition, 
New York, 1885.) 
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4. Bodies net thus on other bodies, besides those which revolve arovind 
ibi^m; thus, tlie sun exerts sach a I'oi-ue on the moon and satellites, and the 
pla,nets exert such forces on one another. 

5. The Ibrce thus exerted by the general masses of the sun, eartli and 
planete, arises from the attraction of each parlkle of these masses; whicli 
attraction follows the above law, and belongs to all matter alike. 

The last two propoaitions were demonstrated from various astronomical 
phenomena by the most acute mathematical analysis, and Newton fre- 
(jnently found it necessary to invent new metliods for tbe solution of the 
particular problems which coiistKntly arose in the course of his ref«arch. 

The theory of gravitation lias been greatlv extended since the time of its 
originator, so as to exjilain quantitatively the various planetary perturba- 
tions, and other problums of astronomy, by the labors of Laplace, Lagrange, 
lyAlembert, Clairaut, and many other scarcely leas celebrated scientists. 
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iaica of Falling Bodies. 

328- Laws. We now pass to the conBideratioTi of the laws 
governing the fiill of bodies through the air. We shall, for the 
present, consider the distance iiillen tlirongh to be so smiill that 
the force of gravity throughout that distuiieo may be considered 
as unifomi. 

1. The velocity of afaMng body is independent of its mass, whence 
all bodies fall with the same velocity. 

Since gravity is directly prop oi-ti on al to the mass, if G, 0',he 
the forces acting on two bodies whose masses are Jif, M', re^ec- 
tively, we have, G: G' :: M\ M'. Also, the momenta generated by 
these forces in equal times, are pi-opoi'tional to the forces them- 
selves ; hence, calling V, V, the velocities acquired bv M, M', in 
eqnal times, G: G' :: MV: M' V, whence M -.M' :: MV: M' V, 
and F= V. 

This law was unknown until the time of Galileo, earlier philoBopbera 
having supposed that bodies fell with velocities proportional to dieir masses. 
Galileo, however, reasoned that the aggrejrate force acting upon a number 
of equal f«piirate falling bodies, a collection of balls, for instance, would 
neitlier be increased nor diminished by uniting tliem in a ainfjle mnEs. so 
Ibat eacb particle of sucb a body would fall with the same rapidity as if it 
were free. He verified his reasoning in an experiment performed about 
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1590, in which he dropped aimultaneoualy balls of dilTiirent material and 
weight from the summit of tlio Loaning Tower of Pisa, the balls being 
found to Btiike the gi'ound at the same instant. 

2. The velocity is independent of the material of which the falling 
hodi/ is composed. 

This foUuws directly fi'om the fact tliat gravitation depencls 
simply upon the mass and cTistaace of bodies, and in no way on 
tiieir composition. 

Kxperience seema in sl measure to contradict these tivo taws. Thus, a 
ball of metal falls more rapidly than a sheet of paper. This arises, how- 
ever, from the resistance of tlie air, which buoys up the esrtended surfoce of 
the paper, white it offers oompai'atively little opposillDn to the passa^ of 
the ball. If this disturbins force bo removed, me two fall with equal ve- 
hjoities. This is illustrated by an experiment originated by Newton. A 
long tubefrotn which tlie air can he exhausted, contains a coin and aftather. 
On holding tho tuba vertically these are seen to fall, the coin very rapidly, 
the feather veiy slowly. If the air is now i-emoved from the tube by means 
of an Mr-puinp, and the experiment repeated, the two will fall equally fast. 

3. The velocity is proportional to tho time of descent. 

4. The velooiiy is proportional ta the square root of the dis- 
tance/alien through. 

5. The spaces traversed by a falling bod^j are proportional to 
tlvi squares of the times occupied in describing them. 

The truth of the Isist three lawM may be inferred from the fiiot 
that falling bodies, being acted on by gravity, a constant force, 
their motion must be uniformly accelerated. 

We have next to explain the means by which these laws are 
verified, 

329. Inclined Plane- The simplest method of demon- 
stration ia the one originally used by Galileo, and explained by 
him in h\a IHalogues on MotioTi. Since bodies i-oUiiig down an 
inclined plane ai-e acted upon by a constant aecelei'Mting fin'ce, 

their motion is unifomily accelerated, and ma ^: g-y' (p- 125), 
the less the height in proportion to the length, the less will be the 
accelei-jition, so that by giving a veiy small inclination to the plane, 
the body may be made to roll with sufficient slowness to measure 
tho spaces traversed in snccessive seconds, which is diffionlt in the 
case of a body falling freely. It is merely neoessaiy to fix a Si-dle 
of equal parts upon the plane (Fig. 176), nnd lettmg a ball start 
from its summit, to note the number of divisions th it it passes 
over in 1, 2, 3, etc., seconds. Tliey are found to beir to eich 
other the relation of 1, 4, 9, etc., the squares of the tunes, winch 
involves all the laws of uniformly accelei-ated motion 

As s^ \gt^y- (p. 126), we can substitute for s, t, JS, L, their 
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values, as thus measured, and by solving the ei^uation relatively to 
g, obtain the value of the accelei-Mtioii of gi'avity. The friction of 
the ball, however, fenders the value as thus determined, somewhat 
too small. 

330. Attwood's Maclime. Another method of verify- 
ing these laws is by the apparatus known as Attwood's Machine, 
from the name of tlie inventor. Its pidnciple is very simple. Sup- 
pose two eqital weights, P, P, to be suspeniled fi-om the opposite 
ends, of a thread pasBiDe; over a pulley A, Yl^. 177. These will 
]-emaiii in equilibrium so long as undisturbed, but if a small addi- 
tional weight, p, be pla«ed Upon ohe of them, it will descend with 
an accelei-atioH deuefldent npon the magnitude of the weights 
7*, J*, p. To find this aeeelei-atioil we roust obsei-ve that were js 
to fiill freely, the relotaty generated in one second would be g. 
But in the apparatus the fall of p puts the weights P, -P, and the 
pulley A 'm motion, as well as the mass of p itself Hence as the 
the moinecta generated in one secotld must be equal in the two 
cases, if we neglect the effect of the weight of the pulley A, we 
have from proportion (5), p. 34, a : p : : ^ : *IP + P, whence 

** "^ 9 tip ±. (246), \t, therefore, we mate p very email, as 
compared with IP, the motion will be so slow that the spaces 
passed ovet in successive BecoQds ciiQ be read on a scale placed 
behind the felling weight. 

In the pi-ecedlHg demonati'ation we have, for simplicity, neg- 
lected the eifect of the maae of the pnlley A^ and of the cord con- 
necting P, P. This is not generally allowable in practice, as the 
pulley' is UBually qtiite lal-gei. We must therefore modify equation 
(246) BO as to take this into account. The oorrection to be ap- 
plied is dae to the itiei-tia of the pulley and cofd, which must be 
overcome in oi-der that A may revolve With the same velocity as 
that possessed by the Weight. This resistance is a constant, and 
produces the same effect as if there were all additional weight P', 
to be moved by the gi-avity oi p. Modifying (246) lu accoi-dance 

with this fact We have a^^ g '2 P -^^P 4-' ' (^'''•) '^'^^ constant 
^, Is best found by direct experiment. A known welgbt,^, is 
placed on P, and the a«celefation a is measured. The values thus 
obtained are substituted in e(ptatioa (247). in which P' remains 
the only unfenown quantity, which is thei-efore immediately de- 
termined once for all. 

Tlie most approved formof AttWood'a iiiaL'Iiivie is repreaeiited in Fig, 178. 
The pulley A. la mounted on fi-iction wheels B, B, in order to redu;e tlie 
resistsnce caused by frietion. The time of descent is measured by a si-e- 
oud's psndulum C, which is so ar. anged aa to make aud break nn electi'io 
circuit at every vibration, -thereby causing an electi-o-iniignet E to act upon 
a bcU'hammer, so that tUe l)cll sounds once every second. The correspond- 
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ing spaces are read upon the graduated scale LM. T is a table capable of 
sliding along this scale, and upon ivhich tlio deacending weight is received. 

To verify the law of the proportionality of the apacea to tbe square of 
the times, die weight P, fflgether with a small ailditional weight p is placed 
upon a little table M. Iliis table is connected with the armature of the 
electro-magnet E in such a manner that when the circuit is completed b^ 
the pendulum, it is detached, thus allowing the weight to fall with a uni- 
formly accelerated motion. The weight being in place, the pendulum is 
made to I'ibrate, and simultaneously with the stroke of the bell, tbe table is 
detached, and the weight b^ns to fall. By repated trial the table T is 
then adjusted so that the cfick of the descending weight as it strikes, and 
the sound of the bell striking the second second, shall coincide. The cor- 
responding length of the seSe is noted, and the experiment is then re- 
peated, using intervals of 1, 2, 3, etc., seconds. The lengths of the coitbs- 
ponding spaces on LM are then found to be proportional to 1, 4, 9, etc., the 
squares of the times of descent. 

The law of the proportionality of the velocity to the time can also be 
proved directly wiUi Uiis apparatus. For this purpose there is a second 
table, M, consisting of a ring ik metal. The weight ji is made in the form 
of a bar, so tiiat it shall 1« lifted from P by_ this ring, leaving the larger 
weights P,P, to move onwards uniformly, with the velouity possessed oy 
them at the moment of the withdrawal of the accelerating force. If tbe 
table B is placed so that the weight is removed at the end of 1 , 2, 3, etc., 
seconds, and the space pasBed over during the succeeding second is measured, 
these will be the velocities generateil in 1, 2, 3, etc., seconds, which will be 
found to bear to each other the relation of the numbers 1, 2, S, etc., 
that is, the velocities are proportional to the times occupiedgenerating them. 

By determining a hj experiment, and solving equation (247) relatively 
to g, the value of the acceleration due to gravity may be found. 

331. Sarbouze's Machine.' A modification of Att- 
wood'e Machine has been coiiati-ucted by Etii-bouze of Paiia, wliieb 
is designed to give moi'e accui-ate reeults than it is possible to 
obtain with the fomler apparatus. The axia of the pulley of an 
Attwood's Machine is attached to a light, cylinclrical drum, covered 
with lampblacked papef. Against the paper rests a style attached 
to a tuning-fork. A Bmall additional weight ia added at one end 
of the cord, as ali'eacly described, and after having set the fork in 
vihi-atioB, the weight is allowed to fell. The drum, moving with 
the pulley, assumes a uniformly accelerated motion, and the vibra- 
ting style i-emovea the kmpblaok whenever it touches, leaving a 
Mnuous line, the undulations of which are described in equal times, 
as the vibrations of the fork are isochronous. Owing to the na- 
ture of the motion of the drum, the distance between con-espond- 
ing points of tlie sinuosities increases, the distance of each fi-om 
the beginning of tbe curve meaaiyiog the space described hy the 

> See JS'temeirforM TVeirtiseonJViiiiiraii'Aitoso/fSN.bv A. Privat Deschanel; traiislateil 
by.T..D. Everetr; Part i.. p. 45. Also Bqmrt Of U. S. Ccmim!^. to Pajis UmvertaC 
JCfopasitionf Vol. in, p. 463. 
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revolving cylinder. Tbese distances are found to bear to each 
other the relation 1, 4, 9, 16, etc., which are proportional to tlie 
squares of the times from tlie beginning of the motion. 

In the machine, as actually constructed, the vibration of the 
tuning-fork is frequently kept up by electncity, and the weight ia, 
allowed to fill by breaking an electric circuit. The beat way of 
marking the intei-vals of time is fii-st to allow the instrument to 
]-evoIve while the fork is not in vibration. The style then ti-aces a 
line without undulations, ab. Fig. 179, If the fork is now 
aonndod, and the body allowed to tail, a siniioua line, acdb, ia de- 
scribed, the portions ac, cd, db, lying between its intersectiona with 

ab, being drawn in equal intervals of time. The othei' laws of 
accelerated motion can evidently be verified by removing the 
weight when part of the descent bus been accomplished, as de- 
scribed in the case of Attwood's Machine, after which the spaces 

ac, cd, db, will be eqial to each other. 

A similar method haa been used in the laboratory of the Insti- 
tute, in which a fi.«ely-falling glass plate covei-ed with lampblack, 
is pressed against a style attached to a vibrating fork. 

332. Horizontal Accelerating MacMne. This ap- 
paratus is similar in principle to Attwood's Machine. A wsgon is 
an-anged so as to move over a horizontal table, AJi, Fig, 180, tlie 
motive foree being the small weight,^, attached to it by a coi-d 
running over a pafiey. A scale is placed on the table so that the 
position of the wagon can be noted at any moment by meiina of 
an index T. To demonstrate the law of the spaces, it is mei'ely 
necessary to obsei-ve the number indicated by the index, at tlie 
expiration of 1, 2, S, etc., seconds from the beginning of the mo- 
tion. If I* be the weight of the wagon, cord, etc., p the added 

weight, the anceleiation a^= 9 v a^ '• (248.) 

333. Morin's Machine. In this apparatus, which is rep- 
resented in Fig. 181, the falling body I' is allowed to descend 
freely under the influence of gravity, being guided in its descent 
by two vertical wires, .EI, JS. JifN^m a cylindrical dram (in the 
original apparatus about 2 metres high), which ia covered with 
paper, and is made to revolve uniformly about a vertical axis by 
means of clock-work. A pencil attached to P presses against 
this paper, so as to make a mark when the body fells. Evidently 
if the cylinder were at rest the line would be vertical ; while if the 
body remained at rest, and the cylinder revolved, the line ti-a^ed 
■would be a hoiizontal circle, OSIl But if both MIf&ad P are in 
motion aimultaneoualy, a cui-ve will be traced, the nature of which 
depends on the law of motion of the falling body. If the motion 
of the body is uniformly accelerated, it is plain that calling ^ F, 
two points on the enWe, described in t and i sticonda, respectively, 
the vertical lines AM, SF, which are the corresponding spaces 
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^esci-ibed by tlie falling body, will be proportional to the sqnnres 
of the horiKontiil lines OA, OB, wliich nieftsnre the times, since 
the motion of the cylinder is uniform. That is, if the paper be 
taken fi'om the cylinder and spread upon a plane 8Ui'fece,the curve 
will be similar to that shown in Fig. 182, in which, for two points, 
J?, ^, whose coordinates are (xy), (a/;/), we have, ay' : m'^ : : t/ : y'. 
The curve poesesMng this characteristic ia a parabola. Now the 
cci-ve actually traced by the fiilling bodyia found to be a parabola, 
hence its motion must be unifoniily accelerated. 

334. Additional Methods. By far the best method of 
verifying the laws of falling bodies is by the use of some of the 
foi-ma of chronograph, in which the rcMsteriiig of the time of 
descent is accomplished by electricity. The dSicacy of such in- 
struments far transcends any of those which we have described, 
but as the understanding of the apparatus involves a knowledge 
of the principles of electricity, they will be treated under the 
practiciu applications of that agent. 

335. Case of Body falling from great Height. 
In trenting of the laws of tiilling bodies we have supposed them 
to be acted upon by a uniformly accelerating force. This is not 
strictly true, however, for gravity varies inveraely aa the square of 
the distance, so that for a body fiilling from a very gi-eat elevation, 
the acceleration would increase as the body spproached the earth. 
But in most problems in Physics, the height fallen through is com- 
paratively small, so that the diminution of gravity above the sui'- 
iacemaybe neglected. Indeed, at the height of a kilometre it 
would be but ^-^s of the total weight of the body. 

Aa the force acting upon a fdling body varies invei-sely as the 
squai-e of the distance hom the centre of the earth, it can be 
shown by the calculus that there is a limit to the velocity which 
can be possessed by a body falling to the earth. It can be pi-oved 
that a body Silling froin an infinite distance would acquire a veloc- 
ity of about 11 kilometres per second. 



336. Statement of Problem. In treating of the the- 
ory of projectiles we assume that the moving body is acted upon 
by but two forces; (I) the original impelling force, and (2) the 
force of gravitation. The disturbing effects caused by the resist- 
ance of the air are computed sepai-ateiy, and applied as ooii'ections. 

Since the greatest horizontal distance to which ti projectile can 
ba thrown is comparatively very small, amounting to but a few 
minutes of arc, the directions of the force of gi-avity at all points 
of the path may he supposed to be parallel. It may also be ro- 
gai-ded as invai'iable in mtensity, siuce the greatest vertical height 
ever reached is less than a mile. 
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337= Path of Projectile. To ascertain the path pur- 
sued by r. body tiirowti into tlio sii; let AJi, Fig. 183, represent 
tlie direction in which it is prmectecl. WeretJieve no deflecting or 
rflsistiog force, the body would move uniformly in this line, hut 
since gravity is conatantiy drawing it towards the earth, it wiU, at 
the same time, have impressed upon it a unifonnly accelerated 
downward motion. The resultant of these movements will be the 
path sought. Hence tfee point occupied by the pi-ojeotile at the 
end of any interval of time, ean be tound m the following man- 
ner. Let V be the velocity of projection. Then at the end of 1 
second the body will have moved ovei' A distance -^(? =: u, by 
virtue of the pi-qjectilo force, while under the action of gravity it 
has feUen through a vertical distance GG =^ iy. The body will 
therefoi'e be found at C, at the expiration of the first second. In 
like manner, at the end of 2 seconds the position of the body will 
be found by laying off AM = 2y, and from this point M, letting 
fall a vertical .HI* = 2g. At the end of 3 seconds it will be at jfc, 
AT being equal to 3f», and TM to |ff. So after 4 seconds it will 
be at F, and after t seconds at JK The path of the projectile is 
therefore a curve passing through these points. As AG ^^'-v, 
AB = vt, GO = iff, BM = ifffi, GG : BM :: y : ^gt^ : : 
1 : t". A\&o AG : AB :: V : vt ; : 1 : t, md ACP : AB" : : 1 : t% 
whence GG : BM :: AG^ : AB^. (249.) The curve is therefore 
of such a nature that GG varies as AG^, or the deflection is pro- 
portional to the square of the con-esponding tangent, a property 
characteristic of the parlabola. 

The time occupied in describing the curve AEMK, is called the 
titne of flight ; the horizontal distance ^iVfrom the point of start- 
ing to the point, at which the piojeelile reaches the earth, is the 
hiynzontal range; and the greatest elevation attained by the body 
is the vertical range, or flight. 

These quantities are dependent upon the initial velocity of the 
projectile and the angle of piojectioi), and when the lattei are 
^ven, can easily be found. We confine our mvestigations to the 
case in which the line AN'isi hoiizontal 

338. Creueral Equations. Let ^6, Fig. 184, be the line 
of ptwection, making an angle, 8, with a horizontal plane, AJ^. 
Call y the velocity of projection, which may be resolved into two 
components, one of which, V^= V cos 6 (250), is horizontal, the 
other, Yy = V sin 6 (251), vei-tical. During the movement of 
the projectile the horiKontaJ component, (^, is constant, hence the 
horizontal distance passed over in time t will be jS,, = Vj. The 
vertical component, Y„ is, however, uniformly diminished by 
gravity, according to the laws of uniformly retarded motion ; 
hence, after ( seconds, the veiTJeal component will liave become 
« =: T^ — gt, and the space passed over in that time will be, 



:yGoogIe 



BAFGE ItiQ 

8y = Y^t — iff^. We have, thei-efove, the following ftrndamental 
equations : — 

v„= Th= Fcose (252), S^~ V^t— Feos 9i (253), 
v,~ V^ — fft = Fein S —gt (254), S^—Yt — \gf ^ Fsiu et 
— A? = (255) 

E a fi)is (252) (254) ph" the veuicil and hoiizontsJ com- 
P""i] Tif 1 i ei t' < 1 1 \p!oc tv f", the jn„le oi elevation 6, ;;iid 
il i 1 ' 1 il I. e !i ion i Inown; equationB 

I )(!;'■- ' ' Ji il^e iHj ctile dt^i the Ipse of 

T1 1 !_ 

, j^i In ceil 111 g f om ^ to ^ the 
1 by the pnjectile th^t ib, in halt the time of 

i ) the tolrl ^eitioal oomiiocent ot the motion is 

!' 1 Hence o lling 2" the time of flight, we 

a ^ 9V fin 9 1 

have ^ = y^o\ ffr=2V6m 8 whence T— (256% a 

foimnla givmg the titne of flight in teims of V nd S. 

2<ICi Vc^ £'■£'1 1 aiC'" '^mce the time of c'escent equals 
T 
half the time of fligit oi -j tht, veitiLal i inge M,, must be 



<^' 



''nbatitutJig the \ lue ot the time of fli^I t e 



(256), H, = ^- — : (257.) This value may slso be obtained 

T 
by Bubstitutii^ for (, in (256), -„-, and inserting the value of T 

^ven in (256). 

S4JI. moTizmitsil Range^ Fi-om (253), 6^ ~ F cos et, 
in which if i =; JJ we have the hoi'iiontal range, 

Mt,= VcosdT. (258.) 
Also since T= ^-^^^, ^ = ^ P dn .cos . ^Fs!n2g 

a formula giving the horizontal range in tenns of Fand 6. 

342= ISeZffition of Kange %'s Ai5gie= la equr,tioa 
(259), M^ varies as sin 2f9, and is tlierefore a m.".ximum when 
sin 25 ^: 1, in which case =■ 46°. Hence with a given velocity, 
the greatest hoiizontd range is obtained when the angle of eleva- 
tion is 45°. Also since sin 2(45" -f" V') = sin 2(45° — </'), 4' being 
any angle, the horizontal i-ange is the same for angles eqwally 
above or below 45°. The maximum vertical range evidently oo- 
V^ - V^ sin 25 
curs -when — 60°, and equals s— . (257). Since J?^ =:—- ■, 

(73 J72 

if 6 :^ 45°, iSi, ^ — . But fr~ is the maximum vertical range, 
' '' </ 'Ig f^ 

hence with a given velocity the greatest horizontal range is twice 
the greatest vertical range. 
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If 1=. 0°, an'l the projectile is fired from an elevation, the time 
o'' tlii ht iH cqu:ii to tlie tmie in which it would fiill verticaily from 
t i;it evati.iii tu the taith. This follows from (255), in which, by 
Buhsri'.uting 2', the tlnse of fliglit lor t, S, becomes equal to R„ 
a, \<\ Jt^ =■ — \g T\ the space which would be traversed iii T eeo- 
oncls by a body falling freely. 

343. Equation of Trajectory. To tliosn femillar with the pro- 
ci'SsiiSof aiiiilviical ^wiuiuii")', tliu ful lowing demon slrai ion may be more satis- 
fkufcii-j than t'liu iii'i^cuiling. Tile equation of tlie curve OHM, Pig. 185, in 

which the prtgeetJlc moves, is y =x tang 6 — a t^ ■aic'ie '^^ (2^0), wliieh 
is ihe LfinKtiou of a jiarnbola with a vertical axis, 'I'lie equation is de- 
rived in tlie fuilowinjr niniinfr. Let B be any point on the parabola, with 
coordinates T, ¥- reatlK'd bv tlie projeutile in (seconds, after tlie beginning 
of ila motion. 'Tiiu^n ^=1 CA — AB = xtanqO ~ AB. Unt AB =: \!]l\ 

and as 37 3= r cos (?f, i := ,/ , whence AB = t wJ ' .Qs^ 'fc' "hence y 
= X tang e — ■ „/ a ^x K To find the horizontal range, in (260), make 
. J) = 0, aii<l solve reJativciy to x, which will bo found to he equal to 
2 V^ co^^ H tan-f fl F* sin 28 
^^— Z3 , as before. To find the Terljcal range, the 

maxluiinii i-alue of y should be found irom equation (260), regarding x and 
y as variables. 

344. Parabola of Safety. The curve tangent to all tlie parabolas, 
ACF, Al)H,ANE,iiXi:. Fig. 18S, in which a proicctilo moves when Ilia 
angle of elevation varies from 0° to S0°, is a par.ibola, and is known as the 
primhiiia of mfety, hecaiiec no point beyond it can be reached by a pTOJee- 
tile fired with a given velocity. The range of a projectile is therefore in- 
cluded within a iiaraboloid ol revolution, ionnd by i-otating the parabola of 
safety about the vertical axis AB. In Fig. 1B6, A CUE is the parabola of 
safety in the case of a projectile whose maximum horizontal range is AE. 

345. E£fect of Resistance of Air. The theoretical 
curve of motion of !iny projectile being ascertained, it remains to 
eee how this is modified by the resistance of the air. A moving 
body in passing throiigli the atmosphere pushes the gaseous parti- 
cles aside, thus losing a certiiiu amount of enoi^y, which is evi- 
dently a lueasm'e of the resistance offei-ed. 

The resistance is evidently propoitional to the density of the 
medium, and to the surfiice of tne projectile, since the mass of the 
air displaced varies directly as these quantities. Sapposing no 
farther action to be exerted by the displaced particles, the nvsist-. 
mce also varies as the squai-e of the velocity of the projectile. 
For suppose two balls A and S, of equal masses, A moving with 
' times tlie velocity of Ji. A communicates x times the velocity 
iven by S, to oaeli particle it displaces, and displaces x times as 
inny particles in .t given time, thus experiencing x* times the re- 
istanoe. 
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Bat theru ia another consideration. Only in the case of very 
small velocities is the supposition tiUowable thut the ;iir h'\s no 
further eifect after comina in conUot with tlie projectile. When 
the velocity is oonsiderabte, tha air in front of the body becomes 
oo:npressed, that in front rarelietl, thus grc.itly increasing the resist- 
ance,* 

Recent experiments of Professor Enshforth have shown that for . 
velocities from 1100 to 1400 feet per secontl, the total resistance to 
motion varies approximately as the cnbe of the velocity, whieli is 
ft sufficiently accurate ratio for practical purposes. At velocities of 
from 1400 to 1700 ft. the resistance is nearly aa the squai-e of the 
velocity. 

Tho actual resistance In j>ounds upon a s|)lierical shot, nnd upon 
an elongateil projectile \vith an ogival head is shown in the follow- 
ing table, abridged from the results of Bashforth.^ 

Resistaace in Pounds. 









alSM. 








in feel. 
















li». 


I in. 


10 i«. 


is;,-. 


Im. 


6 m. 


10 in. 


15 m. 


1000 


4.4 


110 


■J 38 


98G 


2.3 


58 


233 


524 


1250 


9.2 


229 


'.17 


20(53 


6,6 


ICfl 


6G0 


1484 


1600 


14.1 


3r,i 


1406 


3163 


10.3 


255 


1019 


£■293 


1750 


19.5 


4,^9 


1954 


.[Si)7 










2000 


25.8 


e^r. 


2582 


r,m^ \ 









The eitect of this resistance is of course to cause an enormous 
diminution ot r.ange, as shown in the foll'uving table, which gives 
the range in yards of a 32 lb. shot, fired with an initial velocity of 
1600 ft., in vacuo and in air. 



EU^tU,«. 1 1-. } y. 


3', 


4". 


Range in. Vacuo. !)30 
Rtmje in Air. 780 
R'illo. 1.19 


1840 
1160 
1.58 


1.90 


.')709 
1690 



Elongated shot are retarded less than balls, because they are 
better fitted for cleaving tlie air.' The long ranges of nfled guna 
are largely due to the use of elongated shot, the initial velocity 
being much lessthsm in the case of smooth-bore anns,* An ogivm 
head. Fig. 187, offere the least resistance. 

1 See Hutton's Tracts, MalhemiUieal and PMlosi^hical, No. 37. 

* Sae O.vaii'B Modern Arlillefy. p. 431. 

' Saa preceding tftlile. 

' Owen's Modem ArUUerjft p. 13. 
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p. 63, § 115, line 11. 



P. 64. 
P. 72', 
P. 76, 

r. 77, 



J'jB"read"Fa'B." 
§ lis, lins a. -BOP "-E'ig. 45 " read Fi.;. 46." 
§ 118, liiie 6. For " J" = 40 " read " S = 40." 
§ 121, lines. For"F — F-\-F"'rssd"R=zF-{-F':' 
i 133. In equations (66), for ■' 0" read " 0." 
§147, line 11. For"/" G : g" G" read "/'<?■ ^" O." 
§ 149, line 9. For " BF' read " BS." 
g 170, line 18. After " foot " Insert " of." 
g 193, line 21, For " AD " read " AH." 
§196, line 11. For "^P" read "^.ffi." 

, § 224, Tiio statement relative to tlie anglea of chisels for bras 
, given on the autboritj of Lardne 
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